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Abstract

Positive results are derived concerning the long time dynamics of numerical
simulations of stochastic differential equation systems with Markovian switching.
Euler—-Maruyama discretizations are shown to capture almost sure and moment
exponential stability for all sufficiently small timesteps under appropriate conditions.
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1 Introduction

Stability analysis of numerical methods for stochastic differential equations (SDEs) has
recently received a more and more attention. Stability analysis of numerical methods for
ordinary differential equations (ODEs) is motivated by the question “for what choices of
stepsize does the numerical method reproduce the characteristics of the test equation?” It
was in this spirit that Mitsui and his coworkers [12, 18, 19] studied the asymptotic stability
of numerical methods with respect to the linear test stochastic differential equation

dx(t) = px(t)dt + ox(t)dB(t). (1.1)

To explain their results more precisely, let us recall the Euler-Maruyama (EM) method
(see e.g. [11, 16]) applied to the SDE (1.1): Given a stepsize A > 0, the discrete EM
approximation X ~ x(kA) is formed by setting Xy = x(0) and, generally,

Xk+1 :Xk(l—i—,uA—i—aABk), ]{ZIO,LQ,"' R (12)
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where ABy, = B((k+1)A)— B(kA). One of the main results of Mitsui et al. [12, 18, 19] is
that the EM approximate solution is exponentially stable in mean square for a sufficiently
small stepsize if the true solution of the SDE (1.1) is exponentially stable in mean square
(namely, 2u + 0% < 0). This result was generalized by Higham, Mao and Stuart [8] to a
multi-dimensional non-linear SDE

dx(t) = f(x(t))dt + g(x(t))dB(2), (1.3)

where they showed that under the global Lipschitz condition of the coefficients f and g,
the EM approximate solution to the SDE (1.2) is exponentially stable in mean square for
a sufficiently small stepsize if and only if the true solution of the SDE is exponentially
stable in mean square. They also showed that if the global Lipschitz condition does
not hold, then the EM method cannot guarantee to preserve exponential mean-square
stability, even for arbitrarily small stepsizes; see [8, Lemma 4.1].

On the other hand, relatively little is known about the ability of numerical methods
for SDEs to reproduce almost sure asymptotic stability. It is well known that the test
equation (1.1) is almost surely exponentially stable if u — %02 < 0. The question is: Can
the EM method reproduce this stability property? Higham [6] gave a partial answer to the
question. Replacing the Brownian increments ABj, by the independent random variables
&, whose probability distributions are given by

1
P(& = —VA) =P(& = VA) = 5
to give an alternative approximate solution
Yipr =Ye(l+pA+0&), k=0,1,2,---, (1.4)

with Yy = 2(0), Higham [6] showed that Y}, will tend to zero exponentially with probability
1 provided the stepsize A is sufficiently small and p — %aQ < 0. However, it is only recent
that Higham, Mao and Yuan [9] give a full answer to the question. That is, they show
that the EM solution (1.2) is almost surely exponentially stable for a sufficiently small A
if and only if the true solution of the SDE (1.1) is almost surely exponentially stable (i.e.,
p— 30 <0).

Recently, models that switch between different SDE systems according to an inde-
pendent Markov chain have been proposed. These hybrid SDEs are designed to account
for circumstances where an abrupt change may take place in the nature of a physical
process. In particular, important examples arise in mathematical finance, where a mar-
ket may switch between two or more distinct modes (nervous, confident, cautious, ... ).
For examples of such regime switching or Markov-modulated dynamics models, see, for
example, [10, 21, 23] and the references therein.

Generally, hybrid SDEs cannot be solved analytically and hence numerical methods
must be used. Although it is intuitively straightforward to adapt existing SDE methods
to the hybrid case, the traditional numerical analysis issues associated with the resulting
methods have only recently received attention. Finite time convergence analysis of an
Euler-Maruyama type method is given in [23]. In this work, we consider long time
dynamics. The issue that we address is: can a numerical method reproduce the stability
behaviour of the underlying hybrid SDE? In particular, we focus on almost sure and
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small moment exponential stability. In the general nonlinear case for (non-hybrid) SDEs
it is known that the EM method cannot guarantee to preserve exponential mean-square
stability, even for arbitrarily small stepsizes; see [8, Lemma 4.1]. Hence, in studying
hybrid SDEs, we look for conditions under which positive results can be derived in the
small stepsize setting. Our work therefore builds on the well known and highly informative
analysis for deterministic problems and its more recent extension to SDEs [2, 4, 5, 6, 8,
12, 14, 18, 19|

2 Scalar Linear Hybrid SDEs

Throughout this paper, we let (Q,F,{F;}+>0,P) be a complete probability space with a
filtration {F; }+>¢ satisfying the usual conditions (i.e. it is increasing and right continuous
while Fy contains all P-null sets) and we let B(t) be a scalar Brownian motion defined on
the probability space.

We let r(t), t > 0, be a right-continuous Markov chain on the probability space taking
values in a finite state space S = {1,2,..., N} and independent of the Brownian motion
B(-). The corresponding generator is denoted I' = (7;;) nxn, S0 that

reo=siro-i-{ T ¢ E

where 6 > 0. Here ;; is the transition rate from ¢ to j and v;; > 0 if 7 # j while
Vi = — i Vij- We note that almost every sample path of r(-) is a right continuous step
function with a finite number of sample jumps in any finite subinterval of R, := [0, c0).

We will use | - | to denote the Euclidean norm of a vector and the trace norm of a
matrix. We will denote the indicator function of a set G by I. For € R, int(x) denotes
the integer part of z.

We begin our study with the special but important case of scalar linear hybrid SDEs
of the form
dx(t) = p(rt))z(t)dt + o(r(t))x(t)dB(t), t>0 (2.1)

with initial data z(0) = 2o € R and r(0) = r¢ € S. Here, to avoid complicated notations,
we let B(t) be a scalar Brownian motion while p and o are mappings from S — R. The
SDE (2.1) is known as the hybrid Brownian motion or the volatility-switching geometric
Brownian motion. One motivation for studying this class is that sharp stability results can
be derived, allowing us to test the efficiency of a numerical method. One more motivation
is that it is a realistic model in mathematical finance [10] and hence the qualitative
behaviour of numerical methods on this model is of independent interest.

As a standing hypothesis, we assume moreover in this paper that the Markov chain
is 4rreducible. This is equivalent to the condition that for any i,7 € S, we can find
11,12, -+ , ik € S such that

Yisir Virsiz * Vi > 0-
Note that I" always has an eigenvalue 0. The algebraic interpretation of irreducibility is
rank(I') = N — 1. Under this condition, the Markov chain has a unique stationary (prob-



ability) distribution 7 = (m, T2, -+, mn) € RN which can be determined by solving

{TFFZO
N

subject to > ;" m; =1 and m; > 0 for all j € S.

It is known that the linear hybrid SDE (2.1) has the explicit solution

t t
x(t) = xpexp {/ [(r(s)) — %JQ(T(S))]CZS +/ U(T(S))dB(S)}. (2.2)
0

0

Making use of this explicit form we are able to discuss almost sure and moment exponential
stability precisely. The following theorem gives a necessary and sufficient condition for
the SDE (2.1) to be almost surely exponentially stable.

Theorem 2.1 The sample Lyapunov exponent of the SDE (2.1) is
1 N
fim 3 log(+(0) = D m (s~ 47) 0. (2.3)
j:

(for xg # 0 of course). Hence the SDE (2.1) is almost surely exponentially stable if and
only if

N
Zﬂ'j(/JJj — %O’?) < 0. (24)
j=1

Proof. For any zq # 0, it follows from (2.2) that

log(|=(#)]) =10g(|ﬂfo|)+/0 [M(T(S))—%52(T(S))]d8+/0 o(r(s))dB(s).  (2.5)

By the classical large number theorem of martingales (see e.g. [15, 16]),

lim ! té(r(s))dB(s) =0 a.s.

t—o00 0

while by the ergodic property of the Markov chain,

lim = [ [u(r(s) — 3020 (s))ds = 3 7 — 30?) as

t—oo t 0

Dividing both sides of (2.5) by ¢ and then letting ¢ — oo we hence obtain the assertion
(2.3). |

The following theorem gives the sufficient and necessary condition for the SDE (2.1)
to be pth moment exponentially stable. It should be pointed out that the proof for the
pth moment exponential stability of a linear scalar (non-hybrid) SDE is rather simple (see
e.g. [16]) while the proof below for the hybrid SDE becomes much more complicated.



Theorem 2.2 The pth moment Lyapunov exponent of the hybrid SDE (2.1) is
hm —log (E|z(t) ijp i+ —1)o7] (2.6)

(for xy # 0 of course). Hence the SDE (2.1) is pth moment exponentially stable if and
only if

N

> il + 3p = 1)o?] < 0. (2.7)

j=1
Proof. It is well known (see e.g. [1]) that almost every sample path of the Markov
chain r(-) is a right continuous step function with a finite number of sample jumps in

any finite subinterval of R, := [0,00). Hence there is a sequence of finite stopping times
O=19 <1 < <71, — o0 such that

o0

Zr (T ry sy (), £ 2>0.
k=0

For any integer z > 0, it then follows from (2.2) that
lz(t A Ty)|P

oo { [ outr(s) — ot lds + [ potrtsan(s)}

= g(tnm)en{ - /0 a2 (s))ds + /0 o po(r(s))dB(s) }
= {(tAT) zllek,

where
enm) = laPesp{ [ utr(s) + bolo — Dor(s)lds},
G = exp{ = PPt AT (EA T — AT
4po(r(t A ) BIEA Tst) — B(EA Tk)]}.

Let G; = o({r(u)}us0, { B(8)}o<s<t), namely the o-algebra generated by {r(u)},>o and
{B(s)}o<s<t). Compute

Elo(t AP = E(f(tm)ﬁ@)=E{E(5<tm>ﬁ@\gm1)}
- efeenm o] (o)} 25)



Define, for i € S,
o1 () = exp { — Ipo2(t AT —t ATasy) + pou[ B(t A T2) — B(t A TZ,I)}.
By the exponential martingale formula (see e.g. [15, 16]), we have
EC,_,(i)=1, i€S.
Then

E(G1

Guvrs) = E( Y Trr=Ge1(0)|Govr. )

1€S

= Z Lir(nr. =iy E (Cz—l (2)

€S

Gvr._s ).

Noting that t AT, —t AT, i8 Gyyr._,-measurable while B(¢tAT,)— B(tA1,_1) is independent
of Gyr._,, we have

E(G1(0)|Goms ) = BGa(i) = 1,

whence

E(Cz—l
Substituting this into (2.8) yields

gmz_l) ~1.

Ele(t AP = E[s(tAr) [[ 6] (2.9

Repeating this procedure implies
Elz(t AT)|P =EE(EAT).
Letting 2z — oo we obtain

Elr(®)l = E{ ol exp | / Tputr(s) + 3o — Dot (r(s))ds] (2.10)

Now, by the ergodic property of the Markov chain (see e.g. [1]), we have

i ¢ / lpulr(s)) + gp(p = 1)*(r(s))lds
= milpn+3p(p = 1)of) =7 as. (2.11)
Jjes

Let € > 0 be arbitrary. It follows from (2.10) that
e—(v—E)tE|$(t)|p

= il e[~ -+ [ Ioulr(s) + oo~ Do%(r(o)las]}
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By (2.11),

Jim exp [ = (=)t + [ oulr(s) + dolp = 1ot r(s)ds] = o0 s

Hence
lim e~ O~'E|z(t)|P = oo,

t—o0
which implies
E|z(t)|P > e~ for all sufficiently large t,
whence .
li{n inf n log(E|z()|P) > v —e.

Similarly, we can show

1
limsup — log(E|z(t)[?) < v +e.

t—o00 t

Since ¢ is arbitrary, we must have
o1
Jimn =~ log(El(0)”) =7

which is the required assertion (2.6). ]

We remark that for a single linear SDE of the form dz(t) = px(t)dt + ox(t)dB(t),
where ¢ and o are constants, Theorem 2.2 reproduces the well-known pth moment stability
characterisation p+ 0.5(p — 1)o? < 0. In the more general hybrid case (2.1), Theorem 2.2
tells us that the appropriate average of the quantity p; +0.5(p — 1)0]2- over the states j of
the Markov chain determines the stability. Intuitively, even though a numerical method
such as the Euler-Maruyama can match the stability properties of a single linear SDE for
sufficiently small A > 0, it is much more demanding to ask a method to maintain this
behaviour over all possible averages, especially those involving a mixture of individually
stable and unstable problems. This gives further motivation for the focus in this work
which we will discuss in the next section.

3 Numerical Exponential Stability

We now introduce the Euler-Maruyama method, which was shown in [23] to be strongly
convergent. The method makes use of the following lemma (see [1]).

Lemma 3.1 Given A > 0, let 2 = r(kA) for k > 0. Then {r, k=0,1,2,---} is a
discrete Markov chain with the one-step transition probability matrix

P(A) = (Py(A))nxw = €2 (3.1)

Given a fixed stepsize A > 0 and the one-step transition probability matrix P(A) in
(3.1), the discrete Markov chain {r2, k = 0,1,2,---} can be simulated as follows: Let



r& = iy and compute a pseudo-random number &; from the uniform (0,1) distribution.
Define

a_f i it €S—{N}suchthat Y5 Pos(A) < & < I Py (),
LN i Pag(d) <6,

where we set S°0_, P, ;(A) = 0 as usual. In other words, we ensure that the probability
of state s being chosen is given by P(r{ = s) = P, s(A). Generally, having computed
T0,71,72, .., k, We compute rpyq by drawing a uniform (0,1) pseudo-random number
&rp11 and setting

A ing1 i iger €S — {N} such that Y07 Pa (A) < Geyr < Y Poa (A,
T = ) _
e N if Z;V:f PrkA,j(A) < &

This procedure can be carried out independently to obtain more trajectories.

Having explained how to simulate the discrete Markov chain, we now define the
Euler-Maruyama (EM) approximation for the linear hybrid SDE (2.1). The discrete
approximation X ~ x(t), with t, = kA, is formed by setting Xy = o, 75 = iy and,
generally,

X1 = Xe[L+ p(r)A 4+ o(rg)ABy], k> 1, (3.2)

where ABy, = B(tgy1) — B(tg). In words, 75 defines which of the N linear SDEs is
currently active, and we apply the EM to this SDE. Compared with the numerical analysis
of standard SDEs, a new source of error arises in the method (3.2): the switching can only
occur at discrete time points {fx}, whereas for the underlying continuous-time problem
(2.1) the Markov chain can produce a switch at any point in time.

The following theorem shows that the EM method matches the pth moment expo-
nential stability of the linear hybrid SDE, for sufficiently small A.

Theorem 3.2 For any given pair of constants p > 0 and € > 0, there is a positive
constant A* = A*(p,e) such that if the stepsize A < A*, then the EM approximation
(3.2) obeys

) 1
lim sup A log (]E]Xk\p> < Zﬂjp [+ 3(p—1)o7] +e. (3.3)

k=00 jes

Hence, the EM approzimation (3.2) is pth moment exponentially stable for sufficiently
small A if

Zﬂj [+ 3(p—1)a7] <0.
jes

Proof. For any integer z, it follows from (3.2) that
| X1 |P = |xol? ﬁ Yy, where Yy = |1+ pu(r)A + o (1) ABy|P.
k=0
Using the o-algebra G, defined in the proof of Theorem 2.2, we compute
G.|) = E(|xo|PﬁYk E|V.
k=0

8

E| X, = E(E[|x0|pﬁYk gtzD' (3.4)
k=0



Writing
Y. = [1+p(2)A+o(r2)AB.J
= (L4 u(rD)A +o(r)AB])P?
= (14 2[u(rd)A + o(rDAB] + [u(r2)A + o (r2) ABJP)?,
and recalling the fundamental inequality

p(p—2) » N p(p—2)(p—4) 4

8 B3l

(14+u)P? < 1+§u+ u>—1, (3.5)

we have

Y, < 1+ g 2lur2)A +o(r2)AB] + [n(r2)A + o (r2)AB.J?) 2

+ w (2[u(r2)A + o (r2)AB.] + [u(rS)A + U(TzA)ABZ]Q)Q
+ p(p - 24)8(p —4) (2[u(r?)A +o(r?)AB.] + [u(r2)A + U(TZA)ABz]Z)g- (3.6)

Making use of the properties of the normally distributed random variable AB, that
E(AB>) = A"(2n—1)!! and E(AB>™ Y =0, n=1,23,...,
we can compute

E[2(u(r®)A + o(r2)AB]

gtz] — 2u(r )A+20(TZA)]E[ABZ

A
= 2u(A)A + 20 () E(AB,)
= 2u(r2)A

G.

and
E[[n(r2)A + o(r2)AB.| G, |
_E [,ﬂ(rfw +2u(r®)Ac(r®)AB, + o (r2)AB?

= [P(2)A% + o (r)A.

.

Similarly, we can compute the conditional expectations of the other terms in the right-
hand side of (3.6) to obtain

IE[YZ

Gi.| <1+ p[u(r2) + 30— V)o* ()] A + 1A%,

where (] is a constant independent of A and z. It then follows from (3.4) that

B Xl < E[ool (1 + p[u(r2) + 30 - Dor2)] 2 + C18%) [ %).

k=0
We compute furthermore that

z—2
E|X. [P < E(lxo|p(1+p[u<rf)+%(ya—l)a?(r?)}AwlA?)HYkE{Yz_l
k=0

)



But, in the same way as before, we can show that

E[Via|Grss | <14 p[ar2) + 30 = D02 )] A + C1A%
Hence

EXenl <E(jool | [[ (14 plar) + 30 - D022 + G }Hn)

k=z—1

Repeating this procedure we obtain

z

EIX. 1" < B(Jool [T (14 p[002) + 30 = Do()]A + C142)).

Re-write this as

Bl < Bl exp [ Y lox (1+p[utr) + 3o - Do) A + 1a%) ],

k=0
whence

e—(/\+5)(1+Z)AE|XZ+1 P

< E{|x0|p exp [— A+ e)(1+2)A

+ Z log (1 +p[p(re) + 50 — Do (r)] A + OlAQH } (3.7)

But, by the ergodic property of the Markov chain as well as the elementary inequality
log(l+2z) <z, Vz>-1, (3.8)

we derive that
1 1 - 1 A 1 . 2/ A A CAQ
Tim 7= > Tog (L4 p[u(rd) + 30 = Do (riH)] A + Gy
k=0

= Zﬁj log (1 +p[,uj + %(p — l)af}A + C'1A2)
jes

< 1 2 2

< ij (p[p; + 2(p— l)aj}A +C1A%)  as.
jes

Hence, for any € > 0, when A is sufficiently small, we have
. 1 z
fin 1+ 2)A ;log <1 —l—p[,u(rkA) + %(p - 1)‘72(TJCA)}A + 01A2> <A+e a.s.

where A =} . ¢ mip[py + 2p— 1o } This implies that

Z—00

lim | = (A+2)(1 +z>A+k§:;1og (14 p[u0D) + 30— D02 A + C1A2) | = —o

almost surely. Using this and the well-known Fatou lemma, we obtain easily from (3.7)
that
lim e~ WE+DAR XL |P =0,

zZ—00

and the required result (3.3) follows immediately. |
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Theorem 3.3 For any given constant € > 0, there is a positive constant A* = A*(e)
such that if the stepsize A < A*, then the EM approzimation (3.2) obeys

hmsupmlog(]Xk <Z7r] [ — 305 +¢  as. (3.9)
JES

Hence, the EM approximation (3.2) is almost surely exponentially stable for sufficiently

small A if

>_milm —305] <0.

j€S
Proof. Choose p = p(e) > 0 sufficiently small for

pZﬂ'jO'? < ze. (3.10)
jes

For the pair of p and e, by Theorem 3.2, there is a positive constant A* = A*(e) such
that if the stepsize A < A*, then the EM approximation (3.2) obeys

lim sup k_A log <E|Xk]p> < Z’/ij[luj +1(p— 1)0]2-} + 1pe. (3.11)

ko0 jes

But, by (3.10)

> miplw+ 30— +ipe <> mip[p; — 307] + Spe.
j€es jes
So, whenever A < A*,
1
lnlsnsup A log (E|Xk|p) < ijp 1 j} + 3pe. (3.12)
o JES

Now, let us fix any A < A* and denote A = Zjes j [,uj — %aﬂ. It then follows from
(3.12) that there is a constant M > 0 such that

E|Xi [P < MPOHioRs vy =12 ... (3.13)
By the well-known Chebyshev inequality, we have
P{|Xk| > €(A+s)kA} < €_p(A+€)kAE‘Xk|p < Me—ipskA Yk = 1,2,

Applying the well-known Borel-Cantelli lemma (see e.g. [16]), we obtain that for almost
all w e Q,
| X| < ePFeka (3.14)

holds for all but finitely many k. Hence, there exists a ko(w), for almost all w € €, for
which (3.14) holds whenever k > k. Consequently, for almost all w € Q,

1
A —log(|Xi]) <A +e

whenever k > ky. Therefore

1
limsupk—Alog(|Xk|) <A+e as.

k—o0

which is the desired assertion (3.9). ]
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4 Multi-Dimensional Nonlinear Hybrid SDEs

Let us now consider a more general n-dimensional hybrid SDE
dx(t) = f(2(t),r(t))dt + g(z(t),r(t))dB(t) (4.1)
on t > 0 with initial data x(0) = zo € R™ and r(0) = rg € S. We assume that
fR"xS—R" and ¢g:R"xS—R"

are sufficiently smooth for the existence and uniqueness of the solution (see e.g. [17, 22]).
We still keep the Brownian motion to be a scalar one to avoid the notation becoming too
complicated, but we will state the multi-dimensional Brownian motion case in the next
section. To analyse, we begin by imposing the linear growth assumption

|f(z, )| V]g(z,1)] < K|z, V(z,i) € R" x S. (4.2)
This implies
f(0,7) =0 and g¢(0,i) =0 VieS, (4.3)

so equation (4.1) admits the zero solution, x(t) = 0, whose stability is the issue under
consideration. We will be concerned with pathwise convergence of the solution x(t) of (4.1)
to the zero solution, as t — 0o, and the preservation of this property under discretisation.
We also note that condition (4.2) ensures that, with probability one, the solution will
never reach the origin whenever zy # 0; see, for example, [17, Lemma 2.1].

4.1 Exponential stability of true solutions

We begin by giving sufficient conditions for almost sure exponential stability of the hybrid
SDE.

Theorem 4.1 Let (4.2) hold. For eachi € S, let

. 1 12 A\ 2
N (o = R B
zERM 2£0 || ||
Then the solution of (4.1) obeys
: 1
h?iigp glog lz(t)] < Zm)\i a.s. (4.5)

1€S

In particular, if ..« miX\; < 0, then the hybrid SDE (4.1) is almost surely exponentially

stable.

1€S

Proof.  The assertion (4.5) holds when zy = 0 so we need to consider the case when
xo # 0. In this case, as pointed out above, the solution will never reach the origin with
probability one. We can therefore apply the Ito formula to show that

log(Jz(t)]*) = log(|(0)[*) + M(t)
N / 2((I(S),f(x(S),T(S))H5!9(%(8)#(8)” (z(s), g(x(s),r(s))) )ds,

|z(s)|? |z(s)|*
12



where

[ 2ee)gle(s) o)
R e e C]

By (4.4), we have

log(|z(t)]?) < log(|z(0)]?) + M(t) +/0 2\ (5)ds. (4.6)

From the condition |g(z,4)| < K|x|, it is straightforward to show that

M(t
lim J =0 a.s.

t—o00

Moreover, by the ergodic property of the Markov chain, we have

1
Jim — 0 Ar(syds = Z TN = — . (4.7)
i€S
Dividing both sides of (4.6) by 2¢ and then letting ¢ — oo we obtain (4.5). |

4.2 Exponential stability of EM solutions

Let us now define the Euler-Maruyama (EM) approximation for the hybrid SDE (4.1). The
discrete approximation Xj, ~ x(t;,), with ¢, = kA, is formed by setting X, = zq, 15" = g
and, generally,

Xiy1 = Xi —l—f(Xk,TkA)A—l—g(Xk,T‘kA)ABk, (48)

where ABk = B(tk+1) — B(tk)
Theorem 4.2 Let (4.2) and (4.4) hold and assume that
i€S

Then for any € € (0, \) there is a constant A* € (0,1) such that for any 0 < A < A* the
EM approzimation (4.8) satisfies

1
limsup — log(|Xk|) < —(A—¢) as. (4.10)

Proof. We compute from (4.8) that
[Xeaa [ = Xk + 20Xk, F(Xa, r2)A + g(X, 71) ABy)
+ [F(X 1) A+ g(Xi, 10 ) ABy
= | XP(1+ &),

where

1
| X |2

&k = [2(X 0k, f(Xp ri)A 4+ 9(Xi, T ABy) + | f(Xpe i) A + (X, 70 ) AB 7]

13



if X # 0, otherwise it is set to —1. Clearly, & > —1. For any p € (0,1), by inequality
(3.5), we have

X[ = | XuP(1+ &)/
< | XGfP (1 + gfk +

p(p —2) plp—2)(p—4) ;5
8 )

2
Gt 23 % 3|

Recalling the definition of the o-algebra G; in the proof of Theorem 2.2, we compute the
conditional expectation

-2 —2)(p—4
BN [ia) < I B (14 B+ P22 g 4 EBE =D, )
-2 —2)(p—4
— XL (14 56+ P20 220606, )

where 1,4 denotes the indicator function for A. Now,

1

(X r)A + g (X ) ABL |G ).

Since A By, is independent of Gy, we have E(AB|Gia) = E(ABy) = 0 and E((ABg)?|Gra) =
E((ABy)?) = A. Tt then easy to obtain that

1ix, 20y E(&k|Gra)

1
hﬂm(ﬁﬁPﬂmﬂ&w®M+V@aﬁWN+wMa@WM)

(20X, f(Xp, i) A + g(Xp, 7 ) ABy)

1(x, 20} (\X%P [2(Xk, f(Xe, i) A) + |9(Xe, 7)) A + KQAZ) : (4.12)
where (4.2) has been used. Similarly, we can show that
Lix, 20 E(&IGra) = X, |4<Xk; 9(Xp, i)Y A = e A (4.13)
and
Lix 20 E(E:IGra) < e, (4.14)

where cx > 0 is a constant dependent only on K. Substituting (4.12), (4.13) and (4.14)
into (4.11) and then using (4.4) and (4.2) we derive that

E(| Xps1/"|Gra)
< | XkPLix, -0 <1 + ==

p(p—2)
2| X |4

2|X 2 [ <Xk>f<Xk,7“kA)A> + |9(Xk,7”kA)|2} A

+

(Xk, 9(Xp 1)) *A + CA2>

(Xieo f(Xpor)) + 319(X)1? (X, g( X, 782))?
= |Xil1 1+ pA : — ek
[Xid {X#O}{ r ( | X |2 | X |4

p2A<Xka g(Xk7 TkA>>2
2| Xt

< X (1 +pA[As + IpK?] + CA2> , (4.15)

+ CN}
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where C' = C(K,p) > 0 is a constant independent of A.

Now, set A = max;cs |\;|. For any given ¢ € (0, ), choose p € (0,1) sufficiently small
for pK? < e and then choose A* € (0, 1) sufficiently small for pAA* < 1 and CA* < 1pe.
It then follows from (4.15) that for any A < A*

E(| X1’ Gra) < \Xk,p(1 + A + %4). (4.16)
Since this holds for all £ > 0, we further compute

E(| Xkl |G na) < E(XuP|Gua) (1-pA[A - 1e))
k
< | Xp_al? H <1—|—pA)\A+ 8})

z=k—1
Repeating this procedure we obtain
k

E(Xp117]G0) < feol TT (14 pA[Na + 32]).

z=0

Taking expectations on both sides yields

k
E(|Xa]?) < |o|’E exp [Z log (1+ pA[As + %g})] . (4.17)

z=0

However, by the ergodic property of the Markov chain and inequality (3.8), we compute

,}ggol—zlog (1+pA[Na+3e]) = %mbg(l%—pA[)\H—%s})
< pAY m[hi+ e
ies

= pA(=A+1ie) as.
This yields

]}erolo pPAN—¢e)(k+1)+ Zlog (1+pA[Na +3¢])] = —o0  as. (4.18)

However, it follows from (4.17)

ezoA(/\—é)(/’H-l)E(|X]C+1 |p)

< zo|PEexp [pA()\ —e)k+1)+ Zlog (14 pA[Xa + %ED}

z=0
By the well-known Fatou lemma and property (4.18), we hence derive that
lim sup [e#20-IEDR(| Xy ]7)|

k—o0

k
< |x0|pE<hmsupexp [pA()\—a)(k+1 —i—Zlog (1+pAfAa + 5])])

k—o0 z=0

= 0.

15



Hence, there is an integer ko such that
E(|X[P) < ePFAA=9) Yk > k.

This implies that

_pkA(—e 1
P{| Xy[? > k?e PFAG—e)1 < = k= ko

By the Borel-Cantelli lemma, we see that for almost all w € Q
| X3P < KPePRal—e) (4.19)

holds for all but finitely many k > ko. Hence, there exists a kj(w) > ko, for all w € Q
excluding a P-null set, for which (4.19) holds whenever k > k;. Consequently, for almost
all w € Q,

1 2log(k)
—log(| Xk|) < — (N —
ia sl = —(A =)+ =20
whenever k > k;. Letting k — oo we obtain the assertion (4.10). |

5 Multi-Dimensional Brownian Motion Case

So far we have restricted ourselves to the case of a scalar Brownian motion in order to
keep our notations relatively simple. However, the theory developed above can certainly
be generalised to the multi-dimensional Brownian motion case. Accordingly, let B(t) =

(BY(t),---,B™(t))T be an m-dimensional Brownian motion. Consider a more general
n-dimensional hybrid SDE
da(t) = f(x(t), r(t))dt + g(x(t), r(t))dB() (5.1)

on t > 0 with initial data z(0) = zo € R™ and 7(0) = ry € S, where
fR"xS—=R" and g¢g:R" xS — R"™™.

Assume that both f and g are sufficiently smooth for the existence and uniqueness of the
solution (see e.g. [17, 22]). As before, we impose the linear growth assumption

|f(z, )| V]g(z,1)] < K|z, V(z,i) € R" x S. (5.2)

The EM approximation X}, ~ z(t;,), with t, = kA, is formed by setting Xy = xg, 75" = g
and, generally,
Xip1 = Xi + f(Xi, 70 ) A + g( Xk, 75 ) AB, (5.3)

where ABj, = B(tyy1) — B(tx). The following two theorems can be proved in the same
way as in the previous section.

Theorem 5.1 Let (5.2) hold. For each i € S, let

No= sup (<x,f(x,i)> +3lg(, 9 !ng(x,i)IQ) - . (5.4)

T€R™ 240 |z|? |z[*

16



Then the solution of (5.1) obeys
1
lim sup - log |z(t)| < TN @.S. 5.5
o ¢ oglo(0)] < 3 (5.

In particular, if Y. s miAi < 0, then the hybrid SDE (5.1) is almost surely exponentially
stable.

Theorem 5.2 Let (5.2) and (5.4) hold and assume that

A=) mAi <0, (5.6)
ieS
Then for any € € (0, \) there is a constant A* € (0,1) such that for any 0 < A < A* the
EM approzimation (5.3) satisfies

1
lim sup A log(|Xk|) £ =(A—¢) aus. (5.7)

k—o0

To close our paper, let us consider the important class of multi-dimensional linear
hybrid SDEs driven by mutli-dimensional Brownian motions of the form

de(t) = A(r(t)a(t)dt + Y G.(r(t))2(t)dB (1) (5.8)

on t > 0 with initial value x(0) = zq € R", where A and G, are all mappings from
S — R™". For convenience, we will write A(i) = A; and G.(i) = G,;. Equation (5.8)
corresponds to

f(ﬂf,l) = Azx and g(x,l) = (Glixa T 7Gmim)a (ZE,Z) € R" x Sa

n (5.1). Accordingly,
l9(z, D)]> =) |Gxl* and  [2"g(z, )P =) |27 G|,
z=1 z=1

Let Apax(+) and Ayin(+) denote the maximum and minimum eigenvalues of a symmetric
matrix, respectively, and || - || the operator norm of a matrix. Note, for i € S and
&= 1727"' , M,

<[L’, AlZB> = %<$, (Az + AZT)SL'> < Amax(Ai + A?)|w|2

1
2

and
|G| < |Gl Pl

Moreover, if G.; + GZ is either non-positive definite or non-negative definite,

(,Goi)? > 1A (Gai + G A Panin(Gi + G1) ]|

17



We hence observe that if every G,; + G, is either non-positive definite or non-negative
definite,

(2, Air) + 5 3500, |G ST " G|

]2 ]t
S %AmaX(Ai + A7,T) + Z %HGzz”z
z=1
— 23 [ Gai + GT) A Aanin (G + G|
z=1

By Theorem 5.1 we reach the following useful corollary.

Corollary 5.3 Assume that every G, +GL, (i €S and 1 < z < 'm) is either non-positive
definite or non-negative definite and define

)\i = %Amax<Ai + A?) + Z %HGZZHZ
z=1

[ (Gai + G| A [Ain(Gi + GT)[]

1

|
i

If
A=) mAi <0, (5.9)

i€s
then the linear hybrid SDE (5.8) is almost surely exponentially stable.

The EM method applying to the linear hybrid SDE (5.8) forms approximation X}, &
x(ty), with t, = kA, by setting Xo = x¢, 75 = 4o and, generally,

X1 = X + AP XA+ GL(rf) X ABE, (5.10)

z=1

where AB} = B*(ty41) — B*(tx). By Theorem 5.2 we have the following conclusion.

Corollary 5.4 Under the conditions of Corollary 5.3, for any € € (0, \) there is a con-
stant A* € (0,1) such that for any 0 < A < A* the EM approzimation (5.10) satisfies

1
limsup — log(|Xx|) < —(A—¢) as. (5.11)

This shows that the EM method recovers the almost sure exponential stability of
multi-dimensional linear hybrid SDEs very well indeed.
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