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1 Introduction

The classical Lotka-Volterra model for n interacting species is described by the n-dimensional

ordinary differential equation (ODE)
z(t) = diag(z1(t), ..., z,(t))[b+ Ax(t)], (1.1)
where
r= (21, ,2,)  €R", b= (b, --,b,)" € RY, A= (aj)nxn € R"".

There are many extensive literatures concerned with the dynamics of this model and we

here don’t mention them in details.

Population systems are often subject to environmental noise. It is therefore useful to
reveal how the noise affects the population systems. As we know, there are various types
of environmental noise. First of all, let us consider one type of them, namely the white
noise. Recall that the parameter b; represents the intrinsic growth rate of species i. In
practice we usually estimate it by an average value plus an error which follows a normal
distribution. If we still use b; to denote the average growth rate, then the intrinsic growth

rate becomes

where B (t) is a white noise, and o; is a positive constant representing the intensity of the
noises respectively. Then this environmentally perturbed system can be described by the
It6 equation

dx(t) = diag(z1(t), ..., z,(t))[(b+ Az(t))dt + odB(t)], (1.2)

where ¢ = (01, ++,0,)", B(t) is an standard Brownian motion with B(0) = 0. As
a matter of fact, population systems perturbed by the white noise have recently been
studied by many authors, for example, [2], [3], [11]-[13], [14]-[17], [19], [21], [22], [24], [25],
[28]. In particular, Mao, Marion and Renshaw [24], [25] revealed that the environmental
noise can suppress a potential population explosion while Mao [21] showed that different

structures of white noise may have different effects on the population systems.

Let us now take a further step by considering another type of environmental noise,

namely, color noise, say telegraph noise (see e.g. [20], [31]). The telegraph noise can be



illustrated as a switching between two or more regimes of environment, which differ by
factors such as nutrition or as rain falls [7], [30]. The switching is memoryless and the
waiting time for the next switch has an exponential distribution. We can hence model
the regime switching by a finite-state Markov Chain. Assume that there are N regimes

and the system obeys
dx(t) = diag(z1(t), ...,z (t))[(b(k) + A(k)x(t))dt + o(k)dB(t)], (1.3)

in regime k (1 < k < N), where b(k) = (b1(k),---,b,(k))T etc. The switching between
these N regimes is governed by a Markov chain 7(¢) on the state space S = {1,2,..., N}.
The population system under regime switching can therefore be described by the following

stochastic model (SDE)
dz(t) = diag(z1(t), ..., 2,(t))[(b(r(t)) + A(r(t))z(t))dt + o(r(t))dB(t)]. (1.4)

This system is operated as follows: If r(0) = ko, the system obeys equation (1.3) with
k = kg till time 7, when the Markov chain jumps to k; from kg; the system will then obey
equation (1.3) with & = k; from 7 till 7, when the Markov chain jumps to ko from k.
The system will continue to switch as long as the Markov chain jumps. In other words,
the SDE (1.4) can be regarded as equations (1.3) switching from one to another according
to the law of the Markov Chain. Each of (1.3) (1 < k < N) is hence called a subsystem
of the SDE (1.4).

Recently, Takeuchi et al. [31] have investigated a 2-dimensional autonomous predator-
prey Lotka-Volterra system with regime switching and revealed a very interesting and
surprising result: If two equilibrium states of the subsystems are different, all positive
trajectories of this system always exit from any compact set of R with probability one;
on the other hand, if the two equilibrium states coincide, then the trajectory either leaves
from any compact set of Ri or converges to the equilibrium state. In practice, two
equilibrium states are usually different whence Takeuchi et al. [31] showed that the
stochastic population system is neither permanent nor dissipative (see e.g. [10] ). This is
an important result as it reveals the significant effect of the environmental noise to the
population system: both its subsystems develop periodically but switching between them
makes them become neither permanent nor dissipative. It is these factors that motivate
us to consider the Lotka-Volterra system subject to both white noise and color noise

described by the SDE (1.4) .



In this paper, in order to obtain better dynamic properties of the SDE (1.4), we will
show that there exists a positive global solution with any initial positive value under some
conditions in section 2. In the study of population dynamics, permanence and extinction
are two of the important and interesting topics which mean that the population system
will survive or die out in the future, respectively. One of our main aims is to investigate
these properties. In sections 3 and 4, we give the sufficient conditions for stochastic
permanence and extinction which have closed relations with the stationary probability
distribution of the Markov chain. When the SDE (1.4) is stochastically permanent we
estimate the limit of average in time of the sample path of its solution in section 5. Finally,

we illustrate our main results through several examples in sections 6 and 7.

The key method used in this paper is the analysis of Lyapunov functions. This Lya-
punov function analysis for stochastic differential equations was developed by Khasminskii

(see e.g. [18]) and has been used by many authors (see e.g. [1, 9, 13, 22, 26, 27]).

2 Positive and Global Solutions

Throughout this paper, unless otherwise specified, let (€2, F, {‘Ft}tZO’ P) be a complete
probability space with a filtration «[.?’-"t}t20 satisfying the usual conditions (i.e. it is increas-
ing and right continuous while F; contains all P-null sets). Let B(t) denote the standard
Brownian motion defined on this probability space. We also denote by R the positive
cone in R", that is R} = {z € R" : ; > 0 for all 1 < < n}, and denote by Rﬁ the
nonnegative cone in R", that is Rﬁﬁ ={z e R":x2;,>0 forall 1 <i<n}. IfAisavector
or matrix, its transpose is denoted by A”. If A is a matrix, its trace norm is denoted by
|A| = /trace(AT A) whilst its operator norm is denoted by ||A| = sup{|A|: |z| = 1}.
In this paper we will use a lot of quadratic functions of the form z” Az for the state
x € R only. Therefore, for a symmetric n x n matrix A, we naturally introduce the

following definition

Mhax(A) = sup ol Az

TERY |z|=1
Let us emphasis that this is different from the largest eigenvalue Amax(A) of the matrix
A but \ax(A) does have some similar properties as Amax(A4) has. It follows straight-
forward from the definition that A\jjax(A) < Amax(A) and 27 Az < A\ ax(A)|z|? for any

x € R. For more properties of A\fj;ax(A) please see the Appendix in [3].
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Let r(t) be a right-continuous Markov chain on the probability space taking values

in a finite state space S = {1,2,..., N} with the generator I' = (v,,)nxn given by

Yud + 0(0), if u # v,
1+ Y0 + 0(9), if u=w,

P{r(t+9) =v|r(t) =u} =

where 6 > 0. Here v, is the transition rate from u to v and ~,, > 0 if u # v while

Yuu = — Z Yuw-

vAu
We assume that the Markov chain 7(-) is independent of the Brownian motion B(-). It is
well known that almost every sample path of r(-) is a right continuous step function with a
finite number of jumps in any finite subinterval of B, . As a standing hypothesis we assume
in this paper that the Markov chain r(t) is irreducible. This is very reasonable as it means
that the system will switch from any regime to any other regime. This is equivalent
to the condition that for any u,v € S, one can find finite numbers iy,4s,...,7 € S
such that v, Vi1 s - - - Vip,0 > 0. Note that I' always has an eigenvalue 0. The algebraic
interpretation of irreducibility is rank(I") = N —1. Under this condition, the Markov chain
has a unique stationary (probability) distribution m = (71, mo, ..., 7x) € R which can

be determined by soving the following linear equation
=0 (2.1)

subject to

N
Zﬂ'k21 and m, >0, VkeS.
k=1

For convenience and simplicity in the following discussion, for any constant sequence

{cij(k)}, (1<i,j<n1<k<N)define

€= a2, G (R); ck) = max cij(k),
c = 1§¢7j£,11n§k§1\/ Cij(k)a C(k:) = 1517;21” cij(/{:).

Moreover, let C*1(R" x R, x S; R, ) denote the family of all positive real-valued functions
V(z,t,k) on R* x R, x S which are continuously twice differentiable in z and once in t.

If Ve C*(R"x Ry x S;Ry), define an operator LV from R" x R, x S to R by
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1
+§[0T(k)diag(a:1, oo T ) Vi (8, k) diag(zy, - - - )0 (K)]

N
+ Z 'yle(x, t, l),

=1

where

i) = T g = (PR VLD,
1 n

2
Vio(, £ k) = (—a avfa;m)w

As the ith state z;(t) of the SDE (1.4) is the size of ith species in the system at
time ¢, it should be nonnegative. Moreover, in order for a stochastic differential equation
with Markovian switching to have a unique global (i.e. no explosion in a finite time)
solution for any given initial data, the coefficients of the equation are generally required
to satisfy the linear growth condition and local Lipschitz condition (cf. [26]). However,
the coefficients of the SDE (1.4) do not satisfy the linear growth condition, though they
are locally Lipschitz continuous, so the solution of the SDE (1.4) may explode at a finite
time. It is therefore useful to establish some conditions under which the solution of the

SDE (1.4) is not only positive but will also not explode to infinity at any finite time.

Assumption 1 Assume that there exist positive numbers c1(k),- -, c,(k) for each k € S
such that
) — + ~ T ~ <
A max {Nhaz (C(k)A(k) + A" (k)C(k))} <0,

where C (k) = diag(c;(k), - -+, ca(k)).

Theorem 2.1 Under Assumption 1, for any given initial value x(0) € R, there is an
unique solution x(t) to the SDE (1.4) ont > 0 and the solution will remain in R’ with

probability 1, namely, x(t) € R} for allt > 0 almost surely.

The proof is a modification of that for the autonomous case (see e.g. [2, 3, 21]) but

for the completeness of the paper we will give it in Appendix A.

3 Stochastic Permanence

Theorem 2.1 shows that the solution of the SDE (1.4) will remain in the positive cone

R . This nice property provides us with a great opportunity to discuss how the solution
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varies in R’ in more details. In this section we will give the definitions of stochastically
ultimate boundedness and stochastic permanence of the SDE (1.4) and some sufficient

conditions for them.

Definition 3.1 The SDE (1.4) is said to be stochastically ultimately bounded, if for any
€ € (0, 1), there is a positive constant x(= x(€)), such that for any initial value x(0) € R},
the solution of the SDE (1.4) has the property that

limsup P {|z(t)| > x} < e.

t——+00

Definition 3.2 The SDE (1.4) is said to be stochastically permanent if for any e € (0, 1),

there exist positive constants 6 = (), x = x(€) such that
lngrian{|x(t)| <x}>1-—g¢ 1}/mjan{|x(t)| >0 >1—¢,
where x(t) is the solution of the equation with any initial value x(0) € R’}

It is obvious that if the SDE is stochastically permanent, it must be stochastically

ultimately bounded. Let us begin with the easier one.

Assumption 2 Assume that there exist positive numbers c1(k),- -, c,(k) for each k € S
such that

—A = max {Nhaz (C(k)A(K) + AT (k)C(k)) } <0,

where C(k) = diag(c(k), - - -, ca(k)).

Lemma 3.1 Under Assumption 2, for any given positive constant p, there is a positive
constant K(p) such that for any initial value x(0) € R}, the solution x(t) of the SDE
(1.4) has the property that

limsup E(|z(t)]?) < K(p). (3.1)

t—o0

Proof. By Theorem 2.1, the solution z(t) will remain in R? for all ¢ > 0 with

probability 1. Define for any given positive constant p

n p
V(z,t, k) =e'(1+ C(k)x)? = ¢ (1 + Z cz(k’)xz) for x € R,
i=1

where C(k) = (c1(k),---,cn(k)). Using the method of Lyapunov function analysis, we

could obtain the required assertion. The left proof is rather standard and hence is omitted.
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Theorem 3.1 The solutions of the SDE (1.4) is stochastically ultimately bounded under

Assumption 2.

The proof of Theorem 3.1 is a simple application of Chebyshev’s inequality and
Lemma 3.1. Let us now discuss the more complicated stochastic permanence. For conve-
nience, let

N 1u2

Bk) = b(k) — 5°(k),  B(k) = b(k) — 56°(), (32)

and we impose the following assumptions:

Assumption 3 For someu € S, v, >0, Vi#u.

N
Assumption 4 Zwkﬁ(k‘) > 0.

k=1

Assumption 5 3(k) >0 (1<k<N).

To state our main result, we will need a few more notations. Let G be a vector or
matrix. By G > 0 we mean all elements are positive. We also adopt here the traditional

notation by letting
ZNXN = {A = (aij)NxN : CLZ'j S 0, Z#]}
We shall also need two classical results.

Lemma 3.2 (Mao and Yuan [26], Lemma 5.3) If A = (a;;) € ZV*N has all of its row

sums positive, that is
N

Za"j>0 for all1 <i <N,
=1

then detA > 0.

Lemma 3.3 (Mao and Yuan [26], Theorem 2.10) If A € Z¥*N  then the following state-

ments are equivalent:
(1) A is a nonsingular M-matriz.
(2) All of the principal minors of A are positive; that is

ayy ... Qig
>0 for every k=1,2,...,N.

arr ... Qg



(3) A is semi-positive; that is, there exists x > 0 in R"™ such that Az > 0.

The proof of the stochastic permanence is rather technical, so we prepare several

useful lemmas.

Lemma 3.4 Assumptions 3 and 4 imply that there exists a constant 0 > 0 such that the

matrixe
A(0) = diag (§1(0), &2(0), ..., En(0)) = T (3.3)

18 a nonsingular M-matriz, where
. 1
&(0) = 05(k) — 50°5%(k), k€S

Proof. It is known that a determinant will not change its value by switching the
1th row with the jth row and then switching the ¢th column with the jth column. It
is also known that given a nonsingular M-matrix, if we switch the ith row with the jth
row and then switch the ith column with the jth column, then the new matrix is still a
nonsingular M-matrix. We may therefore assume v = N without loss of generality, that
is

Yen >0 VI<kE<N-1

instead of Assumption 3. It is easy to see that

£1(0), - 712, -, — 7N
£2(0), §a(0) — 22, -, — 72N
detA(f) = : : . '
En-1(0), —YN-125 .- — YN-1,N
En(0), — TN2, S En(0) — v
N
= > &(0)Mu(0), (3-4)
k=1

where My (0) is the corresponding minor of & () in the first column. More precisely,

£2<9) — Y22, ---5 —72N

My(9) = (1) | o ,
—YN-1,2, -e+y TN-1,N
—InN2, cee fN(e) — INN




—712, ooy TYIN
0) — s e, —
My(6) = (_1>N+1 52'( ) = Y22 '721\1
—IN-1,2; y TIN-1,N
Noting that
d .
§(0)=0 and  —-6(0) = B(k),
we have
d N
At A0) = 3 S0MO)
which means that
3(1)7 - M2, y T NN
d 3 2 ) - ) ) -
2 Jet A(0) = 5(2) 22 V2N (3.5)
do : .,
B(NL — VN2, ) — VNN

By Appendix A in literature [23], under Assumption 3, Assumption 4 is equivalent to

5(1), -T2, .-y TN
6(2)7 — 722, ---5 T 2N
. ' ' > 0.
B(N)u — N2, .-+ TNN
Together with (3.5), we obtain that
d
—detA(0) > 0. (3.6)

do

It is easy to see that detA(0) = 0. Hence, we can find a § > 0 sufficiently small for
detA(0) > 0 and

€n(0) = 03 (k) — %9252(/@ S, 1<kE<N-1. (3.7)

For each £k =1,2,..., N — 1, consider the leading principle sub-matrix

51(9) - 711, —712 ceey TR

—21, 52(9) — 22,5 T2k
Ap(0) = . .

—Vk1, —Vk2, cee fk(e) — Vkk
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of A(6). Clearly A.(0) € Z***. Moreover, by (3.7) , each row of this sub-matrix has the

sum

k
v=1

By Lemma 3.2, det Ax(f) > 0. In other words, we have shown that all the leading principal

minors of A(f) are positive. By Lemma 3.3, we obtain the required assertion.

Lemma 3.5 Assumption 5 imply that there exists a constant 0 > 0 such that the matriz

A(0) is a nonsingular M-matriz.

Proof. Note that for every k € S,
d .
&(0)=0 and @sz(o) = (k) > 0.

we can then choose 6 > 0 so small that {(6) > 0 for all 1 <k < N. Consequently, every
row of A(f) has a positive sum. By Lemma 3.2, we see easily that all the leading principal

minors of A(f) are positive. So A(f) is a nonsingular M-matrix.

Lemma 3.6 Let Assumption 1 hold. If there exists a constant 0 > 0 such that A() is
a nonsingular M-matriz, then the solution xz(t) of the SDE (1.4) with any initial value
x(0) € R} has the property that

lim sup F( ) < H, (3.8)

e N ()]

where H 1s a positive constant.

Proof. By Theorem 2.1, the solution z(¢) with initial value z(0) € R will remain

in R? with probability one. Define

Vix) = zn:xl on t>0. (3.9)
Then
dV(z) = 27 {[b(r(t)) + A(r(t))z]dt + o (r(t))dB(t)}. (3.10)
Define also
Uz) = sz) on t>0. (3.11)

11



By the generalized It6 formula, we derive from (3.10) that

dU = —UdV +U(dV)>?
= —UP{[b(r(t)) + A(r(t))x)dt + o (r(t))dB(t)} + UP|a" o (r(t))[*dt
= {=U%T(r(t) + A(r()x] + UP|lzT o (r(t)) | }dt
U o(r(8)dB(8), (3.12)

dropping z(t) from U(x(t)), V(x(t)) and t from xz(t) respectively. By Lemma 3.3, for
given 6, there is a vector ¢= (qy,...,qn)T > 0 such that

X=(p, -, )T = A(O)7> 0,

namely,

N
A 1
Qe <Hﬁ(k) — 59252(@) — Z'yqul >0 for alll1 <k <N. (3.13)

=1
Define the function V : R} xS — Ry by

V(e k) = qu(1 +U)°. (3.14)

Applying the generalized Ito formula, we have

LV(z,k) = qb(1+0)°"""{=U"[b(k) + A(k)z] + U*|2"o(k)[*}
+%qk9(e — DA+ )"0 o (B + D a1+ U)’

=1

= 01+ 0)"?{—(1+U)U2"[b(k) + A(k)z] + (1 + U)U?|z" o (k)|?
0~ 1)U4]xTa(k')|2} + lilmqlu LUy (3.15)
We compute that
—(1L+ U2 [b(k) + A(R)a] + (1 4+ OYU3 o (k)2 + %(9 DU (k)
= —U%Tb(k) — UP2Tb(k) — U2 A(k)x — UxT A(k)a

KT (R) 4 (0 4+ 1)U e o (k)P
_ AW, {_be<k> N ImTo-(k)P—xTA(k:)x}U

V2 V V2
UL TR

It is easy to see that for all x € R},
2To(k)  |aTo(k)]? — 2T A(k)x

2T A(k)x
——r < K; and - v + V2 < Ki,

12



where K is a positive constant, while

"o (k)|
V2

0 +1) (k) — =052%(k),  (3.16)

I
@

> b(k) — %(0 +1)5%(k)

—(1+ DYUZT (k) + A(K)] + (1 + 0P aTa (k) + %(9 DU T ()2

IN

- (B(k) - %0&2(1@)) U?+ Ki(1+U).

Substituting this into (3.15) yields

LV(z,k) = qf(1+U)"? {— (B(k) — %O&Q(k)) U? + Ky (1+ U)} + ) a1+ U)°
< (14+0)"? {— [qk (93(1{;) — %92&2(@) — Z%l(ﬁ U?
=1

N N
+ <Qk0K1 + QZWCH) U+ (CJk‘gKl + Z%lm) } : (3.17)

=1 =1

Now, choose a constant x > 0 sufficiently small such that it satisfies

—

A—kqg> 0,

1.e.

N
- 1
qk (Qﬂ(k‘) — 59262(/@) — Z%l(ﬂ — kg >0 for all1 <k < N. (3.18)
I=1

Then, by the generalized It6 formula again and (3.18)

L [e™V (z,k)]

= re"q(1+U)" + e LV (2, k)

N
- 1
< M1+ U {mqk(l +U)? — | q (Qﬁ(k) - 592&2(/@) - Z%lql U?
I=1
N N
+ <Qk0K1 +2) %z%) U+ <Qk9K1 + Z%l%) }
=1 =1
. 1 N
_ ent(l + U)9—2 {_U2 qr (eﬂ(lﬂ> — 56252(1{)) — Z’yqul — qu]
=1
N N
+ <qk6K1 +2 Z Y q + 2mqk> U+ (qkﬁKl + Z Y + qu> }
=1 I=1
< n?GrHe™, (3.19)

13



N
1y 9—2 2 5 L oo
H = qﬁn 12685\[ {xseuR% {(1—1—:5) { = |qr | 06(k) 29 a-(k) ;fyqul K

N N
+ (quKl + 2 Z%lql + 2f<;qk> T+ <qk0K1 + Z%lql + /iqk) }} ) 1} (3.20)

=1 I=1
in which we put 1 in order to make H positive. (3.19) implies
limsup £ [U%(z(t))] < limsup E [(1 + U(z(t)))’] <n ?H. (3.21)
t—00 t—o0

For z(t) € R", note that

<2:; xi(t)>0 = (” 125, Ii(t))e =n’ ({gag; ﬂf?@))g <n?z(t)[’. (3.22)

Consequently,

1
lim sup E( ) < H.

e N ()]

We obtain the required assertion (3.8) .
Theorem 3.2 Under Assumptions 2, 3 and 4, the SDE (1.4) is stochastically permanent.

The proof is a simple application of the Chebyshev inequality, Lemmas 3.4 and 3.6.

Similarly, we have the following result.

Theorem 3.3 Under Assumptions 2 and 5, the SDE (1.4) is stochastically permanent.

4 Extinction

In the previous sections we have showed that under certain conditions, the original au-
tonomous equations (1.1) and the associated SDE (1.4) behave similarly in the sense that
both have positive solutions which will not explode to infinity in a finite time and, in fact,
will be ultimately bounded and permanent. In other words, we show that under certain
condition the noise will not spoil these nice properties. However, we will show in this
section that if the noise is sufficiently large, the solution to the associated SDE (1.4) will
become extinct with probability one, although the solution to the original equation (1.1)

may be persistent. For example, recall a simple case, namely the scalar logistic equation
dN(t) = N(t)(b—aN(t))dt, t > 0. (4.1)

14



It is well known that if b > 0, a > 0, then its solution N (t) is persistent because

lim N(t) = %

t—o0

However, consider its associated stochastic equation

AN(t) = N(t)[(b — aN(t))dt + odB(t)], t >0, (4.2)

where o > 0. We will see from the following theorem that if 2 > 2b, then the solution to

this stochastic equation will become extinct with probability one, namely

lim N(t) =0 a.s.

t—o0
In other words, the following theorem reveals the important fact that the environmental

noise may make the population extinct.

Assumption 6 Assume that there exist positive numbers c1,- -+, ¢, such that
N + ~ T ~ <
A nax {Nnaz (CA(K) + A" (k)C) } <0,
where C' = diag(cy, -+, ¢p).

Theorem 4.1 Let Assumption 6 hold. For any given initial value x(0) € R, the solution
x(t) of the SDE (1.4) has the property that

1 t
lim sup 208 1)1 [=(®)]

t—o00 t

<> mpk) as. (4.3)

N
Particularly, if Zﬂ'kﬂv(k) < 0, then
k=1

lim |z(t)] =0 a.s.

t—o0

Proof. Define V(z) = Cx = > ¢a;, * € R}, where C = (c¢q,---,¢,). By the
i=1
generalized [t6 formula, we have

dV (x(t)) = 2 (t)C{[b(r(t)) + A(r(t))z(t)]dt + o(r(t))dB(t)}.

Thus

dlogV(z(t)) = %dV - 2%/2(01‘/)2
_ %xTC{[b(r(t)) + A(r(t))a]dt + o(r(t))dB(t)}

~gla" Colr(t)Pdt, (4.4)
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dropping z(t) from V' (z(t)) and ¢ from x(t) respectively. We compute

2TCA(r(t))x _ aT[CA(r(t)) + AT(r(t))Cx - CAz? - _ A 2] <0
Vv Y% =Ty STyt =t

We compute also

#TCh(r(t)) _ |z Co(r®)l® _ ¢ L,
V 212 -

Substituting these two inequalities into (4.4) yields
dlog V(x(t)) < B(r(t))dt + =

This implies
log V(z(t)) < logV(z(0)) + [ B(r(s))ds + M(t), (4.6)

where M (t) is a martingale defined by

The quadratic variation of this martingale is

iy = [ OO,  FIOE,

2
By the strong law of large numbers for martingales (see [22], [26]), we therefore have

M
lim ﬂ =0 a.s.
t—oo

It finally follows from (4.6) by dividing ¢ on the both sides and then letting ¢ — oo that

log V (z(t)) al
limsup ———= & < limsup — / ﬂ ds = Zmﬂ(k) a.s.
t—o0 t t—o0

k=1

which implies the required assertion (4.3) .

5 Asymptotic Boundedness of Integral Average

Lemma 5.1 Under Assumption 2, for any given initial value x(0) € R}, the solution

x(t) of the SDE (1.4) has the property that

1 t
lim sup log(lz(1)]) <1 as. (5.1)
t—00 logt
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The proof is somehow standard so we only give a brief one in Appendix B.

Lemma 5.2 Let Assumption 1 hold. If there exists a constant 8 > 0 such that A(6) is
a nonsingular M-matriz, then the solution x(t) of the SDE (1.4) with any initial value
x(0) € R} has the property that

1 t 1
ligglf% > —g oS (5.2)

Proof. Let U : R}, — R, be the same as defined by (3.11) , for convenience, we write
U(z(t)) = U(t). Applying the generalized It6 formula, for the fixed constant § > 0, we
derive from (3.17) that

d[(1+U(t)’]
< 01+ U(t)"2 {— (B(r(m - %H&Q(T(t))) UA(t) + K\U(t) + Kl} .
—0(1 + U®)U(t)2" o (r(t))dB(2). (5.3)

Under given condition, by (3.21) of Lemma 3.6, there exists a positive constant M such
that
E[1+U®)] <M on t>0. (5.4)

Let 0 > 0 be sufficiently small for

6 [(B 4 %952 + K6+ %%xﬂa(k)\}a% < % (5.5)
Let k=1,2,---. (5.3) implies that
E sup (14 U(t))?
(k—1)5<t<ké
< E[(1+U((k-1)9))]
+ FE < sup | t O(1+ U(s))?2
(k=1)0<t<ké J(k—1)
«{= (B0 = 30706 ) U26) + KU Gs) + 1)} s
+ F ( sup | 61+ U(s))9_1UQ(s)a:T(s)a(r(s))dB(s)|> . (5.6)
(k—1)d<t<ks J(k—1)5

We compute

E(( sup I/(t 0(1+U(s)"?

k—1)0<t<ks J(k—1)s
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< E (/::)5 0(1 + U(s))?2 {— <B - % ) U%(s) + K, U(s) + Kl} |ds>
< 0E /(::)6(5 + =057 + Kp)(1+ U(s))gds)

IA
>
X0
+

k—1)6 (k—1)6<s<kd

%952 + K1)E ( /( T a4 U(s))ads)

< 03+ %952 + K,)0E ( sup (1 + U(t))9> (5.7)

(k—1)6<t<ké

By the well-known Burkholder-Davis-Gundy inequality, we derive that

E (( sup | 61 + U(s))g1U2(s)xT(s)0(r(s))dB(s)])

k—1)6<t<ks J(k—1)s

C keS k—1)5<t<ks§

ko 3
0—1772 . NI ds
([ onecor o mors
ké 2 2\ 2
o [Pl )P
< wp(f | (v o i)
k6 3
< SomaslloE ([ (v
< §6max{|a k)|}oz E( sup 1+U(t))29)2
¢ keS k—1)5<t<ké
< §9max{|0 |}52E< sup 1+U(t))9>.
)

Substituting this and (5.7) into (5.6) gives

E sup  (1+U(t)?

o < E[(14U((k—1)0))]

9{(6+%05—2+KI)5+%glgg{la(k)l}ﬁ}E( sup <1+U<t>>9>. (5.5)

(k—1)6<t<ks

Make use of (5.4) and (5.5) we obtain that

E sup (1 +U(1))’

(k—1)6<t<ks

< 2M. (5.9)

Let € > 0 be arbitrary. Then, by the well-known Chebyshev inequality, we have

k—1)6<t<ké

P {w : ( sup  (14+U(t)? > (k5)1+6} < e k=1,2,...
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Applying the well-known Borel-Cantelli lemma (see e.g. [22], [26] ), we obtain that for
almost all w € Q2
sup  (1+U(t)? < (k§)'e (5.10)

(k—1)6<t<ké

holds for all but finitely many k. Hence, there exists an integer ko(w) > 1/ + 2, for
almost all w € €, for which (5.10) holds whenever k > ky. Consequently, for almost all
weQifk>kyand (k—1)d <t < ko,

log(1+ U(t))? < (14 ¢)log(kd)

=1+e
ogt = log((k—1)5) '€
Therefore
log(1+ U(t))?
lim sup og(1 + U(t)) <l+e as.
t—00 logt
Letting € — 0, we obtain the desired assertion
log(1+ U(t))?
lim sup og(1+U(1)) <1. as.
t—00 10g t
Recalling the definition of U(t), we yield
s )
og 5
lim sup ﬂ <1 as.
t—o0 logt
which further implies
1 1
liminfM > ——  a.s.
t—00 logt 0
This is our required assertion (5.2).
Assumption 7 Assume that there exist positive numbers c1,- -+, ¢, such that

—_ = + 5 T 9
A max {Nhaz (CA(k) + A" (k)C) } <0,
where C = diag(cy, -+, cp).

Theorem 5.1 Under Assumptions 3, 4 and 7, for any initial value x(0) € R} , the
solution x(t) of the SDE (1.4) obeys

1t 200 e~
limsup—/ 2()lds < 2 S mBth) e (5.11)
1 [ 26 <N -
lim inf — ds > — k .S. 5.12
mint 7 [ letolds = 3 om0 as .12
where
) — mi +- S T\
A I]?Elgl{)\max (CA(k) + A" (k)C)} <. (5.13)
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Proof. Define

V(z)=Cx = Zcixi for x € R".
i=1

By the generalized It6 formula, we have

dV(z(t)) = 27 ()C{[b(r(t)) + A(r(t))x(t)]dt + o(r(t))dB(t)}. (5.14)
It is easy to observe from the inequality (5.1) of Lemma 5.1 and (5.2) of Lemma 5.2 that

lim log V' (z(t))

Jim BT 0 as (5.15)
We derive from (5.14) that
dlogV(a(t) = o (;(t))xT(t)C‘{[b(r(t))—I—A(r(t))x(t)]dt+0(r(t))dB(t)}
—mwu)éa(r(t))ﬁdt. (5.16)
We compute
e O P

By (3.16) and (4.5) , we know

B () < =5 e < Pr). (5.18)
Substituting these into (5.16) yields
Y A 2T(t)Co(r(t))
dlogV(x(t)) < B(r(t))dt — m|x(t)|dt + V() dB(t).
Hence
log V(2(1)) + 5 / l2(s)|ds < log V(z / B(r(s))ds +/ (;)g“y)(s))w(s).
(5.19)

By the strong law of large numbers for martingales (see [22], [26]), we therefore have

g L [ 2 6)Co(r(s) g

oot Jy o Vi(a(s))

We can therefore divide both sides of (5.19) by ¢ and then let ¢ — oo to obtain

(s)=0 as.

N
—hmsup / x(s)|ds < T B k) a.s.
0], e ; WO

which implies the required assertion (5.11).
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On the other hand, we observe from (5.16), (5.17) and (5.18) that

~ —

dlog V(x(t)) > B(r(t))dt — %\x(t)\dt + xT(t)VC(ZST(t»dB(t). (5.20)
Hence
log V' (z(t)) / |z(s)|ds > log V' (z / B(r(s))ds +/ - (‘(i)(i((js,(;)(S))dB(S)
So we have

—hmsup /|x |ds>Z7rkﬂ a.s.

2C t——+o0
which implies the other required assertion (5.12).

Similarly, using Lemmas 3.5, 5.1 and 5.2, we can show:

Theorem 5.2 Under Assumptions 5 and 7, for any initial value x(0) € R, the solution

x(t) of the SDE (1.4) obeys

1 [ 20| &
limsup—/ |z(s)|ds < —Zﬂkﬁ(k‘) a.s. (5.21)
t——+00 t 0 A =1
I%Ln_i_l(I)lof / |z(s)|ds > — Zwkﬁ a.s. (5.22)

6 Conclusions and Examples

Let Assumptions 3 and 7 hold. It is interesting to point out that if B (k) > 0 for some
k € S, then the equation

dx(t) = diag(z1(t), ...,z (t))[(b(k) + A(k)x(t))dt + o(k)dB(t)] (6.1)
is stochastically permanent. Hence Theorems 3.3 tells us if every individual equation
dx(t) = diag(z1(t), ...,z (t))[(b(k) + A(k)x(t))dt + o(k)dB(t)] (6.2)

is stochastically permanent, then as the result of Markovian switching, the overall behav-
ior, i.e. the SDE (1.4) remains stochastically permanent. On the other hand, if G(k) < 0
for some k € S, then equation (6.1) is extinctive. Hence Theorem 4.1 tell us if every indi-
vidual equation (6.2) is extinctive, then as the result of Markovian switching, the overall

behavior, i.e. the SDE (1.4) remains extinctive. However, Theorems 3.2 and 4.1 tell us a
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more interesting result that some individuals in (6.2) are stochastically permanent while
some are extinctive, but as the results of Markovian switching, the overall behavior, i.e.
the SDE (1.4) may be stochastically permanent or extinctive which depends on the sign
of Zﬂkﬁ(kz) and Z’/Tkﬂu(k') respectively. Moreover, if the SDE (1.4) is stochastically
perl;r:l;nent, the linrlfi?c1 of the average in time of the sample path of the solution could
be estimated making use of Theorems 5.1 and 5.2. We shall illustrate these conclusions

through the following examples.

Example 6.1 First of all, let us consider the following one-dimensional logistic system
with regime switching

dN(t) = N(@)[(b(r(t)) — a(r(t))N(t))dt + o(r(t))dB(t)], t>0, (6.3)

where r(t) is a right-continuous Markov chain taking value in S = {1, 2, 3}. As pointed
out in Section 1, we may regard the SDE (6.3) as the result of the following three equations

switching from one to another according to the movement of the Markovian chain:
dN(t) = N()[(b(1) — a(1)N(t))dt + o(1)dB(t)], (6.4)

where b(1) =11, a(1) =1, o(1) = 2;

AN(t) = N(£)[(b(2) — a(2)N())dt + o(2)dB(t)], (6.5)
where b(2) = 1, a(2) = % o(2) = 2V2;
AN(t) = N()[(b(3) — a(3)N(t))dt + o(3)dB(1)], (6.6)
where b(3) = 3, a(3) = % o(3) = v14. Compute
B(1)=p(1)=9>0, B(2)=p5(2)=-3<0, B(3)=75(3)=-4<0;

~

2

We observe that the SDE (6.4)(blue) is stochastically permanent while the SDEs (6.5)
(red) and (6.6) (green) are extinctive, see Figure 1. To see how the Markovian switing

affect the system, let us discuss two cases.

Case 1. Let the generator of the Markov chain r(t) be



Figure 1. SDE (6.4) (blue): N(0) = 5; SDE (6.5)(red): N(0) = 13; SDE(6.6) (green): N(0) = 10.

Figure 2. N(0) =2, r(0) = 3.

By solving the linear equation (2.1) we obtain the unique stationary (probability) distri-

bution
7 1
™= (7T1,7T2,7T3) - (Ev = g)
Then 5
A 34
> mBk)=">0
—~ 15

Therefore, by Theorems 3.2 and 5.1, as the result of Markovian switching, the overall
behavior, i.e. the SDE (6.3) is stochastically permanent, see Figure 2, and its solution

N(t) with any positive initial value has the following property:

— < hmmf N )ds < limsup — / N(s)ds < — a.s.

t—+o0 t——+00

Case 2. Let the generator of the Markov chain r(t) be
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Figure 3. N(0) =5, r(0) = 3.

By solving the linear equation (2.1) we obtain the unique stationary distribution

1 1 1
™= (7T1»7T2>7T3) = (Z’ b} Z)'
Then
S 1
> mpB(k) = -7 <0
k=1

Therefore, by Theorems 4.1, as the result of Markovian switching, the overall behavior,

i.e. the SDE (6.3) is extinctive, see Figure 3.

Example 6.2 Consider the two-species Lotka-Volterra system of facultative mutualism

with regime switching described by

di(t) = () [(0u(r () — anr (r(t) 21 (8) + ara(r(t))z2(t)) dt + o (r(2))dB(1)]

dzo(t) = w2(t) [(ba(r(t)) + a21(r(t))z1(t) — ax(r(t))za(t)) dt + oa(r(t))dB(t)]
(6.7)

for t > 0, where r(¢) is a right-continuous Markov chain taking values in S = {1, 2}. As
pointed out in Section 1, we may regard the SDE (6.7) as the result of the following two

equations:

dry(t) = z1(t) [(b1(1) — a11(1)z1(t) + ara(1)xe(t)) dt + o1(1)dB(t)]
dCEQ(t) = [L’Q(t) [(bg(l) + a21(1)1’1(t) — agg(l)l'g(t)) dt + UQ(l)dB(t)}

(6.8)

and

dl’l(t) = Jfl(t) [(b1(2) — a11(2)x1(t) + a12(2)x2(t)) dt “+ 01 (Q)dB(t)}
dl’Q(t) = SBQ(t) [(62(2) -+ a9 (2)[E1 (t) — (122(2)1‘2“)) dt + UQ(Q)dB(t)}

(6.9)

switching from one to the other according to the movement of the Markovian chain r(t).
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Assume that

bi(1) =5, a;1(1) =2, ap(l)=1, o1(1) = V2
bo(1) =8, an(1) =6, am(l)=2, oa(l)=2
bi(2) =4, a;1(2) =1, ap(2)=0, 01(2)=V14;
bo(2) =5, an(2) =1, an(2)=2, 0s(2)=4.

Let C = I € R**? and compute
Ao (TAQQ) + AT(1)I) = =5 £ V10, Ao (TA(2) + AT(2)]) = -3 £ V2.
Then

A= N (TAQ) + AT(1)]) < =3+V2 <0, —A =A%, (TAQ2) + AT(2)I) > —5-V/10,

max min

whence Assumption 2 holds. Moreover,
A>3-+2, A<5+V10,
and

6(1)=3, 5(2)=—4, B(1)=7, ((2)=-2.
To see if the SDE (6.7) is stochastically permanent or extinctive, we consider two cases:

Case 1.  Let the generator of the Markov chain r(t) be

-2 2
=
3 -3

It is easy to see that the Markov chain has its stationary probability distribution 7 =

3 2
(71, m0) = (5, 5) We observe that the SDE (6.8) is stochastically permanent while

the SDE (6.9) is extinctive. However, as the result of Markovian switching, the overall
behavior, i.e. the SDE (6.7) will be stochastically permanent noting that

2

3 2 1

;wkﬁ(k):gx3+gx(—4):g>o.
Z?Tkﬁ :—X7+§X(2):g.

Moreover, by Theorem 5.17 the solution z(t) with any initial value z(0) € R has the
following property:

2 ! 342
< liminf - / |z(s)|ds < limsup — / |z(s)|ds < 5(3—\/_ a.s.
0

5(5 + \/_ T oo t—+oo —V2)
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Case 2.  Assume that the generator of the Markov chain r(¢) is

—4 4
=
1 -1

It is easy to see that the Markov chain has its stationary probability distribution 7 =

14

(m1,m) = (=,=). As the result of Markovian switching, the overall behavior, i.e. the

55
SDE (6.7) will extinct almost surely because
= 1 4 1
== Zx(=2)=—- <0.
> mBk) =X T x(-2)=-2<0

Example 6.3 Consider the two-species Lotka-Volterra competitive system with regime

switching described by

day(t) = a1 (8) [(0u(r(1)) = ann(r(£))za(t) — ara(r(t))22(t) dt + o1 (r(2))dB(t)]

da(t) = xa(t) [(b2(r(t)) — a2a(r(t))@1(t) — aza(r(t))z2(t)) dt + o2(r(t))dB(1)]
(6.10)

for t > 0. Assume that the Markov chain r(¢) is on the state space S = {1, 2} with the

generator

I' =

It is easy to see that the Markov chain has its stationary probability distribution 7 =
13

ey
of the following two equations:

(71, m2) = ( . As pointed out in Section 1, we may regard the SDE (6.10) as the result

dri(t) = () [(01(1) — a1 (1)zq(t) — ar2(1)za(t)) dt + o1(1)dB(t)]
dro(t) = x2(t) [(ba(1) — ag1(1)xq(t) — age(1)za(t)) dt + o9(1)dB(t)]

(6.11)

and
dri(t) = x1(t) [(b1(2) — a11(2)z1(t) — a12(2)x2(t)) dt + 01(2)dB(t)]
d[L‘Q(t) = £L‘2(t) [(bg(?) — Q921 (2)$1(t) — (122(2)1'2(t)) dt + 0'2(2)dB(t)]

(6.12)

switching from one to the other according to the movement of the Markovian chain r(¢).

Case 1. Assume that

bi(1) =9, a; (1) =4, ap(l)=2, o(l)=2;
bg(l) = 10, agl(l) = 6, a22(1) = 3, 0'2(1) = 1,

b1(2) = 4, &11(2> = 2, a12(2) = g, 0'1(2) = 3,

by(2) =6, an(2) =3, an(2) =1, 02(2) =2V3.



Then we know

B(1)=7, B(2)= -2, B(1) =
b(1) =9, b(2) =4, b(1) =10, b(2) =6,

The Appendix in [3] tell us that for a matrix D = (d;;)nxn

Anax (D) < max (dii +Y (0v dij)> . Myax(D) > min (dh +) (0 dij)> .

1<i<n —t 1<i<n —t
J#i J#

Let C' = I € R**2, then we know
A>4, A< 36.

We observe that the SDE (6.11) is stochastically permanent while we are not sure that the
SDE (6.12) is stochastically permanent or extinctive. However, as the result of Markovian

switching, the overall behavior, i.e. the SDE (6.10) will be stochastically permanent noting

that )

- 1 3 1
Zwkﬁ(k)—zx7+zx(—2)_z>0
k=1

and )
v 119 3 3 7
Z (k) =X —+-x=-=—.
- 42 4 2 2

Moreover, by Theorem 5.1, the solution z(¢) with any initial value (x(0),r(0)) € R2 has

the following property:

—<hm1nf /\x )|ds < limsup — /]x \ds<— a.s.

t——+oo t—+00

Case 2. Assume that

bi(1) =6, a;1(1) =1, ap(1) =3, o1(1) = V2;
bo(1) =5, an(1) =0, am(l)=2 oo(l)=2
bi(2) =1, an(2) =0, an(2) =4, 01(2) =3;
by(2) =1, a91(2) =2, axn(2) =3, 02(2) = V6.

Then we know



We observe that the SDE (6.11) is stochastic permanent while the SDE (6.12) is extinctive.

However, noting that

¥ 1 3 1
E == 2w (—9) = ——
(k) 4><5+4><( ) 4<0,
as the result of Markovian switching, the overall behavior, i.e. the SDE (6.10) will be

extinctive by Theorem 4.1.

7 Application to Stochastic Harvest

It is clearly necessary to develop an ecologically optimal strategy for harvesting any re-
newable resource be it animals, fish, plants or whatever. Clark in [5, 6] introduced some
important economic constraints and examples in population models of renewable resource.
The collection of papers edited by Vincent and Skowronski [32] specially deals with renew-
able resource management. The results about the harvesting policy of resources, which
has a direct relationship to sustainable development, are increasing, for example, see ref-
erence [4, 5, 6, 8, 29]. In the real world the natural growth of every renewable population
has itself rule and is always affected inevitably by some random disturbance. Therefore we

discuss an harvesting policy of single population modeled by randomized logistic equation
dN(t) = Nt)[(b — aN(t))dt + 0dB(t)], t>0, (7.1)

which has a direct relationship to sustainable development, where b, a, o are positive con-
stants. Following Clark [5], we also assume that the harvest rate for the population would
be proportional to its stock level N(¢). Thus, as a result of harvesting, the population
growth obeys

dN(t) = N(t)[(b—h —aN(t))dt + odB(t)], t>0, (7.2)

where h > 0 is the harvesting effort. However, whether to harvest is depend on weather
factors, such as wind power, wave height. Therefore, the population switches between
harvest regime and unharvest regime. The switching is memoryless and the waiting time
for the next switch has an exponential distribution. The population system under regime

switching can therefore be described by the following stochastic model

AN(t) = N@O[(b(r(t)) — aN(t))dt + odB(t)], t >0, (7.3)
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where b(1) = b, b(2) = b — h, r(t) is a right-continuous Markov chain taking value in

S = {1, 2}. Assume that the Markov chain has the stationary distribution (my,ms).
2
By Theorem 3.2, we see that given b — % > 0, as the results of harvesting, the SDE

(7.3) may be stochastically permanent or extinctive dependent on the power of harvesting

1 2
effort h. More precisely, if h < —(b — %) the population will develop stochastically
T2

2

permanently, while if h > —(b — %) the population will be extinctive. Moreover, if the
2
SDE (7.3) is stochastically permanent, the limit of the average in time of the sample path

of the solution could be estimated by using Theorems 5.1 and 5.2.
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Appendix

A  Proof of Theorem 2.1

Since the coefficients of the equation are locally Lipschitz continuous, for any given initial
value 2(0) € R" there is an unique maximal local solution z(t) on t € [0,7.), where 7,
is the explosion time (cf. [26]). To show this solution is global, we need to show that
T, = 00 a.s. Let mg > 0 be sufficiently large for every component of z(0) lying within the

interval [mio, my]. For each integer m > my, define the stopping time

1
T = 1nf{t € [0, 7o) : z;(t) ¢ (E’ m) for some i=1, ---, n},

where throughout this paper we set inf ) = oo (as usual () denotes the empty set). Clearly,
T 1S increasing as m — 00. Set 7o, = WILE%O Tm, Whence 7o, < 7, a.s. If we can show that
Too = 00 a.5., then 7, = oo a.s. and z(t) € R} as. for all ¢ > 0. In other words, to
complete the proof all we need to show is that 7., = oo a.s. If this statement is false,

there is a pair of constants T'> 0 and € € (0, 1) such that
P{rc <T} > e.
Hence there is an integer m; > myq such that
P{r, <T}>c¢ for all m >m;y. (A1)

Define a C*-function V : R x S — R, by

n

Vi(z, k) = ch(k‘)[asl — 1 —log(a;)].

=1

The nonnegativity of this function can be seen from
u—1—log(u) >0 on u > 0.
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If 2(t) € R}, we compute that

LV (x,k) = z"C(k)b(k) + 2" C(k)A(k)x — C(k)[b(k) + A(k)z]

0" (k)C (k) (k)] + > vV (2, 1), (A.2)

where we write z(t) = = and C(k) = (c1(k), -+, cn(k)). Moreover, there is clearly a

constant K7 > 0 such that

max {xTC_’(k)b(k) — C(k)A(k)x — C(k)b(k) + %[UT(k)é(k)U(k)]} < K7 (1+ |z]).
Substituting this into (A.2) yields
LV (2,k) < K{(L+|a]) + ) V(D). (A.3)

=1

Noticing that u < 2(u — 1 —logu) + 2 on u > 0, we compute

o] < ) @ <) [2(x — 1 —logay) + 2]
=1 =1

2 n
< n+é E: ci(k)(x og ;)

Let

By the definition of V| for any k, [ € S, we have

n

V(D) =Y c(l)[z; — 1 —log(z;)] <> gei(k)[z; — 1 —log(x;)] < GV (x, k).

=1 =1

Thus
Z”Yklv z,1) (Z |’Ykz|> (A.6)

We therefore obtain from (A.S) , (A.4) and (A.6) that

LV (z,k) < K31+ V(z, k)], (A.7)
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where K7 is a positive constant. Making use of the generalized Ito formula, yields
EV(@(tmw AT),r(tm AT)) < V(2(0),7(0)) + K5E(ti ANT) + K3 E /OTmAT V(z(t),r(t))dt
< V(x(0),7(0)) + KT + K3 /OT EV(x(rm At),r(Tm At))dt.
The Gronwall inequality implies that
EV(2(tn AT),7(T; AT)) < [V(2(0),7(0)) + K3T)e™2T. (A.8)

Set Q, = {1, < T} for m > my; and by (A.1) , P(,) > €. Note that for every
w € Q,, there is some 7 such that ;(7,,, w) equals either m or =, and hence V (2(7,, w))

is no less than either

¢ (v/m —1—0.5log(m))
¢ (\/g —-1- 0.510g(%)) =¢ (\/g -1+ 0.5log(m)> :

V(z(tm,w), r(Tm,w)) > ¢ ([\/ﬁ —1—0.5log(m) ] A[0.51log(m) — 1+ \/% ]> :

or

Consequently,

It then follows from (A.8) that
[V (2(0),r(0) + K3T)e®2T > Ellg, (w)V(2(Tm,w), (T, w))]

> € ([\/ﬁ —1—0.5log(m)] A [0.51log(m) — 1+ \/> )

where 1q  is the indicator function of €2,,. Letting £ — oo leads to the contradiction
oo > [V(2(0),7(0)) + K3T)e™*" = .

So we must have 7, = oo a.s. This completes the proof of Theorem 2.1.

B Proof of Lemma 5.1

Let V : R} — R, be defined as (3.9) , by the generalized Ito formula, we can show that

B (sw Vial)

< BV(2(t)) + max{b(b)]} / B (|a(s)))ds + max{|A(K) ) / $))ds
+E <t§i5’+1 /t ' xT(s)a(r(s))dB(s)> |
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From (3.1) of Lemma 3.1, we know that

lim sup EV (z(t)) < n? limsup E(|z(t)|) < nzK(1). (B.1)
t—00 t—o0
and
t+1
limsupE/ lz(s)|?ds < K(2). (B.2)
t—o0 t

But, by the well-known Burkholder-Davis-Gundy inequality (see [22], [26]) and the Holder

inequality, we derive that

(m, [ ot < spatowns ([ o)

t<r<t+1

Jun

Therefore

E( sup V(:c(r)))

t<r<t+1

< EV(x ())+max{|b |}/ E(|z(s) )ds+max{|A |}/ s)|*)ds

s} [8 [ la(o)as g

This, together with (B.1) and (B.2), yields

limsupE< sup V(x("”)))

< [n% +rgg§<{|b<k>|}] K (1) + max{| AK) [} (2) + 3max{ o (k) K ()]

Recalling the following inequality
z(t)| < Z:z:l(t) < V(z(t)) forany z(t) € R,
i=1
we obtain

limsupE< sup ]a:(r)])

t—00 t<r<t+1
< [n5 + rggg{lb(kﬂ}] K(1) +max{|A(k)[} K (2) +3 Ikngg{b(k)l}[ff(?)ﬁ- (B.3)

To prove assertion (5.1) we observe from (B.3) there is a positive constant K such that

E( sup |x(t)]>§K, k=1,2,...

k<t<k+1

Let € > 0 be arbitrary. Then, by the well-known Chebyshev inequality, we have

. K
P{ sup |a:(t)|>k:1+}§kl+e, kE=1,2,...

k<t<k+1
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Applying the well-known Borel-Cantelli lemma (see e.g. [22]), we obtain that for almost
all w e Q

sup |z(t)| < ke (B.4)
k<t<k+1

holds for all but finitely many k. Hence, there exists a ko(w), for almost all w € 2, for
which (B.4) holds whenever k > kq. Consequently, for almost all w € €, if k& > ky and
k<t<k+l,

log(|z(t)]) < (1+¢€)logk it
logt log k
Therefore
1 t
lim sup M <l+e as.
+—00 Ogt

Letting ¢ — 0 we obtain the desired assertion (5.1). The proof is therefore complete.
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