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ABSTRACT 

A theoretical model has been developed as an extension of single orifice bubble 

formation to investigate the growth and detachment of vapor/ gas bubbles formed at two 

adjacent submerged orifices in inviscid fluids. The mathematical model treats the two 

bubbles as an expanding control volume moving to the line of centers above a wall. The 

movement of the bubbles is obtained by application of force balance acting on the bubble 

and accounts for surface tension, buoyancy, steam momentum and liquid inertia effects. 

The liquid inertia effects are determined by applying inviscid and irrotational flow 

assumptions to allow potential flow theory to calculate the liquid velocity field which then 

allows the pressure distribution to be calculated. The model is extended to include the mass 

and energy equations to model the steam bubble formation in sub-cooled water. The 

theoretical results are compared with the available experimental data of bubble formation 

during constant mass flow steam bubble formation at two submerged upward facing 

orifices in sub-cooled water. The model was validated by available experimental data for 

the growth and detachment processes of two adjacent 1 mm orifices at system pressures of 

2 and 3 bars, flow rates of 1.2-4 g/min at sub-cooling of 3.5-35 °C. The comparisons of 

theory and experiments indicate that the model successfully predicts the bubbles growth 

and detachment for the range of conditions studied. 
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INTRODUCTION 

Despite the numerous theoretical and experimental investigations of bubble 

formation, the mechanisms of bubble growth and detachment at submerged orifices remain 

far from being folly understood. Previous experimental and theoretical studies have 

concentrated on the formation of a gas bubble at a single orifice and very few studies have 

addressed the case of bubble formation at multiple orifices leading to a dearth of 

information on how the growing bubbles interact at adjacent orifices in bubble columns. A 

little has been done on vapour bubble formation at a submerged orifice with transfer 

phenomena at the bubble wall, like a steam bubble in sub-cooled water. Arebi B. H. and 

Dempster W [3], Simpson et al [5] and Cho et al [6] studied the formation of steam 

bubbles at an orifice submerged in sub-cooled water both theoretically and experimentally. 

The work was limited to the formation of steam bubbles at a single orifice without the 

influence of bubbles formed at neighbouring orifices. 

Very few studies have carried out the case of multiple orifices as extension of 

single orifice bubbling formation. Most of the studies concerning of multiple bubbling 

were experimental. Ruzicka et al [8, 9] investigated experimentally gas bubble formation at 

two orifices and identified two typical modes of bubbling; the synchronous and the 

asynchronous and concluded that the spacing between orifices plays a key role of 

mechanism's of bubbling interactions. Shuki and Reginald [10] investigated gas bubble 

formation at two and multiple orifices and identified three modes of bubbling regimes at 

multiple orifices depending on the gas flow rates and orifices spacing which is affect 

bubbling synchronicity, frequency and bubble sizes. Pereira [11] found experimentally that 

the size, frequency and formation process of bubbles formed at a multiple orifices is 

influenced by the distance between the orifices as it plays a critical role on the coalescence 

process of bubbles growing at neighbouring orifices. Dempster W. and Arebi B. [2] 

investigated a steam bubble formation one and two orifices submerged in subcooled water 

experimentally and conclude for constant steam flow rate that the neighbouring orifice 

affect the formation frequency. 

It thus can be summed up that there is no theory available presently to simulate the 

bubble formation and detachment with all the influencing factors. Great effort has to be 

devoted to seek theories explain more on bubble formation process. 

THEORETICAL ANALYSIS 

The processes governing the growth and detachment of vapour bubbles formed in 

liquid are determined mainly by the interactions resulting from the hydrodynamic 

behaviour of the bubbles with surrounding liquid and by the temperatures field of the 

liquid around the bubble. In order to evaluate the interaction between bubbles and the 

liquid phase, the flow field around the bubbles is always required. Furthermore, to 

establish the growth of the vapour bubble the heat transfer between the liquid and vapour is 

required, necessitating the calculation of the temperature field. 

In this paper, on the basis of potential theory, the equations of motion and the 

associated pressure field are derived for spherical bubbles growing from a two orifices on a 

horizontal plate in an assumed inviscid and irrotational liquid. The velocity fields 

determined from the potential functions are used in the thermal energy equation, which is 

solved numerically by the finite-difference technique. 

To arrive conveniently at a set of generally applicable equations describing bubble 

motion and the temperature distribution, various simplifications have to be introduced. The 
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first approximation made is that the bubble is spherical throughout formation and its 

motion is not affected by the preceding bubble. The second approximation is to assume 

that the effect of viscosity may be ignored because for liquids such as water the 

magnitudes of viscous stresses are very much less than those of inertial forces due to liquid 

motion around the accelerating growing bubble. Also, since the bubble growth rate is very 

small compared with the velocity of sound in the liquid, compressibility effects may be 

neglected. The rapid circulation of vapour in the bubble and the large thermal diffusivity of 

vapour make the temperature and pressure in the bubble uniform. In this study, a constant 

vapour flow rate through the orifices is adopted. 

Two expanding spherical bubbles moving at right angles to the line of centres in the presence 
of plane wall 

Consider two expanding spheres, centres A, B and radii a, b, move with velocities 

U, V parallel in direction and at right angles to AB; Figure (1). The expansion rates of the 

spheres A and B are given by    and     respectively. 
 

 

Figure 1: two expanding spheres moving at right angles to 
the line of centers above a horizontal wall. 

The motion of the surrounding liquid due to the spheres is assumed to be irrotational and 

described by a harmonic velocity potential Ø. The velocity potential Ø will be of the 

form: 

 
(1) 

Where ØA and ØB are the potential velocity of the fluid due to the spheres A and B, 

respectively and both ØA & ØB satisfy the Laplace equation throughout the fluid: 

 

Subject to the boundary conditions: 
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(2.a)  

(2.b) 

(2.c) 

(2.d) 

If the distance c between the spheres centres is very great, each sphere will be 

almost unaffected by the presence of the other, and we shall have, as a first approximation 

to the potential velocity of the fluid ØA due to the growth spherical bubble above a 

horizontal plane derived in previous work of Arebi & Dempster [3] as: 

 

(3) 

 

 

Let the position of an arbitrary point P be fixed in a meridian plane by its polar co-  

ordinates ( ɅA) referred to A and (rB,ɅB) referred to B; Figure (1). For moderate distance rA,

c between two centres of the spheres at a point in the fluid near B, we shall  the 

have: rA cosɅA= rB  and rA = (c /sin しA) -rB (sin しB /sin しA). 

Now when c is large compared to the radius of the spheres (A & B), at point near B is 

rA ؆ c , therefore; from equation (3) by substituting the above approximation, then: 
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This gives over sphere B the normal 

velocity: 
 
 (4) 

  (5)

This causes the boundary condition (2.c) to be violated; then, this velocity can be cancelled by 

adding the following terms to the right hand side of equation (4): 

 

 

 

 
 

 

 

 

This Leading to an approximate expression for ØA in the presence of B as: (equation 3 + 

equation 6). Similarly, the corresponding approximate expression for ØB may be found 

with same procedure adopted in case of sphere A. 

The approximate expression for Ø A gives over A an excessive normal velocity which 

can be cancelled again by adding suitable terms of higher order to the approximate 
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expression for ØA (equation 3 + equation 6), which is give order of approximation may be 

acceptable however since max (a  The potential velocity will be of the form: Ø = ØA c » ,b).

+ ØB. 

Near sphere A, since rB  cos ߠB = rA cos ߠ A  and rB ൎ  c ; Figure (1), we have: 

Ø(nearA) = E + G + I+K 

Where: 
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(7) 

 

 

 

 

Special Cases 

Equation (7) is the general equation of two expanding spheres (or bubbles) moving at 

right angles to the line of cen in the presence of a horizontal plane. The following tres 

special cases are obtainable: 

(1) By setting h1՜λ and h2՜λ equation (7) we get the velocity potential due to the 

two expanding spheres moving at right angles to the line of centers in the absence of 

any nearby su . rface

(2) By setting h2 ՜λ and λ in e ion (7) we get the velocity potential due to the   c ՜ quat

one expanding sphere moving above a horizontal plane. 

(3) By setting h2 ՜λ, h1՜λ and c ՜λ in equation (7) we have the velocity potential 

due to the one expanding sphere moving in the absence of any nearby surface. 

Equation of motion 

For a gas or vapour bubble growing at an orifice in an inviscid liquid, the forces 

acting on the bubble result from the following: 

(1)     surface tension force, Fs acting around the rim of the orifice, is given by: 

Fs= ߨ d0 こ sin g 
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where do = the orifice diameter, こ = surface tension coefficient, g = the bubble bottom 

contact angle, because of lack of information on a, a is taken to be 90°, the surface tension 

force is in the downward direction. 

(2) Gas (or vapour) momentum force: the gas (or vapour) momentum has a significant 

effect on the bubble growth at high system pressure and high injection velocity, the 

contribution of its force Fm which acts upwards, is taken into account and given by: 

 
Where qs = the volumetric flow rate of the gas (or vapour), m

3
 /sec, pg = gas or vapour 

density kg/m
3
 . 

(3)    Liquid phase pressure: the force on the bubble due to the fluid pressure P is: 

 
According to Bernoulli's theorem, the liquid pressure is given by: 

 

where q is the absolute liquid velocity and pL is the liquid density. 

From the Bernoulli's equation, the pressure force can be divided into two kinds: (i)liquid 

inertia force; (ii) the force due to static pressure from the g(x) term. If Fi is the liquid 

inertia force in the downward direction, then: 

                                                (8) 

 

    

                                          (9) 

 

 

The force due to static pressure is represented by the buoyancy force FB which acts in an 

upwards direction. If the mass of steam is included, the buoyancy force FB is: 

 

The potential velocity 0 equation (7), may now be used to find the liquid inertia force for 

the case of two bubbles growing at two neighboring orifices by puting the potential 

velocity of equation (7) in equation (9) and then equation (9) where the time derivative of 

0 is equal to; 
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The origin of the co-ordinates system is in motion, and the values of r and Ʌ for a fixed 

point P in space are therefore increasing at the rates: 

 
Since the bubbles are moving at right angles to the line of centres, the change of the 

distance, c between the centres of the two bubbles A, B during the formation of the bubbles 

is very small in comparison with the distance c. Therefore, it is assumed that . 

 
 

Also the centre of the bubble cannot be closer to the plane wall than its radius (h  a) and 

c > max (a,b) therefore the term of                                               may be neglected where 

 

Substituting for q and Ø in equation (9) and then in equation (8); (note that we are 

interested in conditions near the surface of the bubble (r ؆ a). The result equation is: 

(10) 

                             

 

 

The total force Ft acting on the bubble in the upward direction is: 
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The required equation of motion for the bubble in the upward direction may then be written 

as: 

 
The surface tension force Fs and the momentum force are assumed to be constant 

due to their definition; the two governing forces at the detachment time are the buoyancy 

and the inertia forces. The buoyancy force FB increases continually as the bubble volume 

increases. As the expansion velocity is very high at the beginning, the inertia force is great 

initially, and then decreases sharply due to the large reduction in the growth velocity. 

When the net force is positive, the bubble as a whole accelerates and the inertia force 

increases gradually until at a certain point of time, the net force is negative again. When 

the net force on the bubble becomes negative the movement of the bubble is decelerated 

and may stop instantaneous, since its momentum has been neglected, at this point the 

movement of the bubble centre is again caused only by the expansion of the bubble, and 

therefore the inertia force drops to the level of the inertia force caused by the expansion of 

the bubble only. 

Thermal equation (energy equation) 

 
The liquid temperature field is considered to be axis-metrical around the bubble. In 

spherical coordinates, the partial differential thermal energy equation has the form: 
 

 (11) 

Where a is the thermal diffusivity, 6 is the angle measured from bubble top,  

 

is the radial velocity,  is the tangential velocity. 

Since the thermal diffusivity of the water is small, the thermal boundary layer around the 

bubble is assumed to be thin. In the numerical analysis, the thickness of the thermal 

boundary layer is assumed to be a distance of half the bubble radius away from the bubble 

surface. The numerical solutions confirm the thin thermal boundary layer assumption. 

Equation (11) is solved numerically by the five-point method of the finite difference 

technique. Also the numerical results show that the molecular conduction in the direction 

tangential to the bubble surface is negligible compared with the convective transport in that 

direction, and the contribution to radial conduction from the first order radial term will be 

small compared with that of the second order term and can be ignored. Thus, equation (11) 

may be approximated by: 

(12) 

 

Since the thermal diffusivity of the vapour is large, the temperature gradients within the 

bubble are negligible, and the interior of the bubble is assumed uniform at the saturation 

temperature, Ts , the temperature at the bubble surface is the steam temperature, Ts of 
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bubble interior, the wall temperature at the chamber bottom is constant and assumed to be 

equal to Tλ ; the liquid temperature at a significant distance from the bubble. 

Mass balance equation 

Taking the bubble surface contour as the boundary of a control volume, hence, for 

constant mass flow rate, , the total mass balance for the steam in the bubble is: 

 

 

where q is the volumetric flow rate (m
3
 /sec), ɏv is the steam density (kg/m

3
 ), V is the 

bubble volume (m
3
),   " is the condensing mass flux through the bubble surface (kg/m

2
 s), 

As is the bubble surface area (m
2
), L is the specific latent heat of condensation (kJ/kg), k is 

the water thermal conductivity (kW/mK), R is the bubble radius (m),    is the mass flow 

rate through the orifice (kg/s). 

Bubble detachment 

Assuming the surface tension force Fs and the steam momentum force Fm are 

constant, and then the liquid inertial force and the buoyancy force would decide the 

bubble's detachment. The detachment of the bubble takes place in two stages. During the 

first stage the total force acts downwards causing a reaction on the surface of the plate, 

since the bubble is in direct contact with the orifice plate. The assumption of a spherical 

bubble shape makes the vertical distance of the centre of the bubble (h) equal to the bubble 

radius (a). This stage terminates when the downward forces on the bubble become equal to 

the upwards forces. The termination of this stage is referred to as "beginning of 

detachment". The second stage starts when the growing bubble begins to move away from 

the orifice plate due to the positive upwards net force but it is still connected to the orifice 

by a neck. As a result of the positive net upward force, the vertical motion of the bubble is 

a combination of the motion due to expansion and the motion of the bubble as a whole, 

which leads to increasing the translation acceleration. 

During the secondary growth phase, the magnitude of acceleration due to expansion 

reduces as the bubble gets bigger; the positive downward force leads to deceleration of 

bubble motion. This deceleration leads to a reduction in the reacting force from the liquid 

than before and the total force becomes positive again in the upwards direction, causing the 

bubble as a whole to accelerate again and so on. This oscillation can be occurred several 

times depending mainly on the flow rate and sub-cooling temperature. This stage is 
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referred to as the ''elongation stage". The condition for detachment can be described as 

follows: 

 
 

Numerical procedure 

Transform the thermal energy equation into finite difference form as following: 

 

 

 

 

 

 

 

 

 

 

 

    

where ɒ is the time step, (h1, h2 )are the thicknesses of the two adjacent layers and (そ1,Ȝ2) 

are the two angle segments to the point (i,j) in the same layer. The thermal energy 

equation (12) becomes: 

 

 

 

 

 

 

 

 

 

 

The initial conditions are: 

 

 

RESULTS AND DISCUSSION 

A number of tests have been selected from reference [2] to validate the theoretical 

model and to study the effect of bubbles formed at neighboring orifices. The comparison 

between samples of the theoretical curves and the experimental data are shown in Figure 

(2) and Figure (3). The plots indicate that the theory and experimental results show good 

agreement. 
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Steam bubble growth rate 

The theoretical and the experimental results (refer to Figure 4) show there is a 

small effect on the bubble growth due to the bubbles growing at neighbouring orifices. 

This effect slightly increases the growth rate at the later stage of bubble formation. As the 

bubble at neighbouring orifice gets bigger, the potential velocity is more influenced and the 

outer surfaces of the bubbles come close to each other and of possibility that the thermal 

boundary layers interfere exist. 
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There are still other factors influencing the rate of bubble growth. In the theory, the 

influence of preceding collapsing bubbles on the bubble growing at the orifice is not 

included and the initial temperature field around the bubble is assumed uniform with the 

value of Too. However, the preceding bubbles will leave a non uniform temperature T ≥ Tλ. 

Moreover, the temperature boundary condition at the wall is made equal to Tλ, whereas in 

the real case, the temperature at the wall will be somewhat greater than Tλ as the bubble 

formation proceeds, thus the theory is expected to predict lower rates of bubble growth, on 

the other hand; the theoretical study assumes a spherical bubble shape, which is different 

from experimental observations, especially when the bubble is severely elongated, then the 

theoretical bubble gives a smaller surface area than that of the real bubble for a given 

bubble volume. A smaller surface area leads to lower rates of steam condensation. 

Therefore, the assumption of a spherical bubble predicts lower rates of steam condensation 

and leads to higher growth rates. These two opposing effects lead to minimise the 

discrepancy between the experimental and the theoretical results of bubble growth rates. 

Bubble formation time and formation frequency 

Figure (5) and Figure (6) show comparison between the theoretical and the 

experimental detachment time of bubbles formed at single orifice and that bubbles 

influenced by bubbles formed at neighboring orifice. It can be deduced from the figures 

that the bubble formed at neighboring orifice tends to reduce the detachment time which is 

leads to higher frequency of bubble formation. 
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CONCLUSIONS 

An idealised picture of bubble formation suggests that the growth of the bubble 

consists of both a radial expansion and a vertical translation. The relative magnitude of 

these components depends on the interaction of the forces on the bubble. The potential 

theory developed to model this process predicts well the velocity fields around the growing 

and rising bubbles until detachment. 

 

The growth and detachment of the bubble from the orifice has been observed to 

consist of a two stage process whereby the steam expands spherically as a bubble into the 

sub-cooled liquid. A point is reached when the main volume of the vapour bubble 

translates upwards. The two stage approach developed to model this process predicts good 

results compared with experimental. 

Although the theory developed does not include the influence of preceding bubbles, which 

seems to be important from the experimental observation, especially in the case of 
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coalescence, the theory; within the limited range of orifices and the spacing between the 

orifices considered, still predicts the bubble growth rate and detachment time compared 

with experimental results for the case no coalescence involving. Moreover, , in this study 

the theoretical and the experimental results show that the formation of a bubble at one 

orifice would have small effect on the growing bubble at neighboring orifice., the bubble 

forming at neighboring orifice has been found to slightly increase the bubble volume. The 

bubble formation time (detachment time) is subject to change and is determined by the 

interaction of all the forces acting on the bubble where the neighboring bubble tends to 

reduce the detachment time. 
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