A Direct Method for the Evaluation of Lower and Upper
Bound Ratchet Limits
J. Urea, H. Chena, T. Lia, W. Chena, D. Tippingb, D. Mackenziea
a
Dept of Mechanical Engineering, University of Strathclyde, Glasgow, Scotland, G1 1XJ
Central Engineering Support, Existing Nuclear, EDF Energy, Barnwood, Glouster, GL4 3RS

b

Abstract
The calculation of the ratchet limit is often vital for the assessment of the design and integrity of components which
are subject to cyclic loading. This work describes the addition of a lower bound calculation to the existing Linear
Matching Method upper bound ratchet analysis method. This lower bound calculation is based on Melan's theorem,
and makes use of the residual and elastic stress fields calculated by the upper bound technique to calculate the lower
bound ratchet limit multiplier. By doing this, the method combines the stable convergence of the upper bound method
but retains the conservatism offered by the lower bound. These advantages are also complemented by the ability of
the Linear Matching Method to consider real 3D geometries subject to complex load histories including the effect of
temperature dependent yield stress.
The convergence properties of this lower bound ratchet limit are investigated through a benchmark problem of a plate
with a central hole subject to cyclic thermal and mechanical loads. To demonstrate the effectiveness of the method,
the ratchet limit of a thick walled pipe-pipe intersection, also subject cyclic thermal and mechanical loads, is
considered. Validation of these results is provided by full elastic-plastic FEA in ABAQUS.
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1. Introduction
During operation under cyclic loading conditions, a structure will show one of three behaviours:
shakedown, reversed plasticity (or plastic shakedown) and ratcheting. Ratcheting, the accumulation of
strain with each load cycle, is banned by all pressure vessel design codes and therefore must be designed
against [1]. Knowledge of the ratchet boundary is also desirable where the structure includes acute stress
raisers, such as cracks, which violate the shakedown condition. With these factors in mind, it is highly
desirable to be able to calculate the ratchet limit of a structure.
The calculation of the ratchet limit has been studied by many researchers. The complex nature of the
ratcheting mechanism means that closed form analytical solutions are restricted to the simplest situations.

Incremental Finite Element Analysis (FEA) can only predict if shakedown, reversed plasticity or
ratcheting occur, and so a trial and error process is required to determine the shakedown and ratchet
boundaries. As a result of this, many direct methods have been developed which can calculate the
shakedown limit of a structure [2-5]. The Linear Matching Method (LMM) has been extended beyond
most other direct methods to include calculation of the ratchet limit [6,7]. The current method has been
implemented successfully in ABAQUS through user subroutines, and is capable of calculating the
shakedown and ratchet limits of structures with complex load histories and temperature dependent yield
stress.
However, the existing ratchet analysis method only provides upper bound limits. This work describes
the addition of a lower bound analysis which is based on the stress solutions generated by the upper bound
calculation. Implementing the lower bound in this way means that the stable convergence offered by the
upper bound is retained, but is still complemented by the conservatism of a lower bound solution.
2. The Linear Matching Method
Consider a body of volume V and surface area S. A cyclic temperature history θ(x i, t) acts within the
volume and varying mechanical loads P(xi, t) act on part of the surface ST. The remainder of the surface is
constrained to have zero displacement rate. These loads act over a time cycle of 0 ≤ t ≤ ∆t, and can be
decomposed into their constant and cyclic components:

F(xi ,t)  λF(xi )  θ(xi ,t)  P(xi ,t)

(1)
Where λ is a load parameter, F̅(xi) is a constant load distribution and θ(xi,t) and P(xi,t) are the cyclic
history of thermal and mechanical over time ∆t. The linear elastic stress history associated with these
loads is:

ˆ ij ( xk , t )  ˆ ijF  ˆ ij ( xk , t ) where ˆ ij  ˆ ijP  ˆ ij

(2)

Where ˆ ij represents the varying stresses due to P(xi,t) and θ(xi,t). The load parameter λ allows a
range of loading histories to be considered. For this cyclic problem definition, the stresses and strain rates
will asymptote to a steady cyclic state where

 ij (t )   ij (t  t ), ij (t )  ij (t  t )

(3)
This stress state can be decomposed into three components as shown below in equation 4: the elastic
solution ˆ ij , the transient solution accumulated up to the beginning of the cycle,  ij , and a residual
solution which represents the changes during the cycle  ijr .

 ij ( xk , t )  ˆ ij ( xk , t )  ij ( xk )  ijr ( xk , t )

(4)
For a stable cyclic solution there is no accumulation of stress or strain from one cycle to the next, and
therefore:

ijr ( xk ,0)  ijr ( xk , t )  0

(5)
Based on this stable cyclic formulation, the evaluation of the ratchet limit becomes possible if the
applied loading can be decomposed into constant and varying components. Because the structure is
subjected to stable cyclic load conditions, the changing residual stress  ijr is caused directly by this cyclic
load. The constant residual stress field  ij caused by the constant loading can then be evaluated after the
changing residual stress field has been computed.
The calculation of the ratchet limit consists of two minimization processes. The first is an incremental
minimization for the evaluation of the cyclic history of residual stress and plastic strain range. The second
is a global minimization for the ratchet limit due to an extra constant load. In essence, once the stable

response of the structure to the cyclic loading is determined, the LMM calculates the maximum additional
constant loading which will not cause the component to ratchet.
2.1. Upper Bound Formulation
The upper bound formulation of the LMM has been described in detail in other works [6,7]. A brief
outline is given here as an introduction to the lower bound calculation.
Once the residual stress history associated with the cyclic component of the applied loading has been
determined, the problem reduces to a traditional shakedown analysis where the linear elastic solution is
augmented by this varying residual stress field. This shakedown analysis is based on Koiter's upper bound
theorem [8]. This theorem states that if 1) any kinematically admissible strain rate can be found such that
the strain field is compatible with the applied displacements and 2) that the plastic dissipation within the
body is less than or equal to the applied work, then shakedown does not occur.
The upper bound procedure of the LMM uses linear elastic solutions for the applied loads, the load
history being constructed within the user subroutine. Using superposition, the total linear elastic stress at
each load instance in the cycle is calculated. At the points where this stress is greater than the yield stress,
the young’s modulus is reduced. Subsequent iterations then use the modified shear modulus from the
previous iteration, which allows the stresses to redistribute in the structure. In parallel with the reducing
shear modulus, the applied constant load is also scaled using the multiplier, λUB, which gives the stress
field of equation 6. At the end of each iteration, the appropriate energy totals are calculated to determine
the upper bound ratchet limit multiplier λUB which is to be used in the next iteration. The combination of
the modified modulus and the load multiplier produces an unambiguous upper bound ratchet limit for the
applied loading.

 ij ( xk , t )  UBˆ ijF  ˆ ij ( xk , t )  ij ( xk , t )

(6)

2.2. Lower Bound Calculation
Melan's theorem states that for a given load set the structure will exhibit shakedown if a constant
residual stress field can be found such that for any combination of cyclic elastic and residual stresses the
yield condition is not violated [9]. The evaluation of the ratchet limit described here is essentially a
shakedown assessment augmented by the changing residual stress field. This means that Melan's
shakedown theorem can be extended to the assessment of the ratchet limit if the stresses used in its
calculation include the changing residual stress, where the stress is compared to the temperature
dependent yield stress to give the lower bound ratchet multiplier.
In terms of the LMM, the stress solutions calculated in stage 2 of the upper bound method compared
with the temperature dependent yield condition:

LB 

 



ˆ ijF

UB

y T

 ˆ ij ( xk , t ) 

ij ( xk , t )

(7)

Numerically, this means that the yield stress of each integration point is divided by the effective stress
at that point to obtain the local λ LB. The minimum λLB calculated from the entire model is used as the
lower bound ratchet multiplier. It is worth noting that the yield stress used in this comparison is the local
yield stress at that integration point, and therefore temperature dependent yield stress can be used in the
calculation. This gives the lower bound stress field:
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Figure 1 - Holed Plate a) Geometry b) Mesh and c) Cyclic Thermal Load



ˆ ij  LB UBˆ ijF  ˆ ij ( xk , t )  ij ( xk , t )
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(8)

3. Numerical Examples
3.1. Plate with Central Hole
Figure 1 shows a schematic of the plate geometry and the finite element mesh used. A quarter model is
used with appropriate symmetry boundary conditions. The ratio between the diameter of the hole D and
the length of the plate L is 0.2. The ratio between the thickness T and the length L is 0.05. The element
type selected for this model was ABAQUS type C3D20R, a 20-node quadratic brick element with reduced
integration. The top and right surfaces of the plate are constrained to remain in-plane when displaced. The
plate is subject to a constant uniaxial tension, σp, along one side of the plate and a cyclic temperature
difference between the bore of the hole and the edge of the plate, ∆θ.
The converged upper and lower bound ratchet limits are shown in the interaction diagram in Figure 2a.
The thermal stress is normalised against the reference thermal stress at ∆θ = ∆θo = 100oC. For clarity the
reverse plasticity limit (also calculated by the LMM) is shown in the figure and thus shows the load
domains where the plate will exhibit different cyclic behaviour.
The ratchet limit curve follows the classic bree-like form, and the lower and upper bounds converge
very closely. The maximum difference between the lower and upper bound in this example is less than
2%. Figure 2b shows the convergence of the lower and upper bounds at the point A. The upper bound
converges quickly to the final solution, owing to the fact that the stress concentration at the hole is
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Figure 2 - Results for Holed Plate a) Interaction Diagram and b) Convergence of Point A
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Figure 3 - Pipe Intersection geometry and Mesh

averaged out over the whole volume. The lower bound converges more slowly, because this high stress is
the limiting factor of the lower bound calculation.
3.2. Pipe Intersection
Figure 3 shows a diagram of the pipe intersection and the FE mesh used. This geometry is taken from
the EPERC Design-by-Analysis [10] and, due to symmetric loading, half symmetry is used in the model.
ABAQUS element DC3D20 was used for the thermal analysis and ABAQUS element C3D20R was used
for the structural analysis.
The pipe intersection is made from two materials. The main pipe is PG235GH and the small pipe is
12CrMo9-10. The small pipe is modelled as being "set-on", and so the weld region has the same material
properties as the main pipe. Both temperature dependent and independent analyses are presented with
temperature dependent yield stresses being taken from BSEN 10028-2009 [11]. In both cases a
temperature independent Young's modulus and thermal expansion coefficient is used.
The pipe intersection is subject to a constant internal pressure, P (with the closed end condition) and
cyclic temperature difference between the inner and outer surfaces, ∆θ. The temperature varies linearly
from ambient temperature at the outer surface to ∆θ at the inner surface. This thermal load is cycled in the
same way as that of the thermal loading applied to the holed plate. One end of the main pipe is
constrained axially and the free ends of both pipes are constrained to expand in-plane, which replicates the
expansion of long pipes.
The ratchet interaction diagrams for temperature dependent and independent yield stress are given in
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Figure 4 - Pipe Intersection Results a) Interaction Diagram b) Plastic Strain from Full Elastic-Plastic FE at Points B, C, D and E

Figure 4a. The cyclic thermal load is normalised against the initial applied ∆θ of 100oC and the constant
internal pressure is normalised against the initial applied pressure of 10MPa. The temperature independent
reverse plasticity limit calculated by the LMM shakedown method is included for clarity. Once again the
lower and upper bound limits have converged very close to one another.
Figure 4a shows that, with the material properties used, temperature dependency does not have a
significant effect on the ratchet interaction diagram. The temperature independent ratchet curve has been
validated by four full elastic plastic finite element analyses. The plots of plastic strain (PEMAG) against
number of cycles for these points are shown in Figure 4b. Point B, just inside the boundary, shows
shakedown behaviour whilst the point C, just outside the boundary, shows clear ratcheting behaviour. A
similar situation is observed with points D and E which show reversed plasticity and ratcheting behaviour
respectively.
4. Conclusion
The linear Matching Method has been proven to give accurate bounds to shakedown and ratcheting of
components subject to cyclic loading. With the addition of the lower bound to the current ratchet analysis
method, it is now possible to calculate an accurate yet conservative ratchet bound. This is a powerful tool
to engineers involved in the assessment and design of structural components.
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