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1 Introduction

The central purpose of the economic growth theories is to understand the factors be-

hind long-run growth and to explain differences in growth performances of economies.

After the seminal papers worked by Bourguignon [4] and Merton [15] introduce uncer-

tainty into the neoclassical model of growth developed by Solow [20], the increasing

papers realize the effect of uncertainty on the growth performances of economy. For

example, Binder and Pesaran [3] show the expectation of the steady-state distribution

of the capital-output ratio under the stochastic model exceeds the value of steady-state

capital-output ratio under the deterministic model. Canton [6] constructs a stochastic

two-sector model of endogenous growth to analyze impact of uncertainty on long-run

economic growth, and shows that economic growth is higher since people devote more

time to learning activities in an uncertain economic environment. In these papers, un-

certainty plays a positive role during the economic growth process. However, in Hek’s

[9] model, uncertainty plays a negative role. He examines uncertainty from creation of

knowledge and obtains the negative relation between uncertainty and growth.

Some empirical work also shows confusing results between growth and uncertainty.

For example, considering a sample of 47 countries with data covering the 1950-1977

period, Kormendi and Meguire [11] show that more volatile countries — as measured

by the standard deviation of their growth rates — grow at a higher rate. Grier and

Tullock [7] use panel data techniques on a sample of 113 countries covering a period

from 1951-1980 and obtain the same results as these of Kormendi and Meguire. While,

Zarnowitz and Moore [21] find that the standard deviation of GNP tends to be higher

during periods of lower growth. Ramsey and Ramsey [17] find a sample of 92 countries

as well as in a sample of OECD countries that countries with higher uncertainty have

lower growth.

The paper introduces uncertainty from the population growth into the R&D model

developed by D. Romer [18] and examines its effect on economic growth. It is well-

known that the population growth is always an important factor in neoclassical eco-

nomic growth models. In Solow [20] and Ramsey [16] models, the long-run growth rate

of the aggregate capital accumulation completely depends on the exogenous techno-

logical progress and population growth rate. To study endogenous economic growth,

many models (for example, [18], P96 and [1], [8] and [10]) see technological progress

as a production process like production of output. In these models, the long-run eco-

nomic growth rate is completely determined by the population growth rate. Applying
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Itô formula, the paper incorporates uncertainty of population growth into a simplified

version of these models.

Under a condition under which there exists a uniquely globally steady state in the

deterministic R&D model, where the long-run growth rates of both the technological

progress and capital accumulation are positive constants, the corresponding stochastic

technology and capital accumulation still show positive growth. Their growth rates

will not grow faster than the polynomial speed. When uncertainty is sufficiently large

or the expected population growth rate is sufficiently low, the long-run growth rates of

both the technological progress and capital accumulation will converge to zero, which

means the economy will stop growing and be in a stagnant state. Inversely, when

uncertainty is sufficiently small or the expected population growth rate is sufficiently

high, the growth of the economic system will not decay faster than polynomial speed

and the long-run expected growth rates of both the technological progress and the

capital accumulation are controlled by the difference between the expected population

growth rate and its uncertainty. The less difference means the less expected growth

rates.

The most important contribution of this paper is that we explicitly compute the

sample average of the growth rates of both the technological progress and the capital

accumulation in time, which may be expressed as the difference between the steady-

state values in the corresponding deterministic model and a product of a positive

number and the variance of the uncertainty, so it is very easy to see that the uncertainty

decreases the sample average of the economic growth rate. If the variance of the

uncertainty is zero, the sample average of the growth rates of both the technological

progress and the capital accumulation equal the steady-state values in the deterministic

model.

In the paper, we use the recent mathematical technique on stochastic Lotka-Volterra

system to prove the existence and uniqueness of the globally positive solution and

estimate its asymptotic properties. Some theoretical results may be found in [2] and

[14]. The paper applies these results into the stochastic R&D model and obtains some

more precious estimation and asymptotic properties.

To compare the stochastic R&D model with its deterministic version, in Section two,

the paper reviews the simplified deterministic R&D model developed by Romer [18]

and its main results. In Section three, we introduce uncertainty into the deterministic

model and prove the existence and uniqueness of the globally positive solution and

estimate the properties of the solution. According to the asymptotic properties, we
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explicitly compute the sample average of the growth rates of both the technological

progress and the capital accumulation in time and compare them with the deterministic

counterparts. The last section is concluding remark.

2 Retrospect of a deterministic R&D model

Firstly, we shortly review a simplified version of the deterministic models of R&D and

growth developed by P. Romer [19], Grossman and Helpman [8], Aghion and Howitt [1]

and Jones [10], which is wholly described by D. Romer ([18], P96). The models involves

four variables: labor (L), capital (K), technology (A) and output (Y). There are two

sectors, a goods-producing sector where output is produced and an R&D sector where

additions to the stock of knowledge (technological progress) are made. Fraction aL of

the labor force is used in the R&D sector and fraction 1− aL in the goods-producing

sector; Similarly, fraction aK of the capital stock is used in R&D and the rest in goods

production. Both sectors use the full stock of knowledge, A.

In the two sectors, the production functions are, respectively

Y (t) = [(1− aK)K(t)]α[A(t)(1− aL)L(t)]1−α = CYK
α(t)(A(t)L(t))α

′
, (1)

Ȧ(t) = B[aKK(t)]ξ[aLL(t)]ηA1+θ(t) = CKK
ξ(t)A1+θ(t)Lη(t), (2)

where CY = (1− aK)α(1− aL)1−α, CK = BaξKa
η
L, α′ = 1− α, α ∈ (0, 1) and ξ, η > 0,

B > 0 is a parameter which measures efficiency in R&D sector. Population growth is

exogenous and L̇(t) = nL(t).

Set x(t) = Ȧ(t)/A(t), y(t) = K̇(t)/K(t) = sY (t)/K(t), i.e., they respectively rep-

resent the growth rates of technological progress and capital accumulation, where

s ∈ (0, 1) is the saving rate and the depreciation rate of capital K(t) is not con-

sidered. Then, according to the productions functions and definition of x(t) and y(t),

the following cooperative Lotka-Volterra system may represent this economic system.

(CP)

 ẋ(t) = x(t)[θx(t) + ξy(t) + nη]

ẏ(t) = α′y(t)[x(t)− y(t) + n],

which has following properties:

(i) If θ + ξ < 0, the system exists a uniquely steady state (x∗, y∗), where

x∗ = −n(η + ξ)

θ + ξ
, y∗ = −n(η − θ)

θ + ξ
.
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Furthermore, the system exhibits global stability.

(ii) if θ < 0 and θ + ξ > 0, or θ + ξ = 0 < n, the system is constant divergent.

Regardless of where the economy starts, it eventually enters the region between the line

θx + ξy + nη = 0 and x − y + n = 0, and hence the growth increases continually.

Further, when θ > 0, the economy will explode in the finite time.

(iii) if θ + ξ = 0 and n = 0, the system will converge to one of points on the line

y = x.

The properties imply the technological progress and the capital accumulation will

show exponential growth at the rates x∗ and y∗ when θ + ξ < 0. When θ < 0 and

θ + ξ > 0, or θ + ξ = 0 < n, both the technology and the capital accumulation will

accelerate. If θ > 0, that is, technology has more contribution for additions of the new

knowledge, the economy will explode in finite time. However, in real economy, we do

not see the explosion. Maybe some other factors suppress the explosion. In our next

paper, we will show how uncertainty to suppress the explosion. When θ + ξ = 0 and

n = 0, these growth rates are constants, which cannot be determined.

The main objective of the paper is to examine whether the result will be changed

under the condition θ + ξ < 0 if uncertainty is introduced into the model. If the

result will be changed, we hope to analyze the properties of the changed result and

compare them with their deterministic counterparts. Therefore, we begin to consider

the stochastic R&D model.

3 The uncertainty model

Now we incorporate uncertainty into the above R&D model. Throughout this paper,

let (Ω,F , P ) be a complete probability space with a filtration {Ft}t≥0 satisfying the

usual conditions, that is to say, it is right continuous and increasing while F0 contains

all P-null sets. Let w(t) denote a scalar Brownian motion defined on this probability

space. The paper also defines R2
+ = {(x, y) ∈ R2 : x > 0, y > 0}.

In the stochastic R&D model, the uncertainty comes from the population growth,

which satisfies the following geometric Brownian motion:

dL(t) = L(t)(ndt+ σdw(t)),

where n is defined as before and represents the expected population growth rate.
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Using Itô formula,

dx(t)

x(t)
= ξ

dK(t)

K(t)
+ θ

dA(t)

A(t)
+ η

dL(t)

L(t)
− ηη′

2

(dL(t))2

L2(t)

= (θx(t) + ξy(t) + bx)dt+ ησdw(t),

dy(t)

y(t)
= (α′x(t)− α′y(t) + by)dt+ α′σdw(t),

where bx = ηn− ηη′

2
σ2, by = α′n− α′α

2
σ2, and η′ = 1− η.

Define

X(t) = (x(t), y(t))T , A =

[
θ ξ

α′ −α′

]
, b = (bx, by)

T , β = (ησ, α′σ)T ,

then the equation on (x(t), y(t)) may be written as:

(SP) dX(t) = diag(x(t), y(t))[(AX(t) + b)dt+ βdw(t)], (3)

which is a stochastic cooperative Lotka-Volterra system.

The stochastic Lotka-Volterra system with some different extension has recently

received a lot of attention because it may simulate many biological and other processes.

Bahar and Mao [2] use this system with time delay to model population growth and find

the sufficiently condition for existence of the globally positive solution and show that

the solution is ultimately bounded in mean. When uncertainty is sufficiently large,

they find the system will converge to trivial solution, which means the population,

as a group, will become extinct. Pang, et al [14] discuss asymptotic properties of the

system without time delay and find that the system will at most grow or decay with the

polynomial speed, that is to say, the system will not violently fluctuate if uncertainty

is constrained.

In the paper, we apply their results to the system (SP) and hope to obtain some

more precious results. Firstly, we hope to know whether the condition θ + ξ < 0

may still ensure the solution of Eq. (3) is positive since its deterministic counterpart

is positive, which means that the technology and the capital accumulation shows the

positive growth. With respect to this, the paper has the following theorem.

Theorem 1 when θ + ξ < 0, for any given initial value x(0), y(0) > 0, there is a

uniquely global solution (x(t), y(t)) to the system (SP) on t ≥ 0 and the solution will

remain in R2
+ with probability 1, namely x(t), y(t) > 0 for all t ≥ 0 almost surely.
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Proof According to Pang, et al ([14] Theorem 2.1) and Bahar and Mao ([2] Corol-

lary 2.3), if there exist positive constants c1, c2 such that −(CA + ATC) is positive

definite, where C = diag(c1, c2) is a diagonal matrix, then there exists a uniquely

globally positive solution (x(t), y(t))T to the system (SP) on t ≥ 0.

Because θ + ξ < 0, ξ, α′ > 0, A’s inverse matrix

A−1 =
1

α′(θ + ξ)

[
α′ ξ

α′ −θ

]
< 0,

i.e., −A is a nonsingular M-matrix. According to the nonsingular M-matrix’s properties

(see [5], Chapter 6), there exists a positive diagonal matrix C such that −(CA+ATC)

is positive definite. The desired result may be obtained.

In the corresponding deterministic model, the condition θ + ξ < 0 may ensure the

system exist a positive equilibrium position and the equilibrium position is a globally

steady state. In the stochastic model, because the equilibrium position (see [12] (P110)

for the definition of the equilibrium position or the trivial solution) requires both the

drift and diffusion coefficients are zero at this point, (SP) does not exist non-zero

equilibrium position. Therefore, it is impossible for (SP) to exist a positive steady

state, but the condition can still ensure the technology and capital accumulation show

positive growth. Although the explicit long-run growth rates can not be computed as

that in the deterministic model, we may still make some estimation for them. The

following theorem shows the solution is ultimately bounded in mean in the long run.

Theorem 2 when θ+ ξ < 0, the expected long-run growth rates of both the technology

and the capital accumulation are ultimate bounded

Proof By the theorem 1, the solution (x(t), y(t)) ∈ R2
+ a.s. Define

V (x(t), y(t)) = x(t)− 2θ + ξ

α′
y(t).

By the Itô formula, we have

dV (x(t), y(t)) =
[
θx2(t)− 2θx(t)y(t) + (2θ + ξ)y2(t) + bxx(t)− 2θ + ξ

α′
byy(t)

]
dt

+σ[ηx(t)− (2θ + ξ)y(t)]dw(t). (4)

For any γ > 0, applying the Itô formula again,

d[eγtV (x(t), y(t))] = eγt[rV (x(t), y(t)) + dV (x(t), y(t))]

= eγtL(x(t), y(t))dt+ σeγt[ηx(t)− (2θ + ξ)y(t)]dw(t),
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where

L(x, y) =
[
θx2 − 2θxy + (2θ + ξ)y2 +

(
γ + nη − ηη′

2
σ2
)
x− (2θ + ξ)

( γ
α′

+ n− α

2
σ2
)
y
]
,

which is a concave function, so there exists a maximal value Lmax for the function.

Therefore,

eγtEV (x(t), y(t)) ≤ V (x(0), y(0)) +
Lmax

γ
(eγt − 1).

This yields

lim sup
t→+∞

EV (x(t), y(t)) ≤ Lmax

γ
.

The result means

max{Ex,Ey} ≤ Lmax

γ
(
1− 2θ+ξ

α′

) ,
that is to say, the expected growth rates of both the technology and the capital accu-

mulation are bounded in the long run. This completes the proof.

Now we precisely discuss the upper bound. It is a key to determine Lmax/γ. Firstly,

if max{bx, by} < 0, which is equivalent to 2n < min{α, η′}σ2, then choosing γ =

−max{bx, by} yields Lmax=0, so lim supt→∞EV (x(t), y(t)) ≤ 0. Noting x(t), y(t) > 0

when θ+ ξ < 0, so lim supt→∞EV (x(t), y(t)) = 0. Therefore, limt→∞ V (x(t), y(t)) = 0,

which means that limt→∞ x(t) = limt→∞ y(t) = 0. Therefore, the paper may obtain

the following corollary.

Corrollary 1 when θ + ξ < 0 is retained, if 2n < min{α, η′}σ2, then

lim
t→∞

x(t) = lim
t→∞

y(t) = 0, a.s.

This result shows the technology and capital accumulation will stop growing if the

uncertainty is relatively large or the expected population growth rate is relatively low.

We will continually discuss this result in Theorem 3.

Then we examines the upper bound when min{bx, by} > 0 that means 2n > max{α, η′}σ2,

that is to say, the uncertainty is relatively small or the expected population growth

rate is relatively low. Applying Lagrange maximal principle, when

x̃ = ỹ − γ + bx
2θ

, ỹ = − γ + bx
2(θ + ξ)

+
(2θ + ξ)(γ + by)

2α′(θ + ξ)
,

the function L(x, y) reaches its maximal value. min{bx, by} > 0 means that x̃, ỹ > 0,

so

Lmax = − 1

4(θ + ξ)

[
γ + bx −

2θ + ξ

α′
(γ + by)

]2
− 1

4θ
(γ + bx)

2

≤ −1

4

[ 1

θ + ξ

(α′ − (2θ + ξ)

α′

)2
+

1

θ

]
max{(γ + bx)

2, (γ + by)
2}.
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Choose γ = max{bx, by}, then

Lmax

γ
≤ −

[ 1

θ + ξ

(α′ − (2θ + ξ)

α′

)2
+

1

θ

]
max{bx, by}.

Substituting this into the result of Theorem 2, we may deduce the upper bound of

the long-run growth rates of both the technological progress and the capital accumu-

lation depends on the difference between the expected population growth rate and its

uncertainty, which may express as

Corrollary 2 when θ + ξ < 0 is retained, if 2n > max{α, η′}σ2, then

lim sup
t→∞

Ex(t) ≤ −α′

α′ − (2θ + ξ)

[ 1

θ + ξ

(α′ − (2θ + ξ)

α′

)2
+

1

θ

]
max{ηn−ηη

′

2
σ2, α′n−αα

′

2
σ2},

lim sup
t→∞

Ey(t) ≤ −α′

α′ − (2θ + ξ)

[ 1

θ + ξ

(α′ − (2θ + ξ)

α′

)2
+

1

θ

]
max{ηn−ηη

′

2
σ2, α′n−αα

′

2
σ2}.

Therefore, the difference between the expected population growth rate and its uncer-

tainty may control the expected growth rates of both the technological progress and the

capital accumulation. the less 2n−max{α, η′}σ2 means the less the expected economic

growth rate.

Because we only obtain an upper bound, from this result we can not decide whether

the higher expected population growth rate or the smaller uncertainty can increase

the expected growth rates of both the technological progress and capital accumulation.

Later we will find the higher expected growth rate or the smaller uncertainty will

increase the sample average of the growth rates of both the technological progress and

capital accumulation.

According to the expression of (SP), the origin point is its only equilibrium position.

If the trivial solution is stable, the system will converge to the equilibrium position,

which shows that the growth rates of the technology and capital accumulation will

converge to zero and the economy will stop growing and be in stagnant state. With

respect to the equilibrium position, we have the following result.

Theorem 3 When θ + ξ < 0 is retained, if 2n < [1− (
√
α′ −√η)2]σ2, then

lim
t→+∞

x(t) = 0, lim
t→+∞

y(t) = 0, a.s.

Proof We still define the same function

V (x(t), y(t)) = x(t)− 2θ + ξ

α′
y(t),
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by the Itô formula for log V (x(t), y(t)), then we obtain

d log V (x(t), y(t)) =
dV (x(t), y(t))

V (x(t), y(t))
− [dV (x(t), y(t))]2

2V 2(x(t), y(t))

≤ 1

V (x(t), y(t))

[(
bxx(t)− 2θ + ξ

α′
byy(t)

)
dt+ σ(ηx(t)− (2θ + ξ)y(t))dw(t)

]
− 1

2V 2(x(t), y(t))
[η2σ2x2(t) + σ2(2θ + ξ)2y2(t)− 2ησ(2θ + ξ)x(t)y(t)]dt

=
1

2V 2(x(t), y(t))
I(x(t), y(t))dt+

σ

V (x(t), y(t))
[ηx(t)− (2θ + ξ)y(t)]dw(t),

where

I(x, y) = η(2n−σ2)x2−(2θ + ξ)(α′ + η)

α′

[
2n−

(
1−(α′ − η)2

α′ + η

)
σ2
]
xy+

(2θ + ξ)2

α′
(2n−σ2)y2.

If there exists a constant ϕ > 0 such as

I(x(t), y(t)) ≤ −ϕV 2(x(t), y(t)), (5)

then

d log V (x(t), y(t)) ≤ −ϕ
2
dt+M(t),

where M(t) is a martingale defined

M(t) =
σ

V (x(t), y(t))
[ηx(t)− (2θ + ξ)y(t)]dw(t).

The quadratic variation of this martingale is

〈M(t),M(t)〉t =
∫ t

0

σ2

V 2(x(t), y(t))
[ηx(t)− (2θ + ξ)y(t)]2dw(t)ds

≤ max{α′2, η2}σ2t.

Hence

lim sup
t→+∞

〈M(t),M(t)〉t
t

≤ max{α′2, η2}σ2 a.s.

By the strong law of large number for martingale (see [12] P12),

lim sup
t→+∞

1

t
log V (x(t), y(t)) ≤ −ϕ

2
a.s.

Therefore,

lim sup
t→+∞

V (x(t), y(t)) = 0 a.s.
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which means

lim
t→+∞

x(t) = 0, lim
t→+∞

y(t) = 0, a.s.

since x(t) > 0, y(t) > 0. Therefore, it is a key to find ϕ. We consider it by two steps.

Firstly, when

2n− σ2 < −(α′ − η)2

α′ + η
σ2,

choose

ϕ = min
{
η, α′,

α′ + η

2
− (α′ − η)2σ2

2(σ2 − 2n)

}
(σ2 − 2n),

then (4) will be satisfied.

Secondly, define −λ = (2n − σ2)2 + 2(2n − σ2)(α′ + η)σ2 + (α′ − η)2σ4, When

−(α′ − η)2/(α′ + η) < 2n− σ2 < [1− (
√
α′ −√η)2]σ2, λ > 0, then choose

ϕ = min
{
η(σ2 − 2n), α′(σ2 − 2n),

λ(α′ + η)

4σ2

}
,

then (4) will be satisfied. Therefore, the desired assertion is obtained.

Comparing this result with Corollary 1, the result may be rewritten as

Corrollary 3 When θ+ ξ < 0 is retained, if 2n < ([1− (
√
α′−√η)2]∨min{α′, η})σ2,

then

lim
t→+∞

x(t) = 0, lim
t→+∞

y(t) = 0, a.s.

Although in the corresponding deterministic model as in the section two of this

paper, the steady-state growth rates of both technology and capital accumulation are

completely determined by the population growth rate when θ + ξ < 0. If there is

positive population growth rate, the economy will show positive growth rate. The

higher population growth rate means the higher economic growth rate. In a stochas-

tic environment, because of effect of uncertainty, if the expected population growth

rate satisfies 2n < ([1 − (
√
α′ −√η)2] ∨min{α′, η})σ2, then change of the population

growth rate will not change the properties of the long-run economic growth and the

phenomenon that the long-run growth rate will converge to zero. Therefore, only the

population growth can not determine the long-run economic trend. When the noise of

the population growth is sufficiently small or its expectation is sufficiently high, it is

possible for the economy to show the positive long-run economic growth.

Theorem 3 show that the system (SP) will converge to origin point if the expectation

of the population growth rate is sufficiently low or its uncertainty is sufficiently large.

But, in comparison with its uncertainty, if the expected population growth rate is
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sufficiently high, whether it is possible for both the technological progress and the

capital accumulation to show the positive long-run economic growth or not? The

following estimation and the next theorem may partly answer the question.

Theorem 4 When θ + ξ < 0 is retained,

lim sup
t→+∞

log
(
x(t)− 2θ+ξ

α′ y(t)
)

log t
≤ 1, (6)

further, if 2n > σ2,

lim inf
t→+∞

log
(
x(t)− 2θ+ξ

α′ y(t)
)

log t
≥ −max{α′, η}σ2

2n− σ2
∨
(
−1

2

)
. (7)

The proof of (6) and (7) may be found in [14]. We make a small progress and obtain a

more precious estimation on the proof of (7). For the convenience of reference, we put

their proofs into appendix A.

(6) and (7) mean that for any ε > 0, there exists a positive random variable Tε such

that, with probability one,

t−δ−ε ≤ x(t)− 2θ + ξ

α′
y(t) ≤ t1+ε, ∀t > Tε,

where δ = [max{α′, η}σ2/(2n− σ2)] ∧ 1/2. The right inequality means, with probabil-

ity one, the economic growth rate will not fluctuate faster than t1+ε, and at most, at

polynomial growth speed. This means that the long-run growth rates of the techno-

logical progress and capital accumulation will not change very fast. We know, if the

expected population growth rate, in comparison with its uncertainty, is sufficiently low,

the system (SP) will converge to zero. The left inequality tells us that, if the expected

population growth rate is sufficiently high or its uncertainty is sufficiently small, the

long-run economic growth rate will not decay very fast, at most, with the polynomial

speed. Therefore, if the uncertainty of the population growth rate, in comparison with

its expectation, is sufficiently small, i.e., the population growth is relatively stationary,

the fluctuation of the economic growth will not be very violent.

According to these results above, the paper may obtain the explicit sample average

of the growth rates of both the technological progress and capital accumulation in time,

which is the most important result in the paper and may be expressed as

Theorem 5 When θ + ξ < 0 is retained and 2n > σ2, the sample average of the

growth rates of both the technological progress and the capital accumulation in time are

12



respectively

x̄ = lim
t→+∞

1

t

∫ t

0
x(s)ds = − η + ξ

2(θ + ξ)
(2n− σ2

L),

ȳ = lim
t→+∞

1

t

∫ t

0
y(s)ds = − η − θ

2(θ + ξ)
(2n− σ2

L).

Proof Define Z(t) = (log x(t), log y(t))T , and apply Itô formula to Z(t), then

dZ(t) =
[
b− σ2

2
(η2, α′2)T + AX(t)

]
dt+ βdw(t),

substituting the expression of b into this equation yields

Z(t)− Z(0)

t
=

1

2
(2n− σ2)(η, α′)T + A

1

t

∫ t

0
X(s)ds+

βw(t)

t
.

From Theorem 4,

lim
t→∞

log x(t)

t
= lim

t→∞

log y(t)

t
= 0, a.s.

Noting that limt→∞w(t)/t = 0 from law of the iterated logarithm (see [12] P16), so

lim
t→

1

t

∫ t

0
X(s)ds = −1

2
(2n− σ2)A−1(η, α′)T = − 2n− σ2

2(θ + ξ)
(η + ξ, η − θ)T ,

which is the desired assertions.

The results shows, although the road to prosperity is not a smooth one, if uncertainty

of the population growth, in comparison with its expected growth rate, is sufficiently

small, it still shows an upward trend average growth in the long term. The sample

average of the growth rates completely depends on the difference between the expected

population growth rate and its uncertainty. The more difference means the higher

sample average of the growth rates.

In classical Solow [20] and Ramsey [16] models, the growth rate of aggregate capital

accumulation is completely determined by the exogenous population growth and tech-

nological progress. When technological progress is endogenized as that in the section

two of this paper, if θ + ξ < 0, the growth rates of both the capital accumulation

and the technological progress are completely determined by the population growth

rate. From Theorem 5, in the stochastic R&D model, the crucial factor of the sample

average of the economic growth rate is the difference between the population growth

rate and its uncertainty, not only the population rate. Therefore, when we consider

the economic growth, the uncertainty should be an important factor.

13



Comparing the explicit expressions of the sample average of the growth rates of both

the technological progress and capital accumulation with their deterministic counter-

parts (x∗, y∗), it is easy to see

x̄ = x∗ +
η + ξ

2(θ + ξ)
σ2, x̄ = y∗ +

η − θ
2(θ + ξ)

σ2,

that is to say, in the long term, the sample average of the growth rates of both the

technological progress and capital accumulation may be expressed as the difference be-

tween the steady-state value in the corresponding deterministic model and a product of

a positive number and the uncertainty, so the uncertainty decreases the sample average

of the economic growth rate. When uncertainty of population growth is zero, these

sample average of the stochastic growth rates returns to their deterministic counter-

parts. From the expression of x̄, ȳ, all factors that increases or decrease the steady-state

economic growth rate in the deterministic R&D model still have the same effect on the

sample average of the stochastic economic growth rate. Therefore, it is very important

to do one’s best for governments to eliminate uncertainty and retain the stationary

economic development.

Different from other papers (for example, [15], [3]) in which they compare the ex-

pectation of the variables in the stochastic models with their counterparts in the corre-

sponding deterministic model when they examine the relation between the determinis-

tic and corresponding stochastic models, we compare the sample average value in time

with its deterministically steady-state counterparts. When we discuss the economic

growth of a country, it is more easy to obtain the sample data, so maybe it is more

convenient to compare the theoretical values with these real values.

Canton [6] believes that, in an uncertain economic environment, the economic system

will show higher growth rate, since people devote more time to learning activities and

save more money for future uncertainty. In the Merton’s [15] model, there are the

higher capital-labor ratio, per capital output and capital-output and the less interest

rate than their counterparts in the corresponding deterministic model. In sum, in these

models, uncertainty is a positive factor in the economic system. By introduction of

uncertainty from the creation of knowledge, Hek [9] obtain a negative link between

the uncertainty and the economic growth. In the paper, we may obtain the negative

link between the uncertainty and the sample average of the economic growth rate

when the uncertainty comes from the population growth and explicitly compute the

relation between the average sample average of the growth rate of the system and the

steady-state growth rate in the corresponding deterministic model.

14



4 Concluding remarks

Using the recent mathematical technique for the stochastic differential equations,

the paper discusses the stochastic R&D model that may express as a stochastic Lotka-

Volterra system. The paper obtains a condition that may ensure that there exists a

globally positively steady state for the corresponding deterministic system, may also

ensure that the stochastic Lotka-Volterra system exists a uniquely globally positive

solution. The result means, when the deterministic R&D model is extended into the

stochastic version, the economic system still shows the positive growth. At the same

time, the paper finds the economic growth will not fluctuate very fast, at most, with

the polynomial speed in the long run.

The population growth always plays an important role during the economic growth

process. In the paper, the growth rates of both the technological progress and the

capital accumulation in the long run is controlled by the difference between the expected

population growth rate and its uncertainty. The less difference means the less growth

rates of both the technological progress and capital accumulation. Furthermore, when

the expected population growth rate is sufficiently low or the uncertainty is sufficiently

large, the stochastic economic growth rate will converge to zero, which means that the

growth rates of both the technological progress and the capital accumulation will be

zero in the long run.

When the population growth is relatively stationary, that is to say, if the uncertainty

is sufficiently low or its expectation is sufficiently high, the economic growth will not

decay very fast, at most with the polynomial speed. Based on the result, we explicitly

compute the sample average of the growth rates of both the technological progress

and capital accumulation which may express as the difference between the steady-state

value in the corresponding deterministic model and a product of a positive number and

the uncertainty such that we may clearly obtain that the higher expected population

growth rate and the less uncertainty mean the higher sample average of the growth

rates. To our knowledge, there is no paper to use this way to consider economic

growth since most papers examine the relation between the stochastic models and the

corresponding deterministic models by the expectation, not the sample average value.

The paper only discusses the uncertainty from the population growth. If there exist

more origins of the uncertainty, maybe there exists more complicated relation between

the growth and uncertainty, which will be our next work.
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5 Appendix A

Proof of (6) According to the Eq. (4) and θ + ξ < 0,

dV (x(t), y(t)) ≤ max{bx, by}V (x(t), y(t))dt+ σ[ηx(t)− (2θ + ξ)y(t)]dw(t),

so

E
(

sup
t≤u≤t+1

V (x(u), y(u))
)
≤ EV (x(t), y(t)) + max{|bx|, |by|}

∫ t+1

t
EV (x(s), y(s))ds

+E
(

sup
t≤u≤t+1

∫ u

t
σ[ηx(s)− (2θ + ξ)y(s)]dw(s)

)
. (8)

By the well-known Burkholder-Davis-Gundy inequality, we derive that

E
(

sup
t≤u≤t+1

∫ u

t
σ[ηx(s)− (2θ + ξ)y(s)]dw(s)

)
≤ 6σE

( ∫ t+1

t
[ηx(s)− (2θ + ξ)y(s)]2ds

) 1
2

≤ 6σmax{α′, η}E
( ∫ t+1

t
V 2(x(s), y(s))ds

) 1
2

≤ 6σmax{α′, η}E
(

sup
t≤u≤t+1

V (x(u), y(u))
∫ t+1

t
V (x(s), y(s))ds

) 1
2

≤ 1

2
E
(

sup
t≤u≤t+1

V (x(u), y(u))
)

+ 18σ2 max{α′2, η2}
∫ t+1

t
EV (x(s), y(s))ds.

From Theorem 2, there exists a positive constant L such that lim supt→∞EV (x(t), y(t)) ≤
L, so

E
(

sup
t≤u≤t+1

V (x(u), y(u))
)
≤ 2(1 + max{|bx|, |by|}+ 18σ2 max{α′2, η2})L.

Therefore, for any ε > 0, by the well-known Chebyshev inequlity, we have

P
{(

sup
k≤t≤k+1

V (x(t), y(t))
)
> k1+ε

}
≤ 2(1 + max{|bx|, |by|}+ 18σ2 max{α′2, η2})L

k1+ε
, k = 1, 2, · · · .

Applying the well-known Borel-Cantelli Lemma (see [12], P7), we obtain that for almost

all ω ∈ Ω,

sup
k≤t≤k+1

V (x(t), y(t)) ≤ k1+ε (9)

holds for all but finitely many k. Hence, there exists a k0(ω), for almost all ω ∈ Ω,

(13) holds for whenever k ≥ k0. Consequently, for almost all ω ∈ Ω, if k ≥ k0 and

k ≤ t ≤ k + 1,

log
[
x(t)− 2θ+ξ

α′ y(t)
]

log y(t)
≤ (1 + ε) log k

log t
≤ (1 + ε) log k

log k
= 1 + ε.
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Letting ε→ 0, we obtain the desire result. The proof is therefore complete.

Proof of (7) We still choose the same function V (x(t), y(t)) as before, then

d
( 1

V (x(t), y(t))

)
≤ − 1

V 2(x(t), y(t))

[(
θx2(t)− 2θx(t)y(t) + (2θ + ξ)y2(t) + bxx(t)

−2θ + ξ

α′
byy(t)

)
dt+ σ[ηx(t)− (2θ + ξ)y(t)]dw(t)

]
+

σ2

V 3(x(t), y(t))
[ηx(t)− (2θ + ξ)y(t)]2dt.

Applying the Itô formula again, for any ε > 0, we have

d
(
1 +

1

V (x(t), y(t))

)ε
= ε

(
1 +

1

V (x(t), y(t))

)ε−2{(
1 +

1

V (x(t), y(t))

)
d
( 1

V (x(t)y(t))

)
− 1− ε

2

[
d
( 1

V (x(t), y(t))

)]2}
= ε

(
1 +

1

V (x(t), y(t))

)ε−2{
−
( 1

V 2(x(t), y(t))
+

1

V 3(x(t), y(t))

)[(
θx2(t)− 2θx(t)y(t)

+(2θ + ξ)y2(t) + bxx(t)− 2θ + ξ

α′
byy(t)

)]
+
( σ2

V 3(x(t), y(t))
+

1 + ε

2

σ2

V 4(x(t), y(t))

)
[ηx(t)− (2θ + ξ)y(t)]2

}
dt

−ε
(
1 +

1

V (x(t), y(t))

)ε−1 σ

V 2(x(t), y(t))
[ηx(t)− (2θ + ξ)y(t)]dw(t) (10)

It is easy to see that for all x, y ∈ R+, there exists a positive constant K1,

−θx
2 − 2θxy + (2θ + ξ)y2

V 2(x, y)
≤ K1;

σ2(1 + ε)[ηx− (2θ + ξ)y]2

2V 2(x, y)
−
bxx− 2θ+ξ

α′ byy

V (x, y)
≤ max

{1 + ε

2
η2σ2 − bx,

1 + ε

2
α′2σ2 − by

}
,

Substituting these inequalities into Eq. (10) yields

d
(
1 +

1

V (x(t), y(t))

)ε
≤ ε

(
1 +

1

V (x(t), y(t))

)ε−2
H(x(t), y(t))dt−M(t)dw(t),

where

H(x(t), y(t)) = max
{1 + ε

2
η2σ2 − bx,

1 + ε

2
α′2σ2 − by

} 1

V 2(x(t), y(t))

+(K1 + max{η2σ2 − bx, α′2σ2 − by})
1

V (x(t), y(t))
+K1,
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M(t) =
εσ

V 2(x(t), y(t))

(
1 +

1

V (x(t), y(t))

)ε−1
[ηx(t)− (2θ + ξ)y(t)].

Choose

0 < ε <
2n− σ2

σ2 max{α′, η}
∧ 2

for max
{

(1 + ε)η2σ2/2 − bx, (1 + ε)α′2σ2/2 − by
}
< 0, then there exists a positive

constant K2 such that

ε
(
1 +

1

V (x(t), y(t))

)ε−2
H(x(t), y(t)) < K2,

so,

d
(
1 +

1

V (x(t), y(t))

)ε
≤ K2dt−M(t)dw(t). (11)

Then, by the Itô formula,

d
[
eγt
(
1 +

1

V (x(t), y(t))

)ε]
= eγt

[
γ
(
1 +

1

V (x(t), y(t))

)ε
dt+ d

(
1 +

1

V (x(t), y(t))

)ε]
= eγt

(
1 +

1

V (x(t), y(t))

)ε−2[
γ
(
1 +

1

V (x(t), y(t))

)2
+ εH(x(t), y(t))

]
dt− eγtM(t)dw(t).

Choose

0 < γ < −εmax
{1 + ε

2
η2σ2 − bx,

1 + ε

2
α′2σ2 − by

}
,

then there exists a positive constant K such that

(
1 +

1

V (x(t), y(t))

)ε−2[
γ
(
1 +

1

V (x(t), y(t))

)2
+ εH(x(t), y(t))

]
≤ K,

so

E
[
eγt
(
1 +

1

V (x(t), y(t))

)ε]
≤ E

(
1 +

1

V (x(0), y(0))

)ε
+
K

γ
(eγt − 1),

which implies that

E
(
1 +

1

V (x(t), y(t))

)ε
≤ K

γ
.

Eq. (11) implies

E
(

sup
t≤u≤t+1

(
1+

1

V (x(u), y(u))

)ε)
≤ E

(
1+

1

V (x(t), y(t))

)ε
+K2+E

(
sup

t≤u≤t+1

∣∣∣ ∫ u

t
M(s)dw(s)

∣∣∣).
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By the well-known Burkholder-Davis-Gundy inequality,

E
(

sup
t≤u≤t+1

∣∣∣ ∫ u

t
M(s)dw(s)

∣∣∣)
≤ 6εσE

( ∫ t+1

t

(
1 +

1

V (x(s), y(s))

)2ε−2 1

V 4(x(s), y(s))
[ηx(t)− (2θ + ξ)y(t)]2ds

) 1
2

≤ 6εσmax{α′, η}E
[ ∫ t+1

t

(
1 +

1

V (x(s), y(s))

)2ε
ds
] 1

2

≤ 6εσmax{α′, η}E
[

sup
t≤u≤t+1

(
1 +

1

V (x(u), y(u))

)ε ∫ t+1

t

(
1 +

1

V (x(s), y(s))

)ε
ds
] 1

2

≤ 1

2
E
(

sup
t≤u≤t+1

(
1 +

1

V (x(u), y(u))

)ε)
+ 18ε2σ2 max{α′2, η2}

∫ t+1

t
E
(
1 +

1

V (x(s), y(s))

)ε
ds.

Therefore,

E
(

sup
t≤u≤t+1

(
1 +

1

V (x(u), y(u))

)ε)
≤ 2

[K
γ

(1 + 18ε2σ2 max{α′2, η2}) +K2

]
< +∞.

Using the same way as the proof of (6),

lim sup
t→+∞

log
(
1 + 1

V (x(t),y(t))

)ε
log t

≤ 1, a.s.

Hence, this implies

lim sup
t→+∞

log V −ε(x(t), y(t))

log t
≤ lim sup

t→+∞

log
(
1 + 1

V (x(t),y(t))

)ε
log t

≤ 1, a.s.

which further implies

lim inf
t→+∞

log V (x(t), y(t))

log t
≥ −1

ε
, a.s.

Because this holds for any ε that obeys its interval, we must therefore have the Eq.

(14). The proof is complete.
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