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ABSTRACT
Steady-state heat transfer through a rarefied gas confined between parallel plates or coaxial cylinders, whose

surfaces are maintained at different temperatures is investigated using the non-linear Shakhov (S) model kinetic
equation and DSMC technique in the slip regime. The profiles of heat flux and temperature are reported for different
values of gas rarefaction parameter δ, ratios of hotter to cooler surface temperatures T , and inner to outer radii
ratio R . The results of S-model kinetic equation and DSMC technique are compared to the numerical and analytical
solutions of the Fourier equation subjected to the Lin & Willis temperature-jump boundary condition. The analytical
expressions are derived for temperature and heat flux for both geometries with hotter and colder surfaces having
different values of the thermal accommodation coefficient. The results of the comparison between the kinetic and
continuum approaches showed that the Lin & Willis temperature-jump model accurately predicts heat flux and
temperature profiles for small temperature ratio T = 1.1 and large radius ratios R ≥ 0.5, however, for large
temperature ratio, a pronounced disagreement is observed.

1 Introduction
Used nuclear fuel assemblies consists primarily of square arrays of zircaloy cladding tubes containing highly-radioactive

solids and gases [1]. They are initially stored underwater while their heat generation and radioactivity decrease [2]. After
sufficient time individual assemblies are placed in square openings within helium-fill canisters. Before a canister is sealed,
vacuum drying is used to remove remaining moisture [3]. During periods of time of this process the helium within the
canister’s narrow spaces is in the rarefied-gas slip regime. This causes the cladding temperature to increase compared to
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Fig. 1. Cross-section of (a) two coaxial cylinders and (b) two parallel plates configurations: dimensions (r,θ) in physical space, dimensions
(υr,υθ) (or (υp,ϕ)) in molecular velocity space.

continuum gas conditions. The cladding temperature must be accurately predicted to assure its temperature does not exceed
certain important-to-safety limits [4].

The ultimate goal of this research is to develop and experimentally-benchmark computational methods to predict surface
temperatures of complex void spaces containing slip-regime gases. For moderately low surface temperature differences and
for surfaces with radii of curvature that are larger than the mean free path (mean distance traveled by molecules between two
successive collisions), transport across slip-regime gases may be approximated using continuum Fourier conduction in the
gas bulk, and temperature-jumps boundary condition at its interfaces with heated surfaces [5].

In the current paper, conduction across annular gaps filled with slip regime helium calculated from two kinetic gas
methods (Shakhov-model [6, 7, 8] and Direct Simulation Monte Carlo [9]) are compared to calculations from continuum
models with temperature-jump boundary conditions. Annular gaps with a range of radius ratios are simplified models
for regions within used fuel canister and other engineering systems. In this paper, comparisons are made between the
continuum and kinetic models for a range of radius ratios, surface temperature ratios, gas rarefaction parameters and surface
accommodation coefficients. These comparisons are used to determine the conditions where the continuum models with
temperature-jump boundary conditions may be used with confidence for the simple annular gap geometry. Future work will
compare continuum and kinetic models for calculating heat transfer within an enclosed array of heated rods with experiment
data in order to determine when the continuum models may be used in complex configurations.

2 Problem formulation
The problem of conduction heat transfer between parallel plates and coaxial cylinders separated a gas at rest is considered

here (see Fig. 1). The radii and temperatures of the inner and outer cylinders are (R′1, T ′w1
) and (R′2, T ′w2

), respectively, with
R′1 < R′2 and T ′w1

> T ′w2
. For simplicity, the same notation is used for parallel plates: the r′ axis is normal to both plate’s

surfaces. The bottom and upper plates have the locations and temperatures (R′1, T ′w1
) and (R′2, T ′w2

), respectively, with
R′2 =−R′1 = H ′/2. The cylinders and plates are assumed to have infinite length in the direction perpendicular to the figure.

Both problems are similar, however, the coaxial cylinder problem is governed by three physical parameters (temperature
and radius ratios, and rarefaction parameter; see definitions below). The parallel plate problem is defined by only two
parameters (temperature ratio and rarefaction parameter). It is convenient to introduce the following parameters:

• The temperature ratio between the cylinders or plates: T = T ′w1
/T ′w2

,
• The aspect ratio for the cylinders and plates: R = |R′1/R′2|,



• The rarefaction parameter

δ =
R0

`
, where `=

µ0υ0

p0
, υ0 =

√
2kBT0

m
(1)

In these expressions, ` is the equivalent mean free path at reference pressure p0, m is the molecular mass of the gas, kB
is the Boltzmann constant, and υ0 is the most probable molecular velocity at reference temperature T0.

In expression (1), R0 and T0 are the reference space dimension and temperature, respectively, and µ0 is the gas viscosity
calculated at the reference temperature; µ0 = µ(T0).

It is convenient to take the distance between the cylinders (or plates) as the reference space dimension R0 = R′2−R′1.
The temperature of the external cylinder (or upper plate) is used as the reference temperature, T0 = T ′w2

. The problem of heat
transfer considered here is one dimensional, therefore, the heat flux has only one component in the direction normal to the
surfaces, denoted by q′.

For practical reasons, the following dimensionless variables are introduced

r =
r′

R0
, p =

p′

p0
, T =

T ′

T0
and q =

q′

p0υ0
. (2)

The influence of the gas-surface interaction is taken into account by the thermal accommodation coefficient, denoted as

α =
Ti−Tr

Ti−Tw
, (3)

where Ti and Tr are the temperature of the incident and reflected molecules, respectively.

3 Continuum approach
The analytical expressions for heat flux and temperature can be obtained from an energy balance. The hypothesis of

zero macroscopic velocity and constant pressure between the plates or cylinders are used to derive the analytical expressions.
The Fourier law can be applied to calculate the heat flux

q′ =−κ
′ dT ′

dr′
. (4)

For monatomic gases, the gas thermal conductivity κ′ is related to the gas viscosity µ′ as follows [9]

κ
′ =

15
4

kB

m
µ′. (5)

In order to define the dependence of viscosity on temperature, the molecular interaction potential must be specified.
In this work, the inverse power law potential [9] is employed, which leads to a power law temperature dependence for the
viscosity,

µ′ = µ0

(
T ′

T0

)ω

, (6)

where ω is the viscosity index, which is equal to 0.5 for the Hard-Sphere (HS) model and 1 for the Maxwell model. Its
value varies as a function of the gas nature in the case of Variable Hard-Sphere (VHS) model, see [9]. In this paper, the
Hard-Sphere model is retained for all calculations, so ω = 0.5 for all gases.

In the continuum regime, the temperature continuity condition may be assumed on the surfaces. However, in the slip
regime, the temperature-jump conditions [10] must be used as boundary conditions,

T ′g = T ′w +ξT `
dT ′

dr′

∣∣∣
w
, (7)



where T ′g is the gas temperature near the wall and ξT is the temperature-jump coefficient [11]. The dimensionless form of
the temperature-jump boundary condition at the cylinders and plates walls can be written as

T =


Tw1 +

ξT 1
δ

T ω+1/2
w1

dT
dr , r = R1

Tw2− ξT 2
δ

T ω+1/2
w2

dT
dr , r = R2

(8)

Here ξT 1, ξT 2 are the temperature-jump coefficients of the hotter and colder surfaces, respectively. The assumption of
the constant pressure between the cylinders and plates is used to obtain the previous expressions. The coefficient ξT in Eq.
(7) and (8) depends on the gas nature and surface state through the thermal accommodation coefficient. Lin and Willis,
1972 [12] proposed the following expression for polyatomic gases,

ξT =

(
2−α

α
+0.17

)√
π

Pr
γ

γ+1
, (9)

obtained by applying a variational method to the Morse equation [13] and to the Holway model [14]. In Eq. 9 γ is the gas
specific heat ratio and Pr is the Prandtl number. For monatomic gases, this expression is reduced to the one proposed by
Welander [15]. For the case of complete accommodation (α = 1) and a monatomic gas (γ=5/3 and Pr=2/3), the value of this
coefficient is ξT ∼ 1.95.

In this paper, Eq (4) subjected to the boundary condition (8) is solved numerically using an iterative method for parallel
plates and coaxial cylinders having different temperature and aspect ratios at different values of the rarefaction parameter δ

in the slip regime, and various values of the thermal accommodation coefficient α.

3.1 Analytical solution
To obtain the completely explicit expression of the temperature distribution between the cylinder and plates, a lin-

earization of the temperature is carried out and the terms of the order of ε2 are neglected, where ε =
Tw−Tg

Tw
(Eq. 7), so the

temperature profile between the cylinders and plates is obtained analytically with accuracy of ε2.

3.1.1 Parallel plates
The following dimensionless analytical expressions are obtained for the temperature profile

T (r) =
{

1
2

[(
T ω+1

g1 +T ω+1
g2

)
+C (ω+1)(R1 +R2−2r)

]} 1
ω+1

(10)

and heat flux profile

q(r) =
15
8δ

C, (11)

where

C =

(
T ω+1

w1 −T ω+1
w2

)
/(ω+1)

R2−R1 +
ξT 1

δ
T ω+1/2

w1 + ξT 2
δ

T ω+1/2
w2

. (12)

The gas temperatures near the walls are

T ω+1
g1 = T ω+1

w1 [1−η1 (ω+1)] ,

T ω+1
g2 = T ω+1

w2 [1−η2 (ω+1)] ,
(13)



where

η1 =
ξT 1

δ
C

1

T 1/2
w1

, η2 =−ξT 2

δ
C

1

T 1/2
w2

. (14)

Here, the dimensionless coordinates R1 and R2 for parallel plates are: R1 =−0.5 and R2 = 0.5.

3.1.2 Coaxial cylinders
By implementing the same technique, the temperature and heat flux profiles for coaxial cylinders were obtained, as in

Ref. [16]. The dimensionless temperature profile with an accuracy of ε2 is

T (r) =
{

1
2

[(
T ω+1

g1 +T ω+1
g2

)
+C (ω+1)

(
ln
(

R1

r

)
+ ln

(
R2

r

))]} 1
ω+1

, (15)

and the dimensionless heat flux profile is

q(r) =
15
8δ

C
r
, (16)

where

C =

(
T ω+1

w1 −T ω+1
w2

)
/(ω+1)

ln R2
R1

+ ξT 1
δ

T ω+1/2
w1

R1
+ ξT 2

δ

T ω+1/2
w2

R2

. (17)

In this paper, two aspect ratios are considered, R = 0.5 and R = 0.1. The corresponding dimensionless coordinate [R1,
R2] for each case are: [1, 2] and [0.11, 1.11], respectively. The gas temperature in the vicinity of the walls is calculated with
the same expressions (13) as for the two parallel plates, with the parameters ε1 and ε2 calculated as

η1 =
ξT 1

δ

C
R1

1

T 1/2
w1

, η2 =−ξT 2

δ

C
R2

1

T 1/2
w2

. (18)

The analytical model is more convenient to calculate the temperature profile between the cylinders and plates than the
numerical model as it needs no iteration.

4 Kinetic approach
Two kinetic models are used in this paper to simulate heat transfer between parallel plates and coaxial cylinders in the

slip regime.

4.1 S-model kinetic equation
In the steady-state case the S-model kinetic equation [6] reads

v
∂ f ′

∂r′
= ν

′
(

f S′ − f ′
)
. (19)

where, f ′(r′,v) is the one particle molecular velocity distribution function, v is the molecular velocity vector, r′ is the position
vector, and ν′ is the molecular collision frequency. It should be underlined that Eq.(19) is valid if a Cartesian frame is used
in the velocity space. In the case of the two coaxial cylinders, an axisymmetric problem, the transport part of Eq.(19) can be
written in form used in Refs. [17], [8].



The equilibrium distribution function f S′ is

f S′ = f M′
[

1+
2mVq′

15n′ (kBT ′)2

(
mV2

2kBT ′
− 5

2

)]
,

f M′(n′,T ′) = n′
(

m
2πkBT ′

)3/2

exp

[
−m(v−u′)2

2kBT ′

]
,

(20)

where f M′ is the local Maxwellian distribution function, u′ is the bulk velocity vector, V = v−u′ is the peculiar velocity
vector, and q′ is the heat flux vector.

In the frame of this model, the molecular collision frequency is assumed to be independent of the molecular velocities
and may be found as follows [6]

ν
′ =

p′

µ′
. (21)

The macroscopic parameters are calculated from the solution of the molecular distribution function f ′ obtained by
solving eq. (19), as

T ′(r′) =
m

3n′kB

∫∫
V2 f ′(r′,v)dv,

q′(r′) =
m
2

∫∫
VV 2 f ′(r′,v)dv.

(22)

Considering the axial symmetry of the problem, the S-model kinetic equation in the completely conservative form is
found in Refs. [8], [18], and [19]. The generalization of a kinetic model for the case of the polyatomic gases is presented
in [20].

The Discrete Velocity Method (DVM) is used to divide the continuum-molecular velocity space cp in the system of
kinetic equations (see Ref. [8]) into a discrete velocity set cpk . The system of kinetic equations with discrete velocity set cpk

is then discretized in space by the Finite Difference Method (FDM). The spatial derivatives are approximated by the second
order-of-accuracy upwind-type numerical scheme. The Gauss-Hermite quadrature formulas are used to evaluate the integrals
for calculating the macroscopic parameters (Eq. 22).

In the physical space, the reduced distribution functions depend only on the spatial variable r, which is either the distance
from the cylinder’s axis or the distance from midway between the plates. For coaxial cylinders, the distance between the
walls is split into Nr intervals, Nr = 800 for δ≤ 10 and Nr = 6400 for δ > 10. For parallel plates, Nr = 4000 for all δ. In the
velocity space, the distribution functions depend on two variables; the magnitude and orientation of the molecular velocity
vector cpk and ϕ, respectively. The velocity vector magnitude cpk is distributed according to the Gaussian quadrature rule,
which is characterized by Gaussian abscissas Ncp and their corresponding weights. The number of implemented points Ncp

depends on gas rarefaction; Ncp = 25 for δ < 0.5 and Ncp = 12 for δ ≤ 0.5. The range of molecular velocity orientations
(0≤ ϕ≤ π) is divided into Nϕ equal intervals. For coaxial cylinders, Nϕ = 6400 for δ≤ 10 and Nϕ = 100 for larger δ. For
parallel plates, Nϕ = 100 for all δ. Moreover, this range of ϕ is divided into two sub-domains, according to the sign of the
molecular velocity components. This set of the numerical grid parameters guarantees the accuracy for energy conservation
law of the order of 0.1%.

4.2 Direct Simulation Monte Carlo (DSMC)
The traditional DSMC technique proposed by Bird [9] is employed in this paper for the calculation of heat transfer

between parallel plates and coaxial cylinders. The DSMC technique enables gas flows to be modeled on a molecular level by
simulating the motion of individual particles according to their physical properties. This technique can be viewed as a Monte
Carlo method for solving the time-dependent non-linear Boltzmann equation. Within each time step t of the simulation,
this method combines deterministic aspects for modeling particle motions with statistical aspects for computing collisions
between particles. The collision technique that is used is the NoTime Counter scheme suggested by Bird, with a slight
modification in the calculation of maximum number of collision in a cell, as described in Ref. [21].

The procedure for axis-symmetric flows is employed as given in [9]. For each particle, only the radial coordinate r and
the three velocity components vx,vr, and vθ are stored. Then, the molecules are moved according to their velocities and



acquire a new radial coordinate r+ given by

r+ =
√
(r+vr∆t)2 +(vθ∆t)2. (23)

Following this procedure, the new velocity components, v+x ,v+r , and v+z , are

v+x = vx,

v+r =
vr (r+vr∆t)−v2

θ
∆t

r+
, and

v+z =
vrvθ∆t−vθ (r+vr∆t)

r+
.

(24)

The domain is discretized in the radial direction using Nr computational cells (Nr ranges from 400 to 4000) and the
particles are initially distributed in such a way that the minimum number of particles in each cell of the domain is Np = 50.
Since no weighting factors are used, the region where the number of particles per cell is the smallest corresponds to the
area near the inner cylinder for geometrical reasons. The time step ∆t is chosen to be less or equal to one third the cell
traversal time, ∆r/

√
2kT0/m. The macroscopic properties are obtained for the steady state solution by time averaging over

NT = 10000 time steps. The heat flux and other macroscopic quantities are volume based calculated by averaging the
microscopic values of the particles at a given cell, qr = vrv2. For these grid and time parameters, the total computational
error (systematic and statistical) is less than 1% in all the computed cases. Here, the available analyses of the splitting
scheme and domain discretization [22, 23] suggest a first order systematic approximation error of (O(∆t,∆r)), with respect
to the Boltzmann equation. The statistical error [24] is estimated as O(1/

√
NT Np).

It should be noted here that the computer code described above was employed for two coaxial cylinders with R = 0.1
and 0.5, and two parallel plates with R = 0.999.

5 Results and Discussions
In this section, results of steady-state heat transfer, between parallel plates and coaxial cylinders in the slip regime, ob-

tained from kinetic and continuum approaches, are presented. The results are showed in graphical form for the macroscopic
quantities (temperature, heat flux, and pressure) in term of all the quantities involved in the problem. For all three geome-
tries, parallel plates (R = 1) and coaxial cylinders (R = 0.5 and 0.1), two temperature ratios T = 1.1 and 2 are examined.
The value of the rarefaction parameter δ is varied from 500 to 3, which covers the continuum, slip, and near transitional
regimes [25]. In this work, we wish to determine the conditions where the difference between the continuum and kinetic
results of the same order as the difference between the S-model and DSMC results.

5.1 Dimensionless temperature profiles
In order to assess the limit of applicability of the continuum models, first, a comparison of the dimensionless temperature

profiles obtained from the S-model and DSMC technique is performed. Figure 2 shows the dimensionless temperature
distribution along the r-axis, obtained from the kinetic (S-model and DSMC) approaches and the continuum (numerical and
analytical) models for the temperature and radius ratios considered in this work, in the case of full accommodation of the
molecules at the walls (α1 = α2 = 1) and for different values of rarefaction parameter δ = 100, 50, 10 and 3.

Comparison between the profiles of dimensionless temperature obtained from the kinetic model shows that the S-model
and DSMC technique are in good agreement for all T , R , and δ employed in this paper. Both models exhibit the same
profile even in the Knudsen layers (local non-equilibrium region with a thickness ∼ O(`) from the wall).

As expected, for T = 1.1, the profiles of dimensionless temperature from the continuum numerical and analytical (10,
15) models exhibit a nearly linear trend for parallel plates and a nearly logarithmic trend for coaxial cylinders. This is due to
the relatively small thermal conductivity variation across the gaps. For the smaller temperature ratio (T = 1.1, left plots), the
numerical and analytical temperature profiles are very similar for all values of δ, but the difference increases as R decreases.
For the larger temperature ratio (T = 2, right plots), the difference between the two continuum models is larger and increases
as δ decreases. In all cases, the temperatures predicted by the numerical model are systematically larger than that from the
analytical model, but within 2%. This difference comes from the linearization of the temperature used in the analytical
model, see Sections. 3.1.1, 3.1.2.

The comparison between dimensionless temperature profiles obtained from the continuum and kinetic models is divided
into two categories according to the temperature ratio T .
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Fig. 2. Dimensionless temperature profiles between plates and cylinders for all combination of R and T and different values of rarefaction
parameters δ = 100, 50, 10 and 3 in case α = 1.

• For T =1.1 and all R , there is a good agreement between the two types of models for δ =100 and 50. For δ=10, the
agreement is good in the core of the gap (away from the walls), except for the case R =0.1. Deviations are observed
close to the walls. For smaller δ, there is disagreement even within the core of the gap for all aspect ratios R .

• For T =2, the agreement between the continuum and kinetic models for δ =100 and 50 is not as close as it is for T =1.1.
However, for smaller δ≤ 10, the disagreement increases as δ decreases.
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Fig. 3. Dimensionless heat flux as function of the rarefaction parameter δ obtained for all combination of R and T and different values of
thermal accommodation coefficient α.

Figure 2 visibly shows that the temperature-jump at the walls increases as δ decreases. The temperature-jump at the
hotter wall is larger than the corresponding one at the cooler wall and it increases as R decreases. Furthermore, as T
increases, the temperature-jump at both walls increases. However, the increase of T has a larger effect on the jump at the
inner wall than the outer wall. This is because the gas becomes more rarefied as its temperature increases.

Overall, the temperature-jumps at the walls predicted by the continuum models increase as δ and R decrease, and T
increases and they are larger than those predicted by the kinetic models.
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5.2 Dimensionless heat flux
Figure 3 shows the dimensionless heat flux q, which is the quantity of practical interest in this paper, plotted as a

function of rarefaction parameter δ for all combinations of T and R considered in this paper and for α=1, 0.6 and 0.2 with
α = α1 = α2. Results from kinetic (S-model and DSMC) and continuum (numerical and analytical) approaches are included.

It is clear from this figure that the value of q increases as δ decreases and α and T increase. The values of q obtained
from both continuum models (numerical and analytical) are in a good agreement for case T =1.1, regardless R and α. For
T =2, the discrepancy between the two models increases as δ, α, and R decrease. The value of q for the continuum numerical
model is systematically larger than the continuum-analytical model.

At T =1.1, the continuum and kinetic results are in good agreement for all values of δ, except for cases R =0.1 and α=1.
The reason of this discrepancy is not clear and may be investigated further. For T =2, the agreement is good for R =0.1 and
α=1, but is less good as α decreases and R increases.

The disagreement between the continuum and kinetic models, especially at large T , may be explained from the profiles
of dimensionless pressure along the r-axis. Figure 4 shows these profiles between the cylinders and plates obtained from
the S-model kinetic equation in the case of full accommodation of the molecules at the walls. The results are plotted for
T =1.1 and 2, R =1, 0.5, and 0.1, and δ=100, 50, 10, and 3. The r-axis was scaled to be between 1 and 2 as described in the



caption for convenience of comparison. From this figure, it can be seen that, in all cases, the pressure varies along the r-axis
between the cylinders and plates and this variation is larger as δ and R decrease, and T increases. As mentioned earlier, the
continuum models assume that the pressure is constant along the r-axis. Figure 4 shows that the pressure variation is very
small for T =1.1, which explains the good agreement obtained between the continuum and kinetic approaches. However, for
T =2, the pressure variation is significant for δ ≤ 10, therefore, the assumption of the constant pressure is not valid. This
may explain the disagreement obtained in these cases.

Figure 5 gives the percentage difference of dimensionless heat flux q between DSMC and S-model (shown in black
symbols) and the continuum-numerical and S-model (shown in red symbols) for both temperature and aspect ratios, and
for three values of the thermal accommodation coefficient considered in this work. It can be seen from this figure that
the heat fluxes obtained from the DSMC and S-model are within 3% of each other in all configurations. This difference
decreases as δ increases and the gas approaches the continuum regime. It is also clear from Fig. 5 that, for the case T =1.1,
the percentage difference between the continuum-numerical and S-model is smaller than 4% for all values of R , α, and δ,
which is of the order of the difference between the DSMC and S-model approaches. However, in case T =2, the percentage
difference between the continuum-numerical and S-models is significantly larger than the corresponding difference between
DSMC and S-model and of the order of 50% at small δ. This quantitative comparison between the continuum and kinetic
approaches clearly demonstrates that the continuum models are appropriate for simulating heat transfer for small temperature
ratio, however, for large ratio their ability is largely reduced even at large value of δ≥ 50.

In general, it can be concluded that the continuum models are accurate for δ≥ 10 and T =1.1, and for δ≥ 50 and T =2,
regardless the aspect ratio.

6 Conclusion
The steady state heat transfer through rarefied gas confined between coaxial cylinders and parallel plates is studied using

continuum and kinetic approaches in the slip regime. The calculations were conducted for different temperature and radius
ratios. Both walls were assumed to have the same value of thermal accommodation coefficient α.

The dimensionless temperature and heat flux were obtained from S-model and DSMC were compared to continuum
numerical and analytical solutions of the Fourier equation subjected to the Lin & Willis temperature-jump boundary condition
at the walls.

The two continuum models were in good agreement for all values of δ and α, with maximum difference less than
2%, observed for case T =2 and R =0.1. The comparison between the continuum and kinetic approaches showed that the
continuum models are valid in the slip regime for a temperature ratio of T =1.1, however, for T =2, they are only valid for
δ≥ 50.

It should be noticed that here the temperature boundary conditions are employed in the paper. However sometimes in
practice it is important to be able to employ constant heat flux boundary conditions so that the heat exchange between the
system and the surroundings can be controlled. The examples of the implementation of the heat flux boundary conditions
are given in [26], [27] for the DSMC and kinetic approaches, respectively.
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