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1 Introduction

A famous logistic population model is described by the ordinary differential equation
(ODE)
N () = N(t)(a — bN(t)), (1.1)

where a is the rate of growth, a/b is the carrying capacity, and both a and b are positive
constants. It is well known that the population survives indefinitely and there is a stable
and globally attractive equilibrium point if there is no influence of environmental noise
(see e.g. [1]). However if environmental noise is taken into account, the system will change

significantly.

First of all, let us consider one type of environmental noise, namely white noise.
Recently many authors have discussed population systems subject to white noise (see
[2]-[12]). Recall that the parameter a in (1.1) represents the intrinsic growth rate of the
population. In practice we usually estimate it by an average value plus an error which
follows a normal distribution. If we still use a to denote the average growth rate, but

incorporate white noise, then the intrinsic growth rate becomes
a— a+ aB(t),

where B(t) is white noise and « is a positive number representing the intensity of the

noise. As a result, (1.1) becomes a stochastic differential equation (SDE)
dN(t) = N(t)[(a — bN(t))dt + adB(t)], (1.2)

where B(t) is the 1-dimensional standard Brownian motion with B(0) = 0. In [6], the
authors considered a more complicated case corresponding to (1.2), namely that the co-
efficients of (1.2) are all periodic functions with period 7. They obtained the stochas-
tic permanence of (1.2) and global attractivity of one positive solution NP(t) satisfying
E[1/NP(t)] = E[1/NP(t+1T)].

However, the assumption that all of the parameters of the stochastic differential
equation are T-period periodic functions is not very reasonable since it implies regularity
which is inconsistent with the random perturbation. As we know, there are various types
of environmental noise. Let us now take a further step by considering another type of
environmental noise, namely colour noise, say telegraph noise (see e.g. [13], [14]). In

this context, telegraph noise can be described as a random switching between two or



more environmental regimes, which differ in terms of factors such as nutrition or rainfall
[15], [16]. The switching is memoryless and the waiting time for the next switch has
an exponential distribution. We can hence model the regime switching by a finite-state

Markov chain. Assume that there are n regimes and the system obeys

dN(t) = N(t)[(a(1) = b(1)N(t))dt + a(1)dB(t)], (1.3)
when it is in regime 1, while it obeys another stochastic logistic model

dN(t) = N(t)[(a(2) — b(2)N(t))dt + «(2)dB(t)], (1.4)
in regime 2 and so on. Therefore, the system obeys

dN(t) = N(t)[(a(i) — b(i)N(t))dt + a(i)dB(t)], (1.5)

in regime ¢ (1 < i < n). The switching between these n regimes is governed by a
Markovian chain r(t) on the state space S = {1,2,...,n}. The population system under

regime switching can therefore be described by the following stochastic model
dN(t) = N(t)[(a(r(t)) = b(r(t))N(t))dt + a(r(t))dB(t)]. (1.6)

This system is operated as follows: If r(0) = ip, the system obeys equation (1.5) with
1 = 19 until time 7, when the Markov chain jumps to ¢; from ig; the system will then obey
equation (1.5) with ¢ = ¢; from 73 until 75 when the Markov chain jumps to iy from 4.
The system will continue to switch as long as the Markov chain jumps. In other words,
equation (1.6) can be regarded as equations (1.5) switching from one to another according
to the law of the Markov chain. The different equations (1.5) (1 < i < n) are therefore

referred to as the subsystems of equation (1.6).

Recently, Takeuchi et al. [13] investigated a 2-dimensional autonomous predator-prey
Lotka-Volterra system with regime switching and revealed a very interesting and surprising
result: If two equilibrium states of the subsystems are different, all positive trajectories
of this system always exit from any compact set of R with probability 1; on the other
hand, if the two equilibrium states coincide, then the trajectory either leaves any compact
set of R or converges to the equilibrium state. In practice, two equilibrium states are
usually different, in which case Takeuchi et al. [13] showed that the stochastic population
system is neither permanent nor dissipative (see e.g. [17]). This is an important result as

it reveals the significant effect of environmental noise on the population system: both its
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subsystems develop periodically but switching between them makes them become neither
permanent nor dissipative. Therefore, these factors motivate us to consider the logistic

population system subject to both white noise and colour noise, described by (SDE)
AN (t) = N(t)[(al(r(t)) — b(r(t))N())dt + a(r(t))dB(t)], (1.7)

where for each ¢ € 5, a(7), b(i), and a(7) are all nonnegative constants. Our aim is to

reveal how the environmental noise affects the population system.

In this paper, in order to understand better the dynamic properties of SDE (1.7), in
section 2 we will give the nature of its solution and show that the solution starting from
anywhere in R will remain in R* with probability 1. In the study of population systems,
permanence and extinction are two important and interesting properties, respectively
meaning that the population system will survive or die out in the future. One of our
main aims is to investigate these two properties and their relationship. In sections 3 and
4, we show that SDE (1.7) is either stochastically permanent or extinctive under some
assumptions, and, moreover, that it is stochastically permanent if and only if a constant
related to the stationary probability distribution of the Markov chain is positive. If SDE
(1.7) is stochastically permanent, we estimate in section 5 the limit of the average in time
of the sample path of its solution by two constants related to the stationary distribution
and the parameters of the population subsystems. Finally, in section 6 we illustrate our

main results through two examples.

2 The Nature of Global Solutions

Throughout this paper, unless otherwise specified, let (2, F, {ft}tzoa P) be a complete
probability space with a filtration {F;},., satisfying the usual conditions (i.e. it is right
continuous and Fy contains all P-null sets). Let B(t) , t > 0, be a scalar standard Brow-
nian motion defined on this probability space. We also denote by RT the open interval
(0, 00), and denote by R* the interval [0, 00). Let 7(¢) be a right-continuous Markov chain
on the probability space, taking values in a finite state space S = {1,2,...,n}, with the

generator I' = (Yuu)nxn given by

Yuwd + 0(9), if u# v,

P{r(t+46) =v|r(t) =u} =
1+ Y0 + 0(9), if u=w,



where 6 > 0. Here ~,, is the transition rate from u to v and ~,, > 0 if u # v, while

Yuuw = — Z Yuw-

We assume that the Markov chain r(-) is independent of the Brownian motion B(-). It is
well known that almost every sample path of r(+) is a right continuous step function with
a finite number of jumps in any finite subinterval of R*. As a standing hypothesis we
assume in this paper that the Markov chain r(t) is irreducible. This is a very reasonable
assumption, as it means that the system can switch from any regime to any other regime.
This is equivalent to the condition that for any u,v € S, one can find finite numbers
1,22, ...,4 € S such that vy, 7., - - - Vipw > 0. Note that I always has an eigenvalue 0.
The algebraic interpretation of irreducibility is that rank(I") = n—1. Under this condition,
the Markov chain has a unique stationary (probability) distribution 7 = (71, m, ..., 7,) €

RY™™ which can be determined by solving the following linear equation
=0 (2.1)

subject to

Zmzl and m >0, VieS.
i=1

For convenience and simplicity in the following discussion, define

fzrirgglf(i)a fzrglE%Xf(i),

where {f (i) }ics is a constant vector. In this paper, we impose the following assumptions:

Assumption 1 For eachi € S, b(i) > 0.

Assumption 2 For some u € S, 7, >0 (Vi # u) .

Assumption 3 Zm [a(i) — =a?(i)] > 0.

i=1
. : Ny
Assumption 4 For eachi € S, a(i) — 5 (i) > 0.

As the state N(t) of SDE (1.7) is the size of the species in the system at time ¢, it
should be nonnegative. We prove not only the global existence but also the precise nature

of the solution to SDE (1.7), giving a positive N(t).
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Theorem 2.1 There exists a unique continuous positive solution N(t) to SDE (1.7) for

any initial value N(0) = Ny > 0, which is global and represented by

exp {/Ot[a(?"(S)) - %aQ(T(S))]dS + a(T(S))dB(S)}

1

]\1[0 + /t b(r(s)) exp {/Os[a(r(u)) - §a2(r(u))]du + oz(r(u))dB(u)} ds‘

(2.2)

N(t) =

Proof. Since the coefficients of the equation are local Lipschitz continuous for any
initial value Ny > 0, there is a unique local solution N(¢) on t € [0,7.), where 7, is the
explosion time (see [14]).

To show this solution is global, we will derive the nature of the solution. Let

00 = e {= [latrte) - Jae(o)las +atrnane) | [

0 2 No
+ /Ot b(r(s)) exp {/Os[a(r(u)) — %oﬂ(r(u))]du + a(r(u))dB(u)} ds] (2.3)
Then by the generalized 1t6 formula (see [19]), U(t) satisfies the equation

dU(t) = U)[(e?(r(t)) — a(r(t)))dt — a(r(t))dB(t)] + b(r(t))dt. (2.4)

Let
1

N(t) = —=
so N(t) > 0 and N(t) is continuous and global on t € [0, 00). By the It6 formula

AN() = —gsda(t) +

= —N@®)[(0*(r(t)) — a(r(t))dt — a(r(t))dB(t)] — b(r(t)) N*(t)dt + o*(r(t)) N (t)dt
= N@®)(a(r)) = b(r())N(1))dt + a(r(t))dB(t)].

1 2
i ()

Thus N (t) defined by (2.2) is a continuous positive solution of SDE (1.7) and is global on
t €10,00) (i.e. 7. = 00). This completes the proof of Theorem 2.1.

3 Stochastic Permanence

Theorem 2.1 shows that the solution of SDE (1.7) with a positive initial value will remain
positive. This nice property provides us with a great opportunity to discuss in more
detail how the solution varies in R*. In the study of population systems permanence is

one of the most important and interesting characteristics, meaning that the population
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system will survive in the future. In this section, we firstly give the definition of stochastic
permanence and the stochastically ultimate boundedness of SDE (1.7), and then give some

sufficient conditions which guarantee that SDE (1.7) is stochastically permanent.

Definition 3.1 SDE (1.7) is said to be stochastically permanent if for any € € (0, 1),
there exist positive constants 6 = (), x = x(€) such that

liminf P{N(t) <x} >1—¢,  liminf P{N(t) >0} > 1 —c¢,

t——+o0 t——+o00

where N (t) is the solution of SDE (1.7) with any positive initial value.

Definition 3.2 The solutions of SDE (1.7) are called stochastically ultimately bounded,
if for any € € (0, 1), there is a positive constant x(= x(€)), such that the solution of SDE
(1.7) with any positive initial value has the property that

limsup P{N(t) > x} <.

t——+o00
It is obvious that if a stochastic equation is stochastically permanent, its solutions
must be stochastically ultimately bounded. So we will begin with the following lemma

and make use of it to obtain the stochastically ultimate boundedness of SDE (1.7).

Lemma 3.1 Under Assumption 1, for an arbitrary given positive constant p, the solution

N(t) of SDE (1.7) with any given positive initial value has the property that

limsup E(N (1)) < K(p), (3.1)
t—o0
where N p
a
(z> , for 0<p<l;
K(p):==19 pyl1 oqp (3.2)
s(p—1
{H?(pé )O‘} . Jor p>1.

Proof. By the generalized 1t6 formula, we have

AN?(1) = pN? (AN (1) + 3p(p — DN (0 (AN(1)?

= pNP(t) [(a(r(t)) = b(r())N () dt + a(r(t))dB(t)] + %p(p — DN(t)a*(r(t))dt.

Integrating it from 0 to ¢ and taking expectations of both sides, we obtain that
t
E(NP(t)) — E(N?(0)) = /0 PE[N"(s) (a(r(s)) = b(r(s))N(s))] ds
t
1
+/ §p(p — 1)E [o*(r(s))NP(s)] ds.
0
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Then we have

dE(N?(1))
dt 2

If 0 < p <1, we obtain

dE(N"(1))
dt
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while if p > 1, we obtain

dE(N?(1))
dt

< V) {a+ 5l - 1] = BTN |

Therefore, letting z(t) = E(N?(t)), we have

dz(t) pz(t)[a — Bz%(t)], for 0<p<1;
<
> 1 A1
dt pz(t)[a + §(p —1)@* —bzr(t)], for p>1.
Notice that if 0 < p < 1 the solution of equation
dz(t)

= pz(t)[a — bzv ()]

dt

obeys

Also, if p > 1 the solution of equation

d3 (1)
dt

= p(0)d + 5 (0~ 1) ~ b5 (1),

as t — oo is such that

s — (2P =D,

Thus by the comparison argument we get

P
() , for 0<p<l;
. < )
hrtriigpz(t)_ {—i_%(p_l)an
; , for

By the definitions of z(t), we obtain the assertion (3.1).

S| Qc

Q¢

8

= PEIN() (a(r(®) - ()N (D)) + 3p(p — VE [*(r(£))NP(1)] (3.3)

(3.4)

(3.5)



Remark 3.1  From (3.1) of Lemma 3.1, there is a T > 0, such that
E(NP(t)) <2K(p) for all t>T.

In addition, E(NP(t)) is continuous, and there is a K(p, No) > 0 such that
E(N?(t)) < K(p,No)  for te[0,T].

Let
L(p) = max{2K(p), K(p,No)},

then we have

E(N*(t)) < L(p, Ng)  for all t €0, o).

This means the pth moment of any positive solution of SDE (1.7) is bounded.

Theorem 3.1 Solutions of equation (1.7) are stochastically ultimately bounded under

Assumption 1.

Proof. This can be easily verified by Chebyshev’s inequality and Lemma 3.1.

Based on the above result, we will prove the other equality in the definition of stochas-

tic permanence. For convenience, define

B(i) = a(i) — 5a*(i). (3.7)
Under Assumption 3, we know
i=1

Moreover, let G be a vector or matrix. By G > 0 we mean all elements of GG are positive.

We also adopt here the traditional notation by letting
ann = {A = (aij)an : aij S 0, 7 7é ]}

We shall also need two classical results.

Lemma 3.2 (Mao [19], Lemma 5.3) If A = (a;;) € Z™" has all of its row sums positive,
that 1s
Zaij>0 for all 1<i<mn,

Jj=1

then detA > 0.



Lemma 3.3 (Mao [19], Theorem 2.10) If A € Z™*™, then the following statements are

equivalent:
(1) A is a nonsingular M-matriz.
(2) All of the principal minors of A are positive; that is

ai;y ... Qig
>0 for every k=1,2,...,n.

ap1 ... Qg

(3) A is semi-positive; that is, there exists x > 0 in R" such that Az > 0.

The proof of stochastic permanence is rather technical, so we first present several

useful lemmas.

Lemma 3.4 Assumptions 2 and 3 imply that there exists a constant 0 > 0 such that the
matriz

A(0) = diag (£1(0),&(0), ..., &(0)) =T (3.8)

18 a nonsingular M-matriz, where

&(0) = 05(i) — 92%&(@), Vies,

Proof. It is known that a determinant will not change its value if we switch the
1th row with the jth row and then switch the ith column with the jth column. It is also
known that given a nonsingular M-matrix, if we switch the ¢th row with the jth row and
then switch the ¢th column with the jth column, then the new matrix is still a nonsingular

M-matrix. We may therefore assume v = n without loss of generality, that is
Yin > 0, Vi<i<n-—1,

instead of Assumption 2. It is easy to see that

&(0), —Mi2s e — Yin
&), &) =2, -, — Yon
detA(0) — : ' ) '
&n—1(0), — Vn-12; - — Yn-1n
&n(0), —Tn2, e &n(0) = Yan

n

= Y &(O)M;(0), (3.9)

=1
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where M;(0) is the corresponding minor of &;(#) in the first column. More precisely,

52(0) — Y22, ---5 Vo
Mi(0) = (-1 h ,
—Yn—1,2, <oy T n—1n
—n2; BRI fn(e) — Tnn
—712, ooy TMNn

52(0) — 722, -5 —Von

_7n71,27 ey _f)/nfl,n

Noting that
G0)=0 and  Lg(0) = B(i),

do
we have
d n
“odetA(0) = 3 (i) Mi(0),
i=1
which means that
617 - M12, ) — Y1in
d ) - ) RIS - n
oAy = | T Tl (3.10)
df : S :
ﬁn; _7112; sy _7nn

where we write 3(:) = ;. By Appendix A in reference [20], under Assumption 2, Assump-

tion 3 is equivalent to

517 — M2, ---5 T Vin
ﬂ.27 _7/227 D) _’VQTL > O
Bna — Tn2; sy — TYnn
Together with (3.10), we obtain that
d
= detA(0) > 0. (3.11)

do

It is easy to see that detA(0) = 0. Hence, we can find a § > 0 sufficiently small for
detA(f) > 0 and

&(0) = 083(i) — 92%%? > —Yin, 1<i<n—1 (3.12)

11



For each £ =1,2,...,n — 1, consider the leading principal sub-matrix

51(9) - 711, —712, ceey TN

—21, 52(9) — 22,5 T2k
Ap(0) = | . :

—Vk1, — VK25 cee §k(9) — Vkk

of A(9). Clearly A.(0) € Z***. Moreover, by (3.12), each row of this sub-matrix has the

sum )
&i(0) — Z%’j > &(0) + vyin > 0.
i—1

By Lemma 3.2, det Ax(f) > 0. In other words, we have shown that all the leading principal

minors of A(f) are positive. By Lemma 3.3, we obtain the required assertion.

Lemma 3.5 Assumption 4 implies that there exists a constant 8 > 0 such that the matriz

A(0) is a nonsingular M-matriz.

Proof. Note that for every i € S,

&(0)=0 and dile&(()) = (i) > 0.

We can then choose 6 > 0 so small that &(#) > 0 for all 1 <i < n. Consequently, every
row of A(f) has a positive sum. By Lemma 3.2, we see easily that all the leading principal

minors of A(6) are positive, so A(f) is a nonsingular M-matrix.

Lemma 3.6 If there exists a constant 0 > 0 such that A(6) is a nonsingular M-matriz,

then the solution N(t) of SDE (1.7) with any positive initial value has the property that

, 1
hrtrling(Ne—(t)) <H, (3.13)

where H is a fized positive constant (defined by (3.21) in the proof).

Proof. By Theorem 2.1, the solution N(¢) with positive initial value will remain in

R*. Define

U(t) = N on t>0. (3.14)

1
t

We derive from (2.4) that
dU(t) = U(t)[—a(r(t)) + o?(r(t)) + b(r(t))N(t)]dt — a(r(t))U(t)dB(t). (3.15)

12



By Lemma 3.3, for given 6, there is a vector ¢= (q1, ¢z, - -, ¢)? > 0 such that

—

A= (AL A, )T = AO)T> 0,

namely,
~ 20 (i) - .
g | 08(i) — 6 — ) Z%-jqj >0 for alll1<i<n. (3.16)
j=1
Define the function V' : R, x S by
V(U,i) = q(1+U)°. (3.17)

Applying the generalized It6 formula, we have
t
EV(U@).r(0) =VU0).0) + E [ LVU(s).r(s)ds,
0
where

LV(U,i) = ¢f(1+U)""'Ul—a(i) + o?(i) + b(i)N]
06 —1)
2

+g; L+ 0)" 2’V + ) yiq;(1+ U,

J=1

= 1+ U)""gl(1 + U)U [~a(i) + o*(i) + b(i)N]
qie(ez_ 1)043(]2 + Z%jq]‘(l +U)*}

gi (95(1') - 92@) - Zn:%jqj]
qlé’b(z) -+ i%j(]j] } . (318)

J=1

IN

(1+U)"2 {—U2

+U +

g:0(b() + (i) + 2 Z Yijdj

Now, choose a constant xk > 0 sufficiently small such that it satisfies

—

A—KG> 0,
i.e.
(i) -
qi 1) —0— | — Yiiqi — Kq; > or a <i<n. .
(06(') 0? 2) > i 0 for alll1<i< (3.19)
j=1

Then, by the generalized It6 formula again,

E[e"V(U(t),r(1)] = V(U(0),r(0)) +E/D L[e™V(U(s),r(s))] ds,

13



where

L[5V (U, )]
= ke™V(U,i)+ "LV (U,1)

IA

e (1 + U)gi2 {Koqi(l +U)* —-

2 g <95(z’) — O‘?) - Zn:%j%’]

j=1

q:00(i) + Z ’Yz‘jqj'] }

j=1

? qz-(ﬁﬁ() 92& ) Z%Jq] ]

G0 (b(i) + o?(i)) + 2 Z%j%’ + 2rKq; ¢:i0b(i) + Z’Yijq]' + Kqi

j=1 j=1 }

grHe™, (3.20)

1 6—2 2 20‘
" q_mf%i’%{féﬁ{“”) {‘x l%‘ (o057 = L=

gf(b(i) + *(i) +2 ) vijg; + 2k;

}}1} (3.21)

in which we put 1 in order to make H positive. This implies

+U | qi0(b(i) + o?(i)) + 2 Z Yijdj

ent(l +U)972 {_

+U

IA

IA

+x

+ [ qi0b(i) + Z Yijqj + KGi

J=1

QB [e"'(1+U(1)?] < q(1+ —)" + gHe"™.
Then

limsup E [U°(t)] <limsup E [(1+ U(t))’] < H. (3.22)

t—o0 t—o0

Recalling the definition of U(t), we obtain the required assertion (3.13).
Theorem 3.2 Under Assumptions 1, 2 and 8, SDE (1.7) is stochastically permanent.

Proof. Let N(t) be the solution of SDE (1.7) with any given positive initial value.
By Lemmas 3.4 and 3.6, we know

1
h?iilolpE(N(’( )) <H

14



Now, for any € > 0, let § = (%)% Then

E( 9)
P{IN(t)] <4} = P{|N1(t)| > %} < % _ 50E(|N(1t)|9> _50E(N9;<t))-
59

Hence,

limsup P {|N(t)] < 6} < 0°H = e.

t—+o00

This implies
liminf P{|N(¢)| >0} >1—e.

t——+00

The other part of Definition 3.1 required for Theorem 3.2 follows from Theorem 3.1.

Theorem 3.3 Under Assumptions 1 and 4, SDE (1.7) is stochastically permanent.

Corollary 3.1 Assume for somei € S, b(i) >0, a(i) > %oﬂ(i). Then the subsystem
dN(t) = N(t)[(a(i) — b(i)N(t))dt + a(i)dB(t)], (3.23)

15 stochastically permanent.

4 Extinction

In the previous sections we have shown that under certain conditions, the original non-
autonomous equation (1.1) and the associated SDE (1.7) behave similarly in the sense
that both have positive solutions which will not explode to infinity in a finite time and,
in fact, will be ultimately bounded and permanent. In other words, we show that under
certain conditions the noise will not spoil these nice properties. However, we will show in
this section that if the noise is sufficiently large, the solution to the associated stochastic
SDE (1.7) will become extinct with probability one, although the solution to the original
equation (1.1) may be persistent. It is well known that if @ > 0, b > 0, then the solution
N(t) of (1.1) is persistent, because

lim N(t) = %

t—o0

However, consider its associated stochastic equation
dN(t) = N(t)[(a — bN(t))dt + odB(t)], t >0, (4.1)
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where o > 0. Theorem 4.1 shows that if o2 > 2b, then the solution to this stochastic

equation will become extinctive with probability one, namely

lim N(t) =0 a.s.

t—o0
In other words, the following theorem reveals the important fact that environmental noise

may make the population extinct.

Theorem 4.1 The solution N(t) of SDE (1.7) with any positive initial value has the

property that

lim sup log i\f(t) < Z mila(i) — %aQ(i)] a.s. (4.2)

t—00
- 1
Particularly, if Zm[a(i) — 5042(@')] < 0 holds, then
i=1

lim N(t) =0 a.s.

t—o0

Proof. By Theorem 2.1, the solution N(¢) with initial value Ny € R™ will remain

in R™ with probability one. By the generalized Itd formula, we drive from (1.7) that

d(log N(t)) = [a(r(zﬁ)) - %oﬁ(r(t)) — b(r(t))N(t)} dt + a(r(t))dB(t). (4.3)

Hence,
log N(f) = log Ny+ /0 a(r(s)) — 50%(r(s)}ds — /0 b(r(s)) N (s)ds + /0 o(r(s))dB(s)
< logNp+ /0 [a(r(s))—%oﬁ(r(s))]dHM(t), (4.4)

where M (t) is a martingale defined by

t
M(t) = / a(r(s))dB(s).
0
The quadratic variation of this martingale is
t
(M, M), = / a?(r(s))ds < a*t.
0

By the strong law of large numbers for martingales (see [18], [19]), we therefore have

lim m =0 a.s.
t—o00 t

It finally follows from (4.4) by dividing by ¢ on both sides and then letting ¢ — oo, that

lim sup w < lim sup %/0 la(r(s)) — %aQ(r(s))]ds = Zm[a(i) - 5042(2')} a.s.,

t—o0 t—o0 X
=1

which is the required assertion (4.2).
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Corollary 4.1 Assume for some i € S, a(i) < ;of(z). Then solutions of subsystem
dN(t) = N(t)[(a(i) — b(i)N(t))dt + a(i)dB(t)], (4.5)

tend to zero a.s.

5 Asymptotic Properties

Lemma 5.1 Under Assumption 1, the solution N(t) of SDE (1.7) with any positive initial

value has the property
log(N (t
lim s og(N(t))

<1 8. 0.1
t—o00 10gt - -8 ( )

Proof. By Theorem 2.1, the solution N(¢) with positive initial value will remain in
R*. We know that
AN(E) = N®)[(a(r(t) — br)N(E)dt + a(r()dB(t)]
< aN(t)dt + a(r(t))N(t)dB(t).

We can also derive from this that

E( up N<u>) < B(V(@) +a | t+1E<N<s>>ds+E( | “a<r<s>>N<s>dB<s>).

t<u<t+1 t<u<t+1

From (3.1) of Lemma 3.1, we know that

limsup E(N(t)) < K(1). (5.2)

t—o00

But, by the well-known Burkholder-Davis-Gundy inequality (see [18], [19]) and the Holder

inequality, we derive that

1
2

E( sup /tuoz(r(s))N(s)dB(s)) < 3E { /Hl(a(r(s))N(s)fds}

t<u<t+1
E 9&2 / N?(s ]

E supN 9a/ N(s 1

| t<u<t+1

IN

IN

— 1

1 t+1 2]z
< FE (— sup N(u )) + (9(542/ N(s)ds)
2 t<u<t ¢

1 t+1
< E |- sup N(u)+ 9542/ N(s)ds}
| 2 t<u<t+1 t
1 t+1
< - ( sup N(u)) +9d2/ E(N(s))ds. (5.3)
2 t<u<t+1 ¢

17



Therefore

E( sup N(u)) < 2E(N(t)) + 2a /tt+1 E(N(s))ds + 1842 [+1E(N(s))ds.

t<u<t+1

This, together with (5.2), yields

limsup £ ( sup N(u)) <2(1+a+9a3°)K(1). (5.4)

t—o00 t<u<t+1

To prove assertion (5.1), we observe from (5.4) that there is a positive constant K such
that
E( sup N(t))SK, k=1,2,...

k<t<k+1
Let € > 0 be arbitrary. Then, by the well-known Chebyshev inequality, we have

K
P{ sup N(t)>k1+€}§ —, k=12,
k<t<kil Ftte

Applying the well-known Borel-Cantelli lemma (see e.g. [18], [19]), we obtain that for

almost all w €

sup N(t) < k'te (5.5)
k<t<k+1

holds for all but finitely many k. Hence, there exists a ko(w), for almost all w € €, for
which (5.5) holds whenever k > ky. Consequently, for almost all w € Q, if &k > ky and

E<t<k+1,
log(N(t)) < (1+¢€)logk e
logt log k
Therefore
log(N
lim sup M <l+e as.
t—o00 logt

Letting ¢ — 0 we obtain the desired assertion (5.1). The proof is therefore complete.

Lemma 5.2 If there exists a constant 0 > 0 such that A(0) is a nonsingular M-matriz,
then the solution N(t) of SDE (1.7) with any positive initial value has the property that

log(N 1
liming 28V (@) o 1

.S. 5.6
t—00 logt — 6 @9 (56)

Proof. Applying the generalized [to formula, for the fixed constant 6 > 0, we derive
from (3.15) that

d[(1+U(t)"]

< 0L+ U0 {020 [3r(0) - J00%0)] + UOB0) + )] + 600
01+ U(1)" U (B)a(r(t)dB(t)

< O+ U { U005 - S0+ U+ o+ 5
01+ U(1)" U (0)a(r(t)dB(D) 57)
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where U(t) is defined by (3.14). By Lemma 3.6, there exists a positive constant M such
that
E[1+U®)] <M on t>0. (5.8)

Let 6 > 0 be sufficiently small for

(5.9)

N | =

~ o 1 1
0 {[ﬁ +2b + 5(9 +2)a%]6 + 36«52} <
Let k=1,2,.... Then (5.7) implies that

E sup (14 U(t))?

(k—1)6<t<ks

< E[1+U((k-1)9)"]

t 9_2—23A—1d2 s)b+ &% +b % ds
+E<( sup |/( O(1+U(s)) { U*(s)8 29 |+ U(s)[b+ ]+b}d|)

k—1)6<t<ks J(k—1)5

+E< sup | 9(1+U(8>>9‘1U<s)a(r<s))d3(s)|>' (5.10)
(k=1)6<t<ks J(k—1)s

We compute

E ( sup | 0(1+ Ul(s))’? {-U?(s)[ﬁ - %9@2] +U(s)[b+ &%) + E} ds|)
(

k—1)6<t<ks J(k—1)5

IN

E K 0(1 4 U(s))P"24 —U?(s)[3 — %9&2] +U(S)b+ a2 + by |ds
( {

k—1)6

IN

0F ( /( " {(1 +U(s))°[5 + %eaﬂ] + (1 +Us) b+ a% + (1+ U(s))HB} ds)

k—1)5

IN

ko

~ 1 v v

0F (/ B+ =0&% + b+ a* + b](1 +U(s))9ds)

(k—1)5 2
ko

03 + 20 + %(9 +2)a%E (/( sup  (1+ U(s))f’ds>

k—1)8 (k—1)6<s<ké

IN

< 06+ 20+ %(0 +2)a%)0E ( sup  (1+ U(t))9> : (5.11)

(k—1)6<t<ké

By the Burkholder-Davis-Gundy inequality, we derive that

k—1)6<t<ks J(k—1)s

< 3E (/(k5 0*(1 + U(S))w1)U2(s)a2(r(s))ds)%

k—1)8

< 30aE (/(M (1+U(s))29ds>é

k—1)5
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[ SIS

< 300“455E< sup (1+U(t))29>

(k—1)6<t<ké

< 39@5%15( sup <1+U(t))9>.

(k—1)6<t<ké

Substituting this and (5.11) into (5.10) gives

E sup  (1+U(@®)’

(k—1)6<t<ks

<E[1+U((k—1)5))°]

+9{[B+25+%(9+2)d2]5+3d55}E( sup (1+U(t))9>. (5.12)

(k—1)6<t<ké

Making use of (5.8) and (5.9) we obtain that

E sup (1 +U(t))?

(k—1)6<t<ké

< 2M. (5.13)

Let € > 0 be arbitrary. Then, by the Chebyshev inequality, we have

2M
Plw: 1 0 e b < =1,2,...
{w ( sup  (L+U(t))” > (ko) } < o) k .2,

k—1)6<t<ké

Applying the Borel-Cantelli lemma, we obtain that for almost all w € €2
sup (1 +U(t)? < (ko) (5.14)
(k—1)5<t<ké
holds for all but finitely many k. Hence, there exists an integer ko(w) > 1/ + 2, for
almost all w € €, for which (5.14) holds whenever k > ky. Consequently, for almost all
weQ ifk>kyand (k—1)d <t < Ekd,

log(1+ U(t))? < (1+ ¢)log(kd)

log t S Joglh—1)0) 7€

Therefore
log(1 + U(t))?
lim s og( (t))

<1 . .S.
t—oo logt - +€ a5

Letting € — 0, we obtain the desired assertion

log(1 t))?
lim sup og(1+U(t))

<1. as.
t—00 logt

Recalling the definition of U(t), this yields

(i)
O —_—

0
limsupﬂgl

a.s.,
t—00 10g t

which further implies
log(N (1) _ 1

This is our required assertion (5.6).
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Theorem 5.1 Under Assumptions 1, 2 and 3, the solution N(t) of SDE (1.7) with any

positive initial value obeys

lim sup — /N Yds < = Zm ——CY (4)], as. (5.15)

t——+o0

and

lim inf — /N ds> mila(i) — la2(i)] a.s. (5.16)

t——+o0

Proof. By Theorem 2.1, the solution N(¢) with any positive initial value will remain

in R*. From Lemmas 5.1, 3.4 and 5.2, we know that

log N(t
lim R (*)

t——+o0 t

=0 as. (5.17)

We derive from (4.3) that

log N(t) = log Ny +/0 la(r(s)) — %aQ(r(s))]ds — /0 b(r(s))N(s)ds +/0 a(r(s))dB(s).
(5.18)
Dividing by ¢ on both sides, then we have

1ogi\f(t) _ logtNOJr%/O [a(r(S))—%az(r(S))]ds—%/o b(r(s))N(S)dSﬂL%/o a(r(s))dB(s).

Letting t — oo, by the strong law of large numbers for martingales and (5.17), we therefore

have

t——+o0

lim sup 1/O N(s)ds < %Zm[a(z) — 1042(2')] a.s.

and

ali) - %oﬂ(m as.,

n
t—+o00
7

I 1
liminf — [ N(s)ds > < Z i
0 b
which are the required assertions (5.15) and (5.16).

Similarly, using Lemmas 5.1, 3.5 and 5.2, we can show:

Theorem 5.2 Under Assumptions 1 and 4, the solution N(t) of SDE (1.7) with any

positive initial value obeys

lim sup — /N Yds < = Zm ——a (1)]  as. (5.19)

t——+o0

and

lim inf — /N Yds > < Zm ——a (D) a.s. (5.20)

t——+o0
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1
Corollary 5.1 Assume for some i € S, b(i) > 0, a(i) > 5042(2'). Then the solution with

positive initial value to subsystem
dN(t) = N(t)[(a(i) — b(i)N(t))dt + «(i)dB(t)], (5.21)

has the property that

1 t N 1.2
lim — [ N(s)ds= al§) — 30°(0) a.s
t—too t Jg b(i)

We observe that if the growth rates b(i) are the same in different regimes, then
the results in Theorems 5.1 and 5.2 become limits. More precisely, consider the logistic

population system subject to both white noise and colour noise described by
dN(t) = N(t)[(a(r(t)) — bN(t))dt + a(r(t))dB(t)], (5.22)

where for each ¢ € S, a(i), «(i) are all nonnegative constants and b > 0.

Corollary 5.2 Under Assumptions 2 and 3, the solution N(t) of SDE (5.22) with any

positive initial value has the property that

6 Conclusions and Examples

It is interesting to find that if b(z) > 0 and a(i) > %az(i) for some i € S, then the equation
dN(t) = N(t)[(a(i) — b(z)N(t))dt + a(i)dB(t)] (6.1)

is stochastically permanent. Hence Theorem 3.3 tells us that if every individual equation
dN(t) = N(t)[(a(i) — b(i)N(t))dt + a(i)dB(t)], 1<i<n (6.2)

is stochastically permanent, then as the result of Markovian switching, the overall be-
haviour, i.e. SDE (1.7), remains stochastically permanent. On the other hand, if a(i) <
%aQ(z’) for some i € S, then equation (6.1) is extinctive. Hence Theorem 4.1 tells us that
if every individual equation (6.2) is extinctive, then as the result of Markovian switching,

the overall behaviour of SDE (1.7) remains extinctive. However, Theorems 3.2 and 4.1
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provide a more interesting result that if some individual equations in (6.2) are stochasti-
cally permanent while some are extinctive, again as the result of Markovian switching, the

overall behaviour of SDE (1.7) may be stochastically permanent or extinctive, depending

n
1
on the sign of the value Z mila(i) — EaQ(i)]. In order to see this point clearly, we state
i=1
the following necessary and sufficient conditions for stochastic permanence or extinction

of SDE (1.7) which follow from Theorems 3.2 and 4.1.

n

1
Theorem 6.1 Let Assumptions 1 and 2 hold and assume Z u [a(i)—gag(i)] # 0. Then
i=1

the SDE (1.7) is either stochastically permanent or extinctive. That is, it is stochastically

1
permanent if and only if Zm[a(i) — §a2(z’)] > 0, while it is extinctive if and only if

i=1
n

S mila(i) - %oﬂ(i)] <.

i=1

Making use of Theorems 5.1 and 5.2, we can also estimate the limit of the average in
time of the sample path of the solution by two constants related to the stationary distri-
bution and the parameters {a(i), b(i), a(i), ¢ € S}. We shall illustrate these conclusions

through the following examples.

Example 6.1 To obtain more precise conditions to guarantee that SDE (1.7) is stochas-
tically permanent or extinctive, let us assume that the Markov chain r(¢) is on the state

space S = {1, 2} with the generator

r— —712 V12
Y21 —721
where v12 > 0 and y9; > 0. It is easy to see that the Markov chain has its stationary

probability distribution m = (my, m) given by

Y21 V12
mM=—"——and Tp=—"—",
Y12 + V21 Y12 + V21
noting that - m;[a(i) — 3a%(é)] has the form
i=1
- . 1 9. Y21 1 2 Y12 1 2
mla(l) — =a(1)| = ———a(l) — =a“(1)| + ———|a(2) — =a”“(2)|.
> mfali) = 5a%0) = =2 —fa(1) - 3a%(1)) + 2 —[u(2) - 5a*(2)]

i=1
As pointed out in section 1, we may regard SDE (1.7) as the result of the following two
equations:

AN(t) = N()[(a(1) — bL)N(¢))dt + a(1)dB(t)], (6.3)
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where b(1) > 0 and a(1) — 3a%(1) > 0, and

AN (1) = N()[(a(2) — b2)N(t))dt + a(2)dB(t)], (6.4)

where b(2) > 0 and a(2) — 10?(2) < 0, switching from one to the other according to the

movement of the Markov chain r(t). We observe that Eq (6.3) is stochastically permanent
while Eq (6.4) is extinctive. However, as the result of Markovian switching, the overall

behaviour of SDE (1.7) will be stochastically permanent as long as the transition rate 7a;
a?(2) — 2a(2)
2a(1) — a2(1)
transition rate ;5 from permanent Eq (6.3) to extinctive Eq (6.4). On the other hand, as

from extinctive Eq (6.4) to permanent Eq (6.3) is greater than times the

the result of Markovian switching, the overall behaviour of SDE (1.7) will be extinctive

as long as the transition rate 79, from extinctive Eq (6.4) to permanent Eq (6.3) is less
a?(2) — 2a(2)
than —————=
2a(1) — a?(1)
Eq (6.4).

times the transition rate ;5 from permanent Eq (6.3) to extinctive

Example 6.2 Consider a three-dimensional stochastic differential equation with Marko-

vian switching of the form
dN(t) = N(t)[(a(r(t)) — b(r(t))N(t))dt + a(r(t))dB(t)] on t>0 (6.5)

where 7(t) is a right-continuous Markov chain taking values in S = {1, 2, 3}, and ()

and B(t) are independent. Here

a(l)=2,b(1)=3, a(l)=1; a(2) =1, b(2) =2, a(2) =2; a(3) =4, b(3) =1, a(3) =3.

Case 1. Let the generator of the Markov chain r(t) be

By solving the linear equation (2.1) we obtain the unique stationary (probability) distri-
bution

™= (771771-2771-3) = (_
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Then

Therefore, by Theorems 5.1 and 6.1, Eq (6.5) is stochastically permanent and its solution

N(t) with any positive initial value has the following properties:

hmlnf N )ds < limsup — /N a.s.

t——+o0 t—+00

w I

Case 2. Let the generator of the Markov chain r(¢) be

Then

Therefore, by Theorem 6.1, Eq (6.5) is extinctive.
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