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Abstract

Given a permutation ¢ = o;...0, in the symmetric group S,, we say that o;
matches the marked mesh pattern MMP(a, b, ¢,d) in o if there are at least a points
to the right of o; in ¢ which are greater than o;, at least b points to the left of o; in
o which are greater than o;, at least ¢ points to the left of ¢; in o which are smaller
than o;, and at least d points to the right of ¢; in ¢ which are smaller than o;.

This paper is continuation of the systematic study of the distributions of quad-
rant marked mesh patterns in 132-avoiding permutations started in [9] and [10]
where we studied the distribution of the number of matches of MMP(a, b, ¢, d) in
132-avoiding permutations where at most two elements of a, b, ¢, d are greater than
zero and the remaining elements are zero. In this paper, we study the distribution
of the number of matches of MMP(a, b, ¢, d) in 132-avoiding permutations where at
least three of a, b, ¢, d are greater than zero. We provide explicit recurrence relations
to enumerate our objects which can be used to give closed forms for the generating
functions associated with such distributions. In many cases, we provide combina-
torial explanations of the coeflicients that appear in our generating functions.

1. Introduction

The notion of mesh patterns was introduced by Brandén and Claesson [2] to provide
explicit expansions for certain permutation statistics as, possibly infinite, linear
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combinations of (classical) permutation patterns. This notion was further studied
in [1, 3, 5, 6, 9, 12].

Kitaev and Remmel [6] initiated the systematic study of the distributions of
quadrant marked mesh patterns on permutations. The study was extended to
132-avoiding permutations by Kitaev, Remmel and Tiefenbruck in [9, 10], and the
present paper continues this line of research. Kitaev and Remmel also studied the
distributions of quadrant marked mesh patterns in up-down and down-up permu-
tations [7, 8].

Let 0 = 01...0, be a permutation written in one-line notation. Then we will
consider the graph of o, G(o), to be the set of points (i,0;) for ¢ = 1,...,n. For
example, the graph of the permutation ¢ = 471569283 is pictured in Figure 1. Then
if we draw a coordinate system centered at a point (i, 0;), we will be interested in
the points that lie in the four quadrants I, IT, ITI, and IV of that coordinate system
as pictured in Figure 1. Let N = {1,2,...} denote the positive integers. For any
a,b,c,d € {0} UN and any 0 = 01 ...0, € Sp, the set of all permutations of length
n, we say that o; matches the quadrant marked mesh pattern MMP(a,b,c,d) in
o if, in G(o) relative to the coordinate system which has the point (i,0;) as its
origin, there are at least a points in quadrant I, at least b points in quadrant II, at
least ¢ points in quadrant 111, and at least d points in quadrant IV. For example, if
o = 471569283, the point o4 = 5 matches the marked mesh pattern MMP(2,1,2,1)
since, in G(o) relative to the coordinate system with the origin at (4,5), there are 3
points in quadrant I, 1 point in quadrant II, 2 points in quadrant III, and 2 points
in quadrant IV. Note that if a coordinate in MMP(a, b, ¢,d) is 0, then there is no
condition imposed on the points in the corresponding quadrant.

In addition, we considered patterns MMP (a, b, ¢, d) where a, b, ¢, d € {#}U{0}UN.
Here when a coordinate of MMP(a, b, ¢,d) is the empty set, then for o; to match
MMP(a,b,c,d) in o =07 ...0, € S,, it must be the case that there are no points in
G (o) relative to the coordinate system with the origin at (¢, 0;) in the corresponding
quadrant. For example, if ¢ = 471569283, the point o3 = 1 matches the marked
mesh pattern MMP(4, 2,0, () since in G(o) relative to the coordinate system with
the origin at (3,1), there are 6 points in quadrant I, 2 points in quadrant II, no
points in quadrants IIT and IV. We let mmp(®t-¢:4) (o) denote the number of i such
that o; matches MMP(a, b, ¢, d) in o.

Note how the (two-dimensional) notation of Ulfarsson [12] for marked mesh pat-
terns corresponds to our (one-line) notation for quadrant marked mesh patterns.
For example,

Given a sequence w = wj . .. wy, of distinct integers, let red(w) be the permutation
found by replacing the i-th smallest integer that appears in ¢ by i. For example, if
o = 2754, then red(o) = 1432. Given a permutation 7 = 7y ...7; in the symmetric
group S;, we say that the pattern T occursin o = 0y ...0, € S, provided there exist
1 <4y < -+ <ij; < nsuch that red(oy, ...0;;) = 7. We say that a permutation
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Figure 1: The graph of o0 = 471569283.

MMP(k,0,0,0) = — MMP(0,0,k,0) = <~—
(x]

MMP(0,a,b,c) = @7 MMP(0,0,0,k) =

on

Figure 2: Ulfarsson notation for quadrant marked mesh patterns.

o avoids the pattern 7 if 7 does not occur in o. Let S,(7) denote the set of
permutations in S, which avoid 7. In the theory of permutation patterns, 7 is
called a classical pattern. See [4] for a comprehensive introduction to patterns in
permutations.

It has been a rather popular direction of research in the literature on permu-
tation patterns to study permutations avoiding a 3-letter pattern subject to extra
restrictions (see [4, Subsection 6.1.5]). In [9], we started the study of the generating

functions
b,c,d a,b, ,d
(a c, ) =1+ Z Qn 13;
n>1
where for any a,b,c,d € {0} UN,
b, d (a,b,c,d)
ngam; (z) = Z ™ @),

0€S5,(132)

For any a, b, ¢, d, we will write Qf{fg;d)( )|+ for the coefficient of z* in Qnalb?,g ) (x).

For any fixed (a, b, ¢, d), we know that Qsla’fg;’d)( 1) is the number of 132-avoiding
permutations in S,, which is the nth Catalan number C, = %H(Zr?) Thus the

coefficients in the polynomial Qif’f};;’d)( ) represent a refinement of the nth Catalan

number. It is then a natural question to ask whether (i) we can give explicit formulas
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for the coefficients that appear in Qnalbz),; ) (x) or (ii) whether such coefficients count
other interesting classes of combinatorial objects. Of course, there is an obvious
answer to question (ii). That is, if one has a bijection from S,,(132) to other classes
of combinatorial objects which are counted by the Catalan numbers such as Dyck
paths or binary trees, then one can use that bijection to give an interpretation of
the pattern MMP(a, b, ¢, d) in the other setting. We shall see that in many cases,
there are interesting connections with the coefficients that arise in our polynomials
lealbg); 4 () and other sets of combinatorial objects that do not just arise by such
bijections.

In particular, it is natural to try to understand Qgﬁ’fg;’d) (0) which equals the

number of o € 5,,(132) that have no occurrences of the pattern MMP(a b,c,d) as
a,b,c,d

39y Cs

well as the coefficient of the highest power of x that occurs in Qn 139 )(x) since
that coefficient equals the number of o € S,,(132) that have the maximum possible
number of occurrences of the pattern MMP(a, b, ¢, d). We shall see that in many
cases, Qg:ffgg’d) (x)] and ng’llg;’d)(a:)|mz, the number of o € 5,,(132) with exactly
one occurrence and two occurrences, respectively, of the pattern MMP(a, b, ¢, d) also
have interesting combinatorics associated with them. There are many more inter-
esting questions of this type that can be pursued, but due to space considerations,
we shall mostly restrict ourselves to trying to understand the four coefficients in
Qﬁﬁ’f})’;’d)(m) described above. We should note, however, that there is a uniform way
to compute generating functions of the form

abcd) abcd n
E Qn 132 ‘Ikt

n>0
That is, F(a’b’c’d)( t) is just the result of setting x = 0 in the generating function

- Qgg’;’c’d)( x). Due to space considerations, we will not pursue the study of

k' 0z
the functions F,Ea’b’c’d) (t)

for k > 2 in this paper.
There is one obvious symmetry for such generating functions which is induced
by the fact that if ¢ € S,,(132), then o~ € S,,(132). That is, the following lemma

was proved in [9].

Lemma 1. ([9]) For any a,b,c,d € NU {0} U {0},
a,b,c,d) a,d,c,b
Qi () = Q55" ().
t,x), gg,zk,o,o) (t,x), and
t,x), where k can be either the empty set or a positive integer, as well
as the generating functions %’20’@’0) (t,x) and Qgg’zo’k’o)(t,x). In [10], we studied

k,0,£,0 k,0,0,0) 0,k,£,0 0,k,0,¢
Q;,132 )( ), QT(’L 132 ( ,T), C2£L,1:),2 )(t,x), and Q;,132 )(t,x), where k,¢ > 1. We

also showed that sequences of the form (Q;(T’llgg’d) (@)]zr )n>s count a variety of com-

binatorial objects that appear in the On-line Encyclopedia of Integer Sequences

In [9], we studied the generating functions Qlk 10,0, 0)(

(0,0,k,0)
132 (
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(OEIS) [11]. Thus, our results gave new combinatorial interpretations of certain
classical sequences such as the Fine numbers and the Fibonacci numbers as well as
provided certain sequences that appear in the OEIS with a combinatorial interpre-
tation where none had existed before. Another particular result of our studies in [9]
is enumeration of permutations avoiding simultaneously the patterns 132 and 1234,
while in [10], we made a link to the Pell numbers.

The main goal of this paper is to continue the study of Qgg’zb’c’d) (t,z) and com-

binatorial interpretations of sequences of the form (ng ’é’;’d) ()]zr)n>s in the case
where a,b,c,d € N and at least three of these parameters are non-zero.

Next we list the key results from [9] and [10] which we need in this paper.

Theorem 1. (/9, Theorem 3.1])

1 —+1—A4xt
QB2 (¢, 2) = Cat) = ——"1

2xt
and, for k>1,
(£0.0.0)y 1y 1 .
1-tQ, M (¢, 2)
Hence 1
(1,0,0,0)
t,0) = ——
132 (t,0) 1—¢
and, for k> 2,
%,0,0,0 1
532 )(t,()) = :

1= Q15" (t,0)
Theorem 2. (/9, Theorem 4.1]) For k > 1,

L (2 — (552 Cit?) — /(1 + (t2 — (525 C5t))? — ot

2tx
2

L (t = £)(S423 Cptd) + 1/ (L (b — 1) (g Cyt9))? — dta

0,0,k,0
§32 )(t, T) =

and

(0:0.40) () — 1 .
132 ’ 1 —t(Co+Clt+ +C’k,1tk71)

Theorem 3. ([10, Theorem 5]) For all k, £ > 1,

(k,0,£,0) 1
132 (t“r) = k—1.0.4.0 . (1)
1— QY5 0 (¢, )
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Theorem 4. ([10, Theorem 11]) For all k, £ > 1,

,0,0,£
Q" (ta) =

-1 l—j—1
C[t4+ZCtJ1_tQ(k 1000)( )+t(Q(k 1,0,0,6— g)tI Z C.t

7=0 s=0
k—1,0,0,0
1—tQ§32 )( t,x)

Theorem 5. (/10, Theorem 14]) For all k,£ > 1,

Qi (t,2) =

k—2 ) k—i—2

Gt 4+ 30 € (L= 1Q5 (t.a) + (@i~ k) = 3 )
j=0

1-tQ\% "V (t,z)

Theorem 6. ([10, Theorem 18]) For all k,{ > 1,

fI)IM(t,x)

0,k,0,6
QEBQ )(t,JU) = 1-¢

k4+0—-1 k+£-2

By 4(t, ) = Z Cjt! — Z Ottt 4
k—2 k+0—j5—2
(Sew (o000 -5 Ter))
-1
(Q(O’“’O) ZC t") ( ") (¢ ) —cht”> +
v=0
_ ktb—j—2
ZC t3< R (RO thw>
w=0

As it was pointed out in [9], avoidance of a marked mesh pattern without quad-
rants containing the empty set can always be expressed in terms of multi-avoidance
of (possibly many) classical patterns. Thus, among our results we will re-derive
several known facts in permutation patterns theory. However, our main goals are
more ambitious aimed at finding distributions in question.
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2. QU0 (2) = QU3 Y («) where k. f,m > 1

By Lemma 1, we know that leklgzm /)( ) = Qﬁl]f’lfggn’o)(x). Thus, we will only con-

sider lekleg;n O)( ) in this section.

Throughout this paper, we shall classify the 132-avoiding permutations ¢ =
01 ...0, by the position of n in o. That is, let S,(li)(l?)?) denote the set of o €
S, (132) such that o; = n. Clearly each o € S,(f)(132) has the structure pictured
in Figure 3. That is, in the graph of o, the elements to the left of n, A4;(c),
have the structure of a 132-avoiding permutation, the elements to the right of n,
B;(0), have the structure of a 132-avoiding permutation, and all the elements in
A;(o) lie above all the elements in B;(c). It is well-known that the number of
132-avoiding permutations in S,, is the Catalan number C,, = L(?) and the

n+1
generating function for the C,,’s is given by

1—VI—4 2
t)=> Cpt" = =

s 2t 1++1—4t
n .
A; (o)
B; (0
1
1 i n

Figure 3: The structure of 132-avoiding permutations.

Suppose that n > £. Tt is clear that n cannot match the pattern MMP(k, £, m, 0)
for k > 1in any o € S,(132). For 1 < i < n, it is easy to see that as we sum
over all the permutations o in S (132), our choices for the structure for A;(o)

will contribute a factor of Q" 111§2m () to anlg;n 9 (z). Similarly, our choices for

the structure for B;(o) will contribute a factor of lek_,t;,—lggn,o) (z) to Q;ké;" 0)( )

if i < £ since o7 ...o0; will automatically be in the second quadrant relative to the
coordinate system with the origin at (s,o,) for any s > 7. However if ¢ > ¢, then
our choices for the structure for B;(o) will contribute a factor of an 2 7{;20 )( ) to

Qg{f’l%;n’o)(x). It follows that for n > ¢,

—1
k,4,m,0 k—1,£,m,0 k,Z—i,mO k—1,£,m,0 k,0,m,0
QU V() =3 QI i (@) Q" +ZQ£ s (@) Q0 ().

i=1
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(k—1,£,m,0)
Note that for i < ¢, Ql 1132 (@) = Ci_1. Thus, for n >/,
k,£,m,0 kjfanlo k—1,£,m,0 k,0,m,0
ng 132 ) Z Ci- 1Q§1 1,132 )+ Z Qg 1,132 ) )szfi,132)<x)' (5)

Multiplying both sides of (5) by t" and summing for n > ¢, we see that for
k. l>1,

kJJnO 7 k,0—i,m,0
g32 ZCtJ+ZCZ 1t Z Q'(ulSZ ) (z)t"+
u>l—1
k—1,6,m,0 (k,0,m,0 —i
tZZQ§ 1,132 ) )tz 1Qn 1132)(95)tn ’
n>0 i=1
-1 -1 —i—1
1 k4—im
Ot + 3 Ciat (Qf ™0t Z Cith)+
7=0 i=1
k,0,m,0) k 1,4,m,0
tQ§32 ( z)(Q1 ( ) ZCt
foz Q™0 (1, ) §§21’£’m’0)(t,x)+
L—2—s
ZC 51+ tQ T O (1 a) — QU () — Y Ot).
s=0
Thus, we have the following theorem.
Theorem 7.
k,¢,m,0 (k,0,m,0 k—1,£,m,0
532 )( ) T 1"‘th?, )(t ) 532 )( t,x)+
L— —2—s

cs 1+ QO (ta) — QU () — > Citd). (6)

s=0

Note that since we can compute leg,zo,m,o) (t,x) by Theorem 3 and Qg%’;’m :0) (t,x)

by Theorem 5, we can use (6) to compute Qg’;; m.0) (t,z) for any k,£,m > 1.

2.1. Explicit formulas for ng’é;n’o)(z)|mr

It follows from Theorem 7 that
™ (1) = 1HQu ™ (1, )Qi Y (1, 2) and (7)
k,2,m,0 (k,0,m,0 k—1,2,m,0 k,1,m,0
U0t 2) = 1+ 1QU ™0 (8, 2) (QUs ™0 (1) — 1) + QY ™0 (1, x).
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Note that it follows from Theorems 3 and 5 that

1,1,1,0 1,0,1,0 0,1,1,0
i (4,0) =1+ 103" (1,0)Qug " ¢, 0)
1—t 1—t 1-3t+22+¢

—14+1 . —
T (1 —2t)?

2
Thus, the generating function of the sequence {lel)’ll?;;’o) (0)}n>1is (%) which is

the generating function of the sequence A045623 in the OEIS. The n-th term a,, of
this sequence has many combinatorial interpretations including the number of 1s in
all partitions of n + 1 and the number of 132-avoiding permutations of S, o which
contain exactly one occurrence of the pattern 213. We note that for a permutation
o to avoid the pattern MMP(1,1,1,0), it must simultaneously avoid the patterns
3124, 4123, 1324, and 1423. Thus, the number of permutations o € S,,(132) which
avoid MMP(1,1, 1,0) is the number of permutations in \S,, that simultaneously avoid
the patterns 132, 3124, and 4123.

Problem 1. Find simple bijections between the set of permutations o € S, (132)
which avoid MMP(1,1,1,0) and the other combinatorial interpretations of the se-
quence A045623 in the OFIS.

Note that it follows from Theorem 3 and our previous results that

7 (5,0) =1+ Q35 (1,0)Q35 " (1,0)
1—2t  1—-3t+2t2 4¢3

1—3t+62  (1—2t)?2

1At 4+t

1 —5t+ T2 - 23"

=1+t

The sequence (Qg"llg’gl’o) (0))n>1 is the sequence A142586 in the OIES which has the

: : 1—3t4+2t2+43 o 1—at+dt? et o t(1-3t42t24+¢%) .
generating function Tosr)d-20) That is, {5 77r9m—1 = G—sird)1-21)" This

sequence has no listed combinatorial interpretation so we have found a combinatorial

interpretation of this sequence.
Similarly,

i (8,0) =1+ Q15 (1,005 (¢,0)
1—3t+t> 1—4t+42+t*
1—4t+3t2 1—5t+ 72— 213
1 =5t 472 — 263 +t°

1 —6t+11t2 — 613

=1+t
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U 0(1,0) =1+ 1Q{5 > (,0)Q55 > (¢,0)

1—t—t>2 1—t—1¢?

1—2t—12 1—2t—¢2

13t 43t + 3t + P

o (1—2t—12)2

2,1,2,0 2,0,2,0 1,1,2,0
§32 )(t,O) :1+tQ(132 )(t,O) 532 )(t,O)

1—2t—t2 1-3t+3t3+3t4+1°
1—-3t+63 (1—2t—2)2
1 — A4 267 + 483 4 ¢4 4 215 +1°
(T2t —#2)(1 -3t +13)

Using (7) and Theorem 3, we have computed the following.

o0t x) = 14 ¢+ 202 + 585 + (12 + 20)t* + (28 + 122 + 222) £+

(64 4 48z + 182”4 22%) t° + (144 + 160z + 972° + 262° + 22) t'+
(320 + 480z + 40827 + 1842 + 362" + 22°) t3+
(704 + 1344z + 14792° + 9582° + 3272 + 482° + 22%) 7 4 - --

QU ®O (t,x) = 14t + 262 + 5t° + 14¢* + (38 + 4a)t® + (102 + 26z + 42?) 5+
(271 + 120z + 342” + 42°) t7 + (714 + 4702 + 2002> + 422° + 42) 3+
(1868 + 1672z + 964a* + 3042® 4 502" + 42°) ¢ + - --
BIBO (f2) = 1+ ¢+ 2% + 563 + 14t* 4+ 425 + (122 + 102)t5+
(351 + 68z + 102°) t” + (1006 + 3262 + 882> + 102”) t3+
(2868 + 1364z + 5122 + 1082° 4 10z*) t° + - --

We can explain the highest and second highest coefficients of x in these series.
That is, we have the following theorem.

Theorem 8.

(t) Forallm > 1 andn > 3+m, the highest power of x that occurs in leggno)(w)

is £ ~27™ which appears with a coefficient of 2C,,.

(i1) Forn > 5, le,’ll?;;’o) (2)|gn—1 = 6 +2("37).
(iii) Form >2 andn >4+ m, Qgifggl’o)(xﬂxnfsfm =2C41 +8C, +4C,(n —
m—4).
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Proof. Tt is easy to see that for the maximum number of MMP(1, 1, m, 0)-matches
in a o € 5,(132), the permutation must be of the form (n —1)7(m+1)...(n—2)n
or nt(m+1)...(n —2)(n — 1) where 7 € S,,,(132). Thus, the highest power of =
occurring in Q&fg;ﬂ’o) (x)is

For parts (ii) and (iii), by (5) we have the recursion that

n=2=m which occurs with a coefficient of 2C,,.

1,1,m,0 0,1,m,0 10m0
ng 132 ) Z QE 1, 132) n i, 132)(x). (8)

We proved in [10, Theorem 15] and [10, Theorem 6] that for n > m + 2 the
highest power of z which occurs in either leo’llg’m 0z ) or Q;ll%;n O (z ) is z

and

n—1l1—-m

0,1,m,0 1,0,m,0)
Qs (@) yn-1-m = QU5 (@) g 1-m = Ci.
(0,1,m,0) (x)Q(l,O,m,O) ((L‘)

It is then easy to check that the highest power of z in Q; 71135 ni 132
is less than 2" 3~™ fori =3,...,n — 2.
We also proved in [10, Theorems 9,10, and 15] that

n—1
QL @)ons =QU @lars =24 (" 1) for > 4 and

1,0, O 0,1, 0
QU (@) 2 =Q 5 () [y

=Cmt1+ Crm +2C(n—2 —m) for n > 3 +m and m > 2.

For m = 1, we are left with 4 cases to consider in the recursion (8).

. . 0,1,1,0 1,0,1,0 1,0,1,0
Case 1. i = 1. In this case, Q§71,132)(x)ngfi,lm)(x”r”*‘* = Q2_1713%(x)|xn74 and

-2
mn4:2—|—<n2 )forn25.

1,0,1
an—t = ng 2, 132( )|gn-4 and

1,0,1,0
QS ()

Case 2. i = 2. In this case, Ql 1 15,)02)(1)62;1_’2”1’??2) (z)

QUG (@) gna = 1 for n > 5.

n—2,1

Case 3. i = n — 1. In this case, ng H:’)g (x )Q;1 2’71502) ()| gn-+ = Qflofz”ll’g%(x)Hn%
and
QA (@)]an—s =1 for n > 5.

. : 0,1,1,0 1,0,1,0 0,1,1,0)
Case 4. i =n. In this case, QZ&MSQ) (x)Q;%,wz)(xﬂrn% = QgL 1.132(®)]zn-1 and

QL ()

-2
zn4:2—|—<nz >f0rn25.

Thus Qn " (@) s =6+ 2(",?) for n > 5.
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Next we consider the case when m > 2. Again we have 4 cases.

. 0,1,m,0 1,0,m,0
Case 1. i = 1. We have Q§_1£2)(m)le_i,132)(x)

and

1,0,m,0
n-s-m = QUG (@) |gn-s-m,

QUG (@) g5t = Cong1 + 3Cm + 2Cm(n — 4 —m) for n > 4+ m.

Case 2. i = 2. We have Q(O’l’m O)( )QS 271”3)( Y|gnog—m = leli%zlég)(l'”xn—afm,
and
Q’Ell OQTS?( )|a:"—3—m =C,, forn>4+m.

; 0,1,m,0 1,0,m,0 0,1,m,0
Case 3. i =n — L. Here, Q"3 (2)QL 155 () [an-s-m = QL5159 () [ gn-5-m,
and
fofgﬁ”gg) ()| gn-3-m = Cyp, for n >4+ m.

. 0,1,m,0 1,0,m,0) 0,1,m,0
Case 4. i = n. We have Q" 1'15 (2)Q' 0155 (2) lun-s-m = QU159 (@) [ gn-5-m,

and
(0,1,m,0) B
Q1132 (@)]gn-3-m = Crmy1 4+ 3Cp +2Cp(n —4—m) for n > 4+ m.
Thus, for n > 4 4+ m,
Qgi’llggl’o)(a?ﬂz"”*’" =201 +8Ch +4C,(n — 4 —m).
Thus, when m = 2, we obtain that
QY20 (2)[ s = 26+ 8(n — 6) for n > 6

and, for m = 3, we obtain that

QLS (2] o = 68+ 20(n — T)for n > 7
which agrees with our computed series. 0

One can also find the coefficient of the highest power of x in Q;k’l’l’o)(:r) for
k> 2 and Q410 (z) for £ > 2.

Theorem 9.

(k,1,1,0)

(i) For allk > 1 andn > 3+k, the highest power of x that occurs in Qn e’ ()
is £ 2% which appears with a coefficient of k + 1.
(ii) For all £ > 1 and n > 3+ {, the highest power of x that occurs in Q;lfs’;’o)( )

is 227t which appears with a coefficient of Coy.
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Proof. For (i), it is easy to see that the permutations in S, (132) which have the
most occurrences of MMP(k, 1,1, 0) start with n — j for some 0 < j < k followed by
an increasing sequence which will have n —2 — k elements matching MMP (&, 1, 1, 0).

For (ii), it is easy to see that the way to construct a permutation o of S, (132)
which has the maximum number of occurrences of MMP(1, ¢, 1,0) is to start with a
rearrangement 7 = 7y ... Tg41 of {n—¢,n—~¢+1,...,n} such that red(7) € Sp11(132)
and thenlet c =7 ...7 1 2...(n — ¢ — 1)7441, which will have n — 2 — £ elements

that match MMP(1,4,1,0). O
One can also find a formula for the second highest coefficient of x in Q%k’l’l’o)(a:)
for any k£ > 1.
Theorem 10. For any k> 1 andn > 4+ k,
k+1 —k—-1
QU ) (@) gn s = 3< ;r ) +E+2+ (k+1) <" ) ) 9)

Proof. We proceed by induction on k. Note that our formula reduces to part (ii) of
Theorem 8 when k = 1.

Thus assume that & > 1 and our formula holds for k — 1. By recursion (5), we
see that

k,1,1,0 k—1,1,1,0 k,0,1,0)
Q@) = Y @0 @) (10)
i=1
From [10, Theorem 6], the highest power of x that can occur in leklgzl 0)( ) is
2" ~*=1 which occurs with a coefficient of 1 for n > k+3. Sumlarly, from Theorem

9, we know that the highest power of x that can occur in @ k11321 :0) (x) is z

which occurs with a coefficient of k+1. One can then easily check that for n > k44,
there are only four terms on the right-hand side of (10) that can contribute to the
coefficient of Q(k11321 0) (@) | gn—r-3.

n—k—2

Case 1. 7 = 1. In this case, QEE]}{;;’O)(x)fo_’giéOQ) ()| gn—r-3 = lekf)l’}l’g% ()| gn—r-3
and by [10, Theorem 9], we know that
11—

k
Q;k_’ol’}l’g% ()| gn-r-3 =2k + (n 9 ) for n > k + 4.

Case 2. i = 2. In this case, leilll’;él’o)(x)fo 2 1302 (@) |gn—k-3 = ng%llgz) ()| gn—r-3
and by [10, Theorem 6], we know that
QUi (@) gnns =1 for n > k + 4.

(k—1,1,1,0 k,0,1,0) k1,1,1,0
Case 8. i = n — 1. Here, Q{1 13" (2) Q5150 (@) |+ = QU515 (@) s,

and by Theorem 9, we know that

QL O @) onroa =k for n > ki + 4.
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. k—1,1,1,0 k,0,1,0
Case 4. i = n. We have Q§71,132 )(x)ngfmgz) (x)
and by induction,

k—1,1,1,0
et = QU V(@) g,

k —1-k
Q51°;11’}1’§%(x)|w = 3(2) +(k—1)+2+ k(n ) > for n >k + 4.
Summing up these four cases, we find that for n > k + 4,

k+1 —k—1
QY (@) gn s = 3( ) ) thk+2+ (k+1) (” ) )

For example, for k = 2 and k = 3, we obtain that

-3
Q5 (@)|pns =13+ 3<" ) ) for n > 6

and

3,1,1,0
Q%" ()

—4
$nes:23—|—4(nQ )forn27,

which agrees with the expansions of the series for Q%’Ql’l’o) (t,z) and Qg’;’l’o) (t,x)
given below. O

One can ask whether there is a similar formula for the second highest coefficient
of z in Qfll”fg’é’o)(x) as a function of /. We conjecture that it is possible to find such
a formula but it will be more complicated because it is no longer the case that a
fixed number of terms in the recursion (5) contribute to the coefficient of the second
highest power of x that occurs in infd’é’o)(x). That is, as £ grows, the number of
terms in the recursion (5) that contribute to the coefficient of the second highest
power of x that occurs in Qf},’féé’o)(x) grows. We can, however, give an explicit

formula in the case where ¢ = 2.

Theorem 11. Forn > 6,
AL @lrs =1545(" 7). (11)
Proof. In this case, the recursion (5) becomes
Quin” (@) = Q7 (@) + ZQEO Vi (0015 (). (12)

One can then easily check that for n > 6, there are only five terms on the right-
hand side of (12) that can contribute to the coefficient of QS’%’;’O) (x)

Zn—5.

Case 1. In part (ii) of Theorem 8, we proved that

Q(l,l,l,O)( )

=5 :6—}—2(”;3) for n > 6.
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Case 2. i = 2. In this case, Qﬁﬁfifg (x)QS;g’j},OQ) (x)

by [10, Theorem 9], we know that

1,0,1,0
zn—5 = Q’EL 2 13%( )

gn—>5 and

Q(lo1 2(2)]gn- 02—1—( 23> for n > 6.

Case 3. i = 3. In this case, QEO f’i:’)g (x)Q;1 OZ 132( X)|gn-5 = Qin %’11’:?%( )|zn—s and

by [10, Theorem 6], we know that
20" %5 (1) 4n-5 = 2 for n > 6.

. . 0,2,1,0 1,0,1,0 0,2,1,0
Case 4. i = n — 1. In this case, Qz('fl,132) (x)ngi,liﬂ) (@)|gn-s = le 5 13%( )

and by[10, Theorem 16 (i)], we know that

Zn—5

Qi&é’}fg% ()| gn-s = 2 for n > 6.

Case 5. i = n. In this case, Qggfig (x)Qngi?,OQ)( ) gn-5 = Qno 2111:(,2( )|zn-s and
by [10, Theorem 16 (ii)],

-3
leo 21711’:?%( )|gn-5s =6+ 2(n 9 ) for n > 6.

Thus, for n > 6,
-3
Qs (@) an-s = 18+ 5(” 5 )
]

The formulas for the series (11;;,2€,’m,0) (t, ) become increasingly complicated. For

example, we have computed that

1,1,1,0 4tz
532 )(t,x) =1+

2
(—1 i+ 20 —to+ /O F 1+ 1))2 —4tm)

4tz
t (1 + 2)
(—1+t+2z—ta:+ (1+t(—1+x))2—4ta¢)

2tz ’
—1tt+2o—to+y/(1+t(—1+x))2—4tz

2,1,1,0
GOty =1+

e 1+ Atw .
(71+t+2z~m+\/(1+t(71+z))274tz)

t| 1+ — i
—1tt+2e—to+/(1+t(—142))2 -4t
(3,1,1,0) _
132 (t,x) =1+ 1_ i )
_ i
—1+4t42z—tz4+/(14+t(—14+2))2 -4tz
(1,1,2,0) _ ¢
132 (t,r) =1+ 35

1—

1+t(1+t)(1+:v)\/(1+t(l+t)(1+a:))24ta:>
2z
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t
%,21,3,0)(t7x) =1+ and

<1 . 1+t(1+t+2t2)(—1+ac)—\/(1+t(l+t+2t2)(—1+w))2—4tw) 2
2z

A22%(1 —t+to — 4z — /1 + 2(=1 + 2)2 — 2t(1 + 1))
(~1+t+2x —te+/1+2(—1+2)2 —2t(1 +))3

QO )y =141t —

We also have computed the following.

o0t x) = 1+t + 262 4+ 5 + 14t* + (39 + 32)t° + (107 + 222 + 322) 1+

(290 + 1052 + 312” + 32%) t7 + (779 + 4152 + 190z* + 432° + 32*) t*+
(2079 + 1477z + 909z* + 3362” + 58z" + 32°) t7+
(5522 + 4922z + 37652> + 19382° + 5702 + 762° + 32°) t'0 4 - - - .

QUL (1, 2) = 1+t + 262 + 565 + 144* + 4265 + (128 + 42) 154
(390 + 35z + 42?) t” + (1184 + 195z + 472% + 42°) t5+

(3582 + 888z + 32527 + 632° + 4a) t7+

(19808 + 3616x + 1743z + 5422° + 83z* + 42°) 10 + - .-

GL20) (¢ 2) =1+ t 4 262 + 513 + 14¢* + 426° + (126 + 62)t5+
(376 + 47z + 62°) t” + (1115 + 250z + 592° + 62°) t5+
(3289 + 1110z + 386x> + 712 + 62) t°+
(9660 + 4444z + 20452° 4 5582° + 832" + 62°) 10 + - -

Q30 (1 x) = 1+t + 262 + 515 + 14¢* + 4245 + 13246 + (414 + 152)t7+
(1293 + 122z + 152%) ¢ 4 (4025 + 670z + 1522 + 152%) t7+
(12486 + 3124z + 9892% + 1822% + 152:) 10 4 - -

Again one can easily explain the highest coefficient in Qfﬁ’llg’gl 0 (z). That is,
to have the maximum number of MMP(2, 1, m,0)-matches in a o € S,,(132), the
permutation must be of the form

(n=2)r(m+1)...(n—3)(n—1)n,
(n—1)7(m+1)...(n—3)(n—2)n,or
nt(m+1)...(n—3)(n—2)(n—1)

where 7 € S,,(132). Thus, the highest power of x occurring in Qflg;no)(x) is

2™ 73~™ which occurs with a coefficient of 3C,,.
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We have computed the following.

Gt 2) = 1+t + 262 + 563 + 141 + (37 + 52t + (94 + 33z + 52?) 14

(232 + 144z + 482° + 52°) t7 + (560 + 5202 + 2772% + 682° + 5z*) t5+
(1328 + 1680z + 1248z + 5082° + 93z* + 52°) ¢ + - -

2200 (4 0y = 14 ¢+ 262 + 56% + 14t* + 426° + (122 + 102)t5+
(348 + 71z + 102°) t" + (978 + 351z + 91a” + 102%) 5+
(2715 4 1463z + 563z + 1112° + 10z*) t° + - -

QU230 (1, 0) = 14t + 202 + 5t% + 141" + 426° + 1321° + (404 + 252)t7+
(1220 + 185z + 252°) t° + (3655 + 947z + 2352 + 252°) 7 + - - -

Again, one can easily explain the highest coefficient in QS&;" ’0)(:1:). That is, to

have the maximum number of MMP(1, 2, m, 0)-matches in a o € S,,(132), one must
be of the form

n—2)(n—17(m+1)...(n—3)n,
n—=1)(n—-2)1(m+1)...(n—3)n,
nn—2)7(m+1)...(n—3)(n—1),
nn—17r(m+1)...(n—3)(n—2), or
(n—1Dnr(m+1)...(n—3)(n—2)

where 7 € S,,(132). Thus, the highest power of x occurring in Qi{%;n’o)(x) is
2™ 737™ which occurs with a coefficient of 5C,,.
Finally, we have computed the following.
GOt x) = 14+t + 262 + 563 + 1407 + 4265 + (123 + 925+
(351 + 69z + 92°)t7 + (982 4 343z + 9622 + 92°)t5+
(2707 + 14052 + 60922 + 1322% + 92*)t? + -+ - .

G2200 (1 2) =1+t 4 262 + 513 + 14¢* 4+ 42¢% + 13245 + (411 + 182)t"+

(1265 + 147z + 182%)t® + (3852 + 809z 4 18322 + 182%)t7+
(11626 + 3704z + 122922 + 2192% + 18210 + ... .

Q230 (1 x) = 14t + 262 + 5t% + 148" + 426% + 13266 + 42947 + (1385 + 45215+
(4436 + 381z + 4522)t? + (14118 + 2162z + 47122 + 452%)t10+
(44670 + 10361z + 314922 + 5612° 4 4524t + ...
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Again, one can easily explain the highest coefficient in @

be of the form

18

n2123;" 9 (z). That is, to
have the maximum number of MMP(2, 2, m, 0)-matches in a o € S, (132

), one must

nn—11r(m+1)...(n—4)(n —3)(n —2),
(n—1nt(m+1)...(n—4)(n —3)(n — 2),
nn—2)r(m+1)...(n—4)(n —3)(n — 1),
nn—3)1(m+1)...(n—4)(n —2)(n — 1),
(n—=1(n-2)1(m+1)...(n—4)(n—3)n,
(n—=2)(n—1)1(m+1)...(n—4)(n—3)n,
(n=1)n=3)r(m+1)...(n—4)(n — 2)n,
(n=2)(n=3)r(m+1)...(n—4)(n—1)n, or
n=3)(n=2)r(m+1)...(n—4)(n—1)n

where 7 € 5,,(132).

xn—4—m

(2,2,m,0) ((E) is

Thus, the highest power of x occurring in Q,, 735
which occurs with a coefficient of 9C,,.

(0,k,€,m)

3. Qn 132" (z) where k,£,m > 1

Suppose that k, ¢, m > 1 and n > k+m. It is clear that n cannot match the pattern
MMP(0, k,£,m) for k,¢,m > 1in any o € S,(132). f 6 =071 ...0, € 5,(132) and
o; = n, then we have three cases, depending on the value of 7.

Case 1. i < k. It is easy to see that as we sum over all the permutations ¢ in
Sy )(132) our choices for the structure for A4;(c) will contribute a factor of C;_4
t (0,k,€,m)
0 Q132

in o. Similarly, our choices for the structure for B;(o) will contribute a factor of
Q%O_’];_lg’f’m) (x) to Q,(lollgg m)( ) since o7 ...0; will automatically be in the second
quadrant relative to the coordinate system with the origin at (s, o) for any s > 1.

Thus, the permutations in Case 1 will contribute

(x) since none of the elements o; for j < k can match MMP(0, k, £, m)

k—1
0,k—i,4,m
ZCFIQ; i,132 )( )

(0,k,€,m)
to Qn 132

().

Case 2. k < i < n—m. Itis easy to see that as we sum over all the per-
mutations o in S,(f)(132), our choices for the structure for A;(o) will contribute
a factor of Qg(i’fy’fé%)(z) Q;?i%,§,7rl) (x) since the elements in B;(o) will all be in
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the fourth quadrant relative to a coordinate system centered at (r,o,) for r < i in
this case. Similarly, our choices for the structure for B;(o) will contribute a factor

of Qno Ozélgg)( ) to leollgf m)( ) since oy ...0; will automatically be in the second
quadrant relative to the coordinate system with the origin at (s,o0,) for any s > 1.
Thus, the permutations in Case 2 will contribute

— 0,k,£,0 0,0,¢,
Z Qz('—1,132)(x)QSL zlzg)( )

1=k
Ok:Zm
to Q5™ ().

Case 3. i > n—m+ 1. It is easy to see that as we sum over all the permutations

o in S,(Li)(132) our choices for the structure for A;(o) will contribute a factor of

ng_’f’fég_(”_i))( ) to leolkgg m)( ) since the elements in B;(o) will all be in the

fourth quadrant relative to a coordinate system centered at (r,o,.) for r <4 in this
case. Similarly, our choices for the structure for B;(c) will contribute a factor of

Chn—i to leollgf m)( ) since the elements in B;(c) do not have enough elements to
the right to match MMP(0, k,¢,m) in o. Thus, the permutations in Case 3 will
contribute

0,k,6,m—(n—1)
Z QE 1,132 (x)Cn—i

i=n—m-+1

Qf?l’éf ™) (x). Hence, for n >k + m,

(O,k,é,m) (0,k—i,6,m) (0,k,2, O) (0,0,Z,m)
Qn 132 § :Cz 1Qn 1,132 )+ § Qi 1, 132 (€)@~ 1,132 (z)+
n

Z Q(Okém (n— z))( )On—1 (13)

i1=n—m-+1
Multiplying (13) by ¢t and summing, it is easy to compute that

k+m—1

Q(O k, m) Z C o
- k—i+m—
C i (0,k—1—14,l,m) hs ? r
Z | Q1% (ta)—t Y Ct" )+
1=0 r=0

k—2 m—1
t ( 00 g ) zw) ( 00my ) cbtb) .
a=0 b=0

m—1

k+m—j—2
ot (th’”m Mty -t Y Csts> . (14)
7=0 s=0
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Note that the j = 0 term in the last sum is tho kem)( T) — tZkam 20,85

Thus, taking the term tQ10 2 Zm)(t x) over to the other side and combining the
sum —¢ 12 O with the sum Zker L CtP to obtain Ch gy, 1P 4 (1 —
t) Z];iz)n 2 Cpt? and then dividing both sides by 1 — ¢ will yield the following theo-
rem.

Theorem 12.

k+m—2 k4+m—1
(0,k,€,m) Ck+m—1t
t = Cpt? + —M———
132 (t,z) E_ pt + 1_¢ +

" k—2 , k—i+m—2
i 0,k—1—i,t,;m r
732 Cit <Q§32 ta)— Y Ot ) +
i=0 r=0
k—2 m—1
t (0,k,€,0) ¢ C. 1@ (0,0,¢,m) t C tb

1_¢ Q132 (,x)—z a 132 (,x)—z b +

a=0 b=0

m—1

¢ k+m—j—2
i 0,k,4,m—j s
T ot <Q§3'2 Mt,z)— Y Gt ) . (15)
j=1
Note that since we can compute ngg’f’g’o) (t,z) = Qg%f’é’k)(t,:z:) by Theorem 5,
we can compute Q 0k,6m) (t,z) for all k,¢,m > 1.

3.1. Explicit formulas for Qnolgf m)(;v)|mr

It follows from Theorem 12 that

0,1,6,1 t t 0,1,6,0 0,0,6,1
gsz )( z) =1+ 17" 7@%32 )(t,$)( 532 (t,2) — 1)

1 (0,1,£,0) 0,0,,1
— T Q) QS ) — 1),

0,1,0,2 212 t 0,1,£,0 0,0,£,2
57 (6 2) =1+t T Qi Y () (@1 () — (L 1)+

t2 0,1,6,1
(@5 (t,2) — 1), and

5t° ¢
Qi D ha) =L 426+ 7 o T (@i ) — (ke 260
t

12,¢, ,0,¢,
(@5 (t2) - Q" (tw) — (14 1)+

t2 0,2,6,1
T (@5 (t2) — (1 +1).
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0,k,2,m)

Again the formula for Qg32 (t,z) quickly become quite complicated.

example,

2tz(17t+tzf (1+t(71+z))274tz)

T+ (—14t+20—tat+ /A= 1+2)) 74t -)2
Qs (t2) = ,
1-—1t
- 2tac(1—t—t2+tx+t2x—\/(1+t(1+t)(—1+w))2—4tw)
0,1,2,1) (71+t+t2+2x7t27t2x+\/(1+t(1+t)(71+:1:))274t:1:)2
132 (t,z) = =1 , and

t| —1+ 1
L 1+t(1+t+2t2)(—1+m)—\/(1+t(1+t+2t2)(—1+.7:))2—4t.7:
— 2z

1 1+t(1+t+2t2)(—1+.7:)—\/(1+t(1+t+2t2)(—1+m))2—4t:c
— 2w
1—-t

We used these formulas to compute the following.

1+

0,1,3,1
532 )(t, r) =

OLLU (¢ 2) = 1+ ¢+ 2% + 53 + (13 + 2)t* + (33 + 8z + 227+

(81 + 39z + 1127 4+ 2*)t® 4+ (193 + 1502 + 7022 + 152> + )"+
(449 + 5012 + 33722 + 1222% + 202* 4 2°)t3+

(1025 4 1524 + 136322 + 71923 + 2042 4 2625 + )17+

(

2305 + 4339z + 489122 + 345023 + 14502 4 32725 + 332° + 2")t10 4 ... .

(0,1,2,1)

St ) =14t 4 26% + 55 4+ 14t* + 2(20 + 2)t° + (113 + 17z + 22°)t°
132

(314 + 922 + 212 + 22°)t" + (859 + 404z + 1402% + 2523 + 224)t5+

(2319 + 15672 + 74522 + 2002° + 29x* + 22°)t7+

(6192 + 5597 + 343822 + 12622° + 2722 + 332° + 22)¢10 ...
OL3D (4 2) = 1+t + 242 + 563 + 144 + 425 + (127 + 52)t5+

(380 + 44 + 52%)t7 + (1125 + 2462 + 5422 + 52°)t5+

(3299 + 1135z + 35922 + 642> + 5zt)t?+

(9592 4 4691z + 194222 + 4922° + 74z* + 52°)t10 + - - - .

21

For

+

Our next theorem will explain the coefficient of the highest and second highest

powers of = that appear in Qg’llég’l)(x) in these series.

Theorem 13.

(i) Forn > 1+k+ £+ m, the highest power of x that occurs in Qﬁgﬁf’m)

n—k—~{0—m

T which appears with a coefficient of C,CyC,.

(x) is
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(ii) Forn > 5, ng’ll?;gl’l (x)

(#i) For all > 2 andn > 4+¢, Q;O,’llg’é’l)(a:)un_s_e =Crp1+6C,+2C(n—4-1).

e =54 (7).

Proof. Tt is easy to see that the maximum number of matches of MMP(0, k, £, m)
that are possible in a 132-avoiding permutation is a permutation of the form af~v§
where « is a rearrangement of {n —k+1,...,n} such that red(a) € Sx(132), B8 is a
rearrangement of {m+1,...,m+ ¢} such that red(8) € Sp(132), ~v is the increasing
sequence m+{¢+1,m+£+2,...,n—k,and 6 € S,,(132). Thus, the highest power
in Q%O’k’é’m) is £ k—t=m which has a coefficient of C,CyChy,.

For parts (ii) and (iii), we note that it follows from (13) that

0,1,6,1 0,1,6,1 0,1,6,0 0,0,6,1
Q2,132 )( ) = 7(z 1, 13)2 )+ Z QE 1 132) 1(1 i,132)($)-

We proved in [10, Theorems 6 and 15] that the highest power of 2 that appears in
Qﬁlollzé O)( ) = QES’&’S’D(:U) is 2"~ ¢~! which appears with a coefficient of C; for n >
£+ 2. This implies that the highest power of x appearing in Qﬁ‘l}fgg( )ng 211312)( )
is less than 2"~ *=3 fori =3,...,n — 2.

(0,1,1,1
Hence we have four cases to c0n81der when we are computing Qn 39 )($)|wn—4.

. . 0,1,1,0 0,0,1,1 0,0,1,1
Case 1. i = 1. In this case, Q§_17132) (f)QEL—msz)(x”w”—“ = Q7(171,13%($)|z”—4 and
we proved in [10, Theorems 9 and 15] that

0,0,1,1 0,1,1,0 n—2
le 113%( MNan— 4—@2 113%( )|w"—4:2+< 9 )forn>5.

0,1,1,0) 0,0,1,1 0,0,1,1
Case 2. i = 2. In this case, QE 1132 (x)Q£7i7132)(x)|xn74 = Q;_2’13%(x)|mn74 and

we proved in [10, Theorems 6 and 15] that

0,0,1,1 0,1,1,0)
Qn_ 2,13%( )|ac" 4= le 2, 132( >|xn74 =1 for n > 5.

. . 0,1,1,0 0,0,1,1 0,1,1,0
Case 3. i = n — 1. In this case, Q§71’132) (x)le—i,lzsz) (@)|gn—a = Q£_2’13%(x)|xn74

and we proved in [10, Theorems 6 and 15] that

Qno 12113%( )|zn—a =1 for n > 5.

)

Case 4. Q,(zo 11 119}2( )|zn—a. By part (i), we know that Qno 11’11’§%(x)|xn74 =1forn>
D.

Thus, Qn0’11?;21’1 ()| gn-a =5+ (”72) for n > 5.
(0,1,6,1)

Again there are four cases to consider when computing Qn l59 ( )| zn—s—¢ for
£>2.
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Case 1. ¢ = 1. In this case, Qg(}};f;g(x)QﬁLO;%;Q)(x)uan = QEIOLOI’,Z{?Q(JJ)HW;:,%
and we proved in [10, Theorems 10 and 15] that

0,0,¢,1 (0,1,£,0)
QUL (@) s =Q 5N (@)

=Cy11 +3C; —|—20g(n—4—€) form>4+4.

gn—3—¢

Case 2. i = 2. In this case, ng;’; (x)c;)ff;%;g ()| gn-3-¢ = leoi%fié)g(x)lwnffi—l
and we proved in [10, Theorems 6 and 15] that

0,0,¢,1 0,1,£,0
QU (@) n s = QU550 (@) [gn—sc = Cp for n > 4+ L.

) . 0,1,£,0 0,0,6,1 0,1,£,0
Case 3. i = n—1. In this case, Q§_17132)( )Q; i 132)( )| gn-3-¢ = Q; 5, 13)2( )| gn-3-¢

and we proved in [10, Theorems 6 and 15] that

0,1,£,0
QW50 (@)

gn—s—t = Cypforn >4+ 4.
(0,1,6,1) .
Case 4. Q,, 77 {35(¥)[gn—s—¢. By part (i), we know that
ngill’fié%(xﬂwn—ii—l =Cyforn>4+¢.
Thus,
(0,1,6,1)
Qn a9 (2)|gn-s—¢ = Cpy1 +6Cp +2C,(n —4 —{) for n > 44 ¢.
For example, when ¢ = 2, we have that
0,1,2,1
Quizy" (@)

and, for ¢ = 3, we have that

an—s =174+ 4(n —6) forn > 6

QUL (@) yums = 44+ 10(n — 7) for n > 7,
which agrees with the series we computed. O
We can also find the formulas for Qé?i%;’l)(O) and leoilézl’l)( )e-
Theorem 14.
(i) QU5 (0) = (n—1)2" > 4+ 1 forn > 1.

(i) Q510113211 (7)]s = (n® —9n +24)2"=3 -3 —n forn > 4.
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Proof. In this case, the recursion (13) becomes

(0,1,1,1) (0,1 ,, (0,1,1,0 00,1,1)
Qn,132 ()—Q +ZQ7, 1132 (2)Qp 7 133 (2).

1,1

It was proved in [10, Theorem 15] that Q(O’l’l’o (t,x) = Q%’g’l’o) (t,x) so that

QU () = QU ¥ (x) = Qs (x) for all n. Thus we have that

n—1
0,1,1,1) (0,1 L1 1L0.10) (10,10
QgL 1327 (@) = Q ) + Z Qz( 1132 ( n i, 132’)(35) (16)
By [10, Theorems 7 and 8], we know that QS”&;’O) (0) =27~ for n > 1 and that

lel,’l%zl’o)(x)h = (n—3)2""2+1 for n > 3. Our calculations show that our formulas
hold for n < 5. Then for n > 6, we have by induction that

n—1
0,1,1,1 0,1,1,1 (1,0,1,0 1,0,1,0 1,0,1,0
Q2,132 )(O) :sz 1,1 3%( 0) + Qn 1, 13%( 0) + QE—1,132)(0)Q7(1—1,132) (0)
i=2
n—1
:(TL _ 2)277,73 4 1 4 277,72 22’722?7,71‘71
i—2

=(n—2)2""34+1+2""2 4 (n—2)2"?
=(n—1)2""2 4+ 1.

Similarly, if we separate out the i = 1,2,3,n — 2,n — 1 terms from the sum in
recursion (16), we find by induction that

0,1,1,1 0,1,1, 1,0,1,0) (1,0,1,0 1,0,1,0)
ng 132 )($>|w :ng—l 13 %($)|w sz 1 132( Nz + Qn 2 13%( )z +2Q$z 3, 132( et
( )
32

1,0,1,0 1,0,1,0)
Qn—z,l ()2 +2Q£L 3, 132( et
n—3
(1,0,1,0) (1.0.1.0) (10.10) 0y 0 (1010
Qi 1152 (@)]a QL i3 ( +ZQz 1132 ( QL T2 (T)]a
=4

=((n—1)%2 = 9(n — 1) +24)2"* —3— (n—1)+ ((n—4)2"3 + 1)+
2((n —5)2" 4 +1) +4((n — 6)2" " + 1)+

(=422 412"+ Y "2 (n—i = 3)2" "2 4 1)

=((n—1)2=9(n—1)+24)2"* =3 — (n — 1) + (6n — 30)2" 4+

n—3 n—3 n—3 n—3
7420 (Z(z —)+ > (n—i- 3)) +y 2Ty i
=4 i=4 i=4

i=4
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—on—4 ((n—1)2—9(n—1)—|—24+6n—30+2(n;6>) +

—3—(n—1)+7+22"*-4)
=(n* —9n +24)2"3 —3 —n.

O

The sequence (Qg’llgé’l)(O))nzl starts out 1,2,5,13,33,81,193,449,.... This is

the sequence A005183 in OEIS and it counts the number of permutations of length
n which avoids the patterns 132 and 4312. We obtain the interpretation that this
sequence also counts the number of permutations of length n which avoid the pat-
terns 132 and 4231 (which are precisely the permutations counted by Qfﬁ’fé; ’1)(0)7
since an occurrence of the pattern MMP(0,1,1,1) in a 132-avoiding permutation
implies an occurrence of the pattern 4231, and vice versa).

Problem 2. Find a bijection between permutations of length n avoiding the patterns

132 and 4312, and permutations of length n avoiding the patterns 132 and 4231.

The sequence (Qigfg;’l)(x)\x)ny starts out 1, 8,39, 150,501, 1524 . .. is sequence
A055581 which counts the number of directed column-convex polyominoes of area
n + 5 having along the lower contour exactly 2 reentrant corners.

Problem 3. Find a bijective correspondence between the number of permutations
in S, (132) which have exactly one occurrence of the pattern MMP(0,1,1,1) and the
polyominoes described in A055581 in the OFEIS.

We have computed the following.

O b2 () = 1+t + 267 + 53 + 14¢* + 2(20 + 2)t7 + (111 + 192 + 222) 15+
(296 + 1062 + 252° + 22%) ¢t + (761 + 456z + 178z% + 332 + 227) 3+
(1898 + 1677z + 9472” + 2952% + 432" + 22°) 7+
(4619 + 5553z + 41912” + 19012® 4 475z* + 552° 4 220) 10 + - - - .

QU002 (4, 0) = 1+ + 22 + 53 + 14¢* + 426° + 4(32 + )5+
(385 + 40z + 42®) 7 + (1135 + 243z + 482° + 4°) t°+

(3281 + 117z + 3512” + 562° + 42) t7+

(9324 + 4905z + 20162* + 4832” + 64x* + 42°) ¢! + - -
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OL32) (1 2) = 1+t + 262 4+ 563 4 14¢* 4 4265 4+ 13245 + (419 + 102)t7+
(1317 + 103z + 102?) t® + (4085 + 644z + 1232 + 102%) 7+
(12514 + 3229z + 9002” + 1432% 4 102*) '+
(37913 + 14282z + 52222° + 11962° + 163z + 102°) t'' + -+ - .

QU021 (1 4) = 1+ + 22 + 53 + 14¢* + 426° + 465(32 + 2)+

(380 + 452 + 42®) t” + (1083 + 286z + 572 + 42°) t3+

(2964 + 1368z + 45327 + 732% + 42*) t7+

(7831 + 5501z + 26502° + 7172° + 932 + 42°) ¢+

(20092 + 19675 + 127492” + 50352° + 1114z* + 1172° + 42°%) ¢! + - .-

O222) (4 ) = 1+t + 242 + 563 + 14¢* 4+ 4265 4 13215 + (421 + 82)t"+
(1328 + 94z + 427) t° + (4103 + 641z + 1102° + 82%) 74
(12401 + 3376 + 88527 + 1262° + 82*) t10+
(36740 + 15235 + 54842? + 11772° + 1422 + 82°) t'!+
(106993 + 62012 + 2887227 + 84522% + 15172* + 1582° + 82°) 12 + - ..

@232 (1, m) = 1+t + 207 + 53 + 14¢* + 4267 + 13215 4 42917+

(1410 + 202)t® + (4601 + 241z + 202%) ¢° + (14809 + 1686z + 2812” + 20z%) ¢!+
(46990 + 9187z + 2268z + 3212° + 202) ¢+

(147163 + 43394z + 14144x* + 29302° + 361z" 4 202°) t'% + - - - .
We can explain the coeflicient of the highest power of x in Qgg ’1];’2@ ’m)(x) for large
enough n.

Theorem 15. Forn > £+ k + m + 1, the highest power of x that appears in
Qfﬁﬁ’f’m)(x) is £ 7FE™ which occurs with a coefficient of CCyChp.

Proof. 1t is easy to see the maximum number of matches of MM P(0,k, £, m) for
n > k+{+m that are possible in a 132-avoiding permutation occur in a permutation
of the form af~y where « is a permutation of n — k + 1,...,n such that red(a) €
Sk(132), v € 5,,(132), and S is some permutation of k+ 1,k +2,...,n — m, which
has the maximum number of matches of MM P(0,0,¢,0). Such a 5 must be of the
form a(f+a)(l+a+1)(l+a+2)...(n—m) where « is a pemutation of k+1, ..., k+¢
such that red(«) € S¢(132). Thus the highest power of z that occurs in leo’k’e’m)(x)
forn >n—k—{¢—mis 2" * £~ which occurs with a coefficient of C;,CyC,,,. For

example, for n > n — £ — 3, the highest power of = in Qgg’llgéﬂ) (z) is 2" ~*~3 which
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has a coefficient of 2Cy and for n > n — ¢ — 4, the highest power of z in Q;Olz?é 2)( )
is 2"~ ¢~* which has a coefficient of 4C,. This agrees with our computations. O

For sufficiently large n, we can also explain the coefficient of the second highest

. 0,1,£,2
term in Qi Y59 )( ).

Theorem 16.
-3
(i) Forn > 6, Qggfg;g)(x)\xn_s =13+ 2<n 5 )

(ii) Forall¢>2 andn > 5+£, Q155 () yn-1-¢ = 2Cp41 +15C, +4C(n—5-1).

Proof. For (i) and (ii), we note that the recursion for Qflo,ll?;g 2)( ) is
0,1,£,2 0,1,0,2 0,1,6,1 0,1,£,0 0,0,£,2
C21(1,132 )(x) = Q£—1,13)2(33) gz 2, 13)2 )+ Z QE 1 132) fz 1132)(97)
By [10, Theorems 6 and 15], the highest power of = that occurs in Qilo’llg’g 0)( ) is
2"~ 1=¢ and by [10, Theorem 17], the highest power of = that occurs in Qiol%s 2)( ) is

n—2—/{. It follows that the highest power of  that occurs in Qggifg(?( )Qflo 2613?2)( )

is less than 2" 4 ¢ fori =3,...,n — 3.

(0,1’Z,2) (x)|

Thus, we have to consider five cases when computing Q,, 49 pn—d—t.
;

Case 1. leo 1151?2( )|gn—4-¢. By part Theorem 15,
QD (@) | yna-e = 20 for n > £ + 5.
Case 2. leogé’ﬁ’é)z(x)un%fz. We have shown in Theorem 13 that
Qi (@)

Case 3. i = n — 2. In this case, QEO’%’O; (:E)Qfmoglgg (x) equals 2 Qflo’lfl’g%( ). We
have shown in [10, Theorems 6 and 15] that Qno’lgzng(a?)un ae=Cpforn>0+5

so that we get a contribution of 2C} in this case.

gn—a—e = Cp for n > £+ 5.

Case 4. i = 2. In this case, Qlo’i’f;)z) (a:)fo;%@ (z) equals leo_’%fl’g)z(x). We have

shown in [10, Theorem 17] that
QSLO 022152( )lwn a0 =2Cy for n > £+ 5.

Case 5. i = 1. In this case, Qlo’i’f;? (x)Q;OLOZ-’ﬁgQ) (z) equals Q;O_’Ol’fé%(x). We have
shown in [10, Theorem 17] that for n > ¢ 4 5,

Q(OOM)( Yonae = 6+2(”53) if =1,
b 2Cs41 +8Cy +4Cy(n—5—10) if £ > 2.
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Thus, for £ =1, we get

-3

QU @lars =1342(" ) for w20

and, for £ > 2,
(0,1,£,2) B
Qpaze” (7)[gn-a1-¢ = 2Cp41 + 15C, +4Cy(n — 5 — £) for n > 5 + L.
For example, when ¢ = 2, we get
QSiyll?,’;’Q)(x”x"*G =404+8(n—"7) forn>7

and, for £ = 3, we get

QUL (2)] s = 103 + 20(n — 8) for n > 8,

which agrees with the series that we computed.

4. anlk?,g ™) (z) where k,{,m > 1

Suppose that k,¢,m > 1 and n > k + m. It is clear that n cannot match
MMP (4, k,0,m) for k,¢,m > 1 in any o € S,(132). If 0 = 01...0, € 5,(132)
and o; = n, then we have three cases, depending on the value of 1.

Case 1. i < k. It is easy to see that as we sum over all the permutations o in
S, (i)(132) our choices for the structure for A;(o) will contribute a factor of C;_;
to Qﬁflkgg m)( ) since the elements in A;(c) do not have enough elements to the
left to match MMP(¢,k,0,m) in o. Similarly, our choices for the structure for
B; (o) will contribute a factor of Q%_ﬁzggm)( ) to Q%fgg ™) (x) since o7 ...0; will
automatically be in the second quadrant relative to the coordinate system with the
origin at (s,0) for any s > 4. Thus, the permutations in Case 1 will contribute

Zcz QU™ ()

£,k,0,m)
to angg (z).

Case 2? k <1< n—m. Itis easy to see that as we sum over all the permutations
o in Sr(f)(132) our choices for the structure for A;(o) will contribute a factor of

Qgé__l,ll’géo’o)( ) to nglk g m)(l') since the elements in B;(o) will all be in the fourth
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quadrant and o; = n is in the first quadrant relative to a coordinate system centered
at (r,0,) for r < 4 in this case. Similarly, our choices for the structure for B;(o) will
contribute a factor of ng’_oi’f)l’gg)( )t Q% lkgg m)( ) since o7 . .. 0; will automatically
be in the second quadrant relative to the coordinate system with the origin at (s, o)

for any s > i. Thus, the permutations in Case 2 will contribute

n—m

£—1,k,0,0 £,0,0,m
Z Q§—1,132 )(x)QgL 1132)( )

i=k
£,k,0,
to Q; 132 ™ (z).

Case 3. i >n—m+ 1. It is easy to see that as we sum over all the permutations
o in &(f)(132)7 our choices for the structure for A;(o) will contribute a factor of
Qgé:l)ll’géo’m_("_i))(x) to Q%ﬂig’m) (z) since o; = n will be in the first quadrant and
the elements in B;(c) will all be in the fourth quadrant relative to a coordinate
system centered at (r,0,) for r < ¢ in this case. Similarly, our choices for the
structure for B;(o) will contribute a factor of C,,_; to fo 1k33 m)( ) since o; where
j > i does not have enough elements to its right to match MMP (¢, k,0,m) in o.

Thus, the permutations in Case 3 will contribute

n

i=n—m-+1

to Qﬁfﬁgm) (). Thus, we have the following. For n > k + m,

Qi ™ () Zcz 1R @) + 3 QU ()@ (0)+
i=k
(6—1,k,0,m—(n—i
Z Qz 1,132 ( ))(m)C’n,i. (17)

1=n—m-+1
Multiplying (17) by ¢t" and summing over n will yield the following theorem.
Theorem 17. For all 0, k,m > 1,

k+m—1
£,k,0,m
§32 )(t,x): Z Cpt?+

k-2 ) k—i+m—2
tZCht’( > Cr“>+
=0 =

m—1
t( (e— 1,k,00) th>< ZOOm) ,$)— Cbtb>+
b=0
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k4+m—j—2
0—1,k,0,m— s
tE Ctﬂ(‘ B0 ¢ 2y~ Y Cst>. (18)
s=0

Note that we can compute Q(z -£.0,0) (t,z) = Q(e 0,0, k)(t x) by Theorem 4 so that

(18) allows us to compute Q%; 0, m)( t,x) for any k,¢,m > 0.

4.1. Explicit formulas for Q z11c3g ™) (2)|ar

In general, the formulas for Q%g 0m) (t,x) are quite complicated. For example, in
the simplest case,

(1117071) (t :1:) — R(t7x) + S(t7x)m
132 ’ (1—t)(1 =2t + /1 — 4at)3

where
R(t,z) =4(1 — 3t + 4t* — 2t3 —t* — 32t 4 621> — 32t® + xt*) and
S(t,x) =4(1 — 3t + 4t* —t* — ot — at® + xt?).
It follows from Theorem 17 that
£,1,0,1 £—1,1,0,0 £,0,0,1
Q5 "Vt 2) =1+t + QY5 "V (¢, 2) QY5 " (¢, x) — 1)+
¢—1,1,0,1
HQUR" " (te) — 1), (19)
£,1,0, ¢—1,1,0, £,0,0,
G0t ) =1+t + 22 + QU OV (1, 2) Q5 P (¢, 2) — (L + 1)+
£—1,1,0,2 £—1,1,0,1
HQi " (L) — (L4 6) + 1(Ql5 "V (t,2) — 1)), and
(202 (1 2) =1+t + 262 + 55 + 1(QU5 "2 (1, 0) — (141 +26%))+
(—1,2,0,0 £,0,0,2
H(QY5 OV (t,2) — 1)(QU5 " (toa) — (L + 1)+
¢—1,2,0,2 ¢—1,2,0,1
QY0P () — (14t +22) + Q45> (1,2) — (1 +1))).

One can use these formulas to compute the following.

ELOD () = 14t 4 262 4 563 4+ 2(5 + 22)t* + (17 + 172 + 822)t7+
(26 + 44z + 4222 + 202°)t5 + (37 + 902 + 12922 + 1172 4 5624)t7+
(50 + 160z + 3052 + 39723 4 3502t 4 16825)t5+
(65 + 2592 + 61522 + 102923 + 1268x* + 10982° + 5282°%)¢7+
(82 + 3922 + 111322 + 22592° + 35032 + 41672° + 35642° + 171627)t'0 + - - - .

(1k01)( )

It is easy to explain the highest coefficient of z in @, 735
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Theorem 18. For n > 3 + k, the highest power of x that occurs in Qgi’@)’g’l)(m) 18
"2k which occurs with a coefficient of 2C)41Cn—_k—2.

Proof. Tt is easy to see that the maximum number of MMP(1, k, 0, 1) matches occurs
in o € 5,(132) when o is of the form «ay...arBak111 or a7 ... axBlagy; where
o =aq...0k1 18 a rearrangement of {n — k,n —k+1,...,n} such that red(a) €
Sk+1(132) and B is a 132-avoiding permutation on 2, ...,n—k—1. Thus, the highest

power of x in szllk?)gl)(x) for n > k + 3 is 2"~27% which occurs with a coefficient

of 2Ck:+10n—k—2- L]
We can also explain the second highest coefficient in Q;l’llg’g 1)( ).

Theorem 19. Forn > 5,
Qgivll?;g,l)(x”x"*‘k = 807173 + C’n,74.

Proof. In this case, the recursion for in’llgg 1)( ) is

1,0, (0,1 ,, 0,1,0,0 1001
Q5311321( ) = Q +ZQ£ }132 (O 1132)(1')

1,1

It was proved in [9, Theorem 5.1] that for n > 1, the highest power of x that occurs
in leoil?’,g O)( ) is #"~! which occurs with a coefficient of C,,_1. It was proved in

[10 Theorem 12] that for n > 3, the highest power of z that occurs in inlogg 1)( )
is ™~2 which occurs with a coefficient of 2C,,_5. It follows that

1,1,0,1 0,1,0,1 1,0,0,1
Qﬁz,lSZ )(m)|x"—4 :le 1 13%($)|m"—4 + Q5171,13%( )

0,0 1,0,0,1
ZQz 1132) |a:7 QQSI 1‘7132)(1')|In7i—2.

1,0,0
et + QU5 (@) gn s+

The following three equations follow from [10, Theorem 19], [10, Theorem 12] and
[9, Theorem 5.1], respectively.

Qiogll’?lig(x)un 4 =2Cp_3+ Cp_y for n > 5,
lel_’l’?l’?g(x)hn 1 =3Cy,_5 for n > 5, and
(0,1,0,0)
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Thus, for n > 5,

n—2

Q,S,i’fég’l)(x)‘mnfél =2C,—3+Ch_a +3C,_3+ Cp_3 + Z Cia-2C,_;—_2
1=2
n—2
=6Cp—3+ Cp_q +2 Z Ci2Cp_i_2
=2
=6Cn_3+Cp_q +2C,_3

=8Cp_3+ Cph_4.

O

The sequence Q' 155" ()1 starts out 1,2, 5,10,17, 26,37, 50,65, 82, ... which

is the sequence A002522 in the OEIS. The n-th element of the sequence has the
formula (n — 1)2 + 1. This can be verified by computing the generating function
(1%),’21’0’1)(@0). That is, we proved in [9] and [10] that

(0,1,0,0) 1

132 (t’o)zl—t’

1,001 1 — 2t 4+ 2t2

§32 )(t 0) = RO ,and
2

(0,1,0,1) 1 ¢

: t,0) =—+ —.

132 (a) 1—t+(1—t)2

Plugging these formulas into (19), one can compute that

1—2t+2t2+¢3
(1-1)3

It was pointed out to us by the anonymous referee how to prove directly that
Qﬁ}fgg 1)( 0) = (n—1)2+1 for n > 1. It can be shown by an easy case analysis
accordlng to for which i we have o; = n in a 132-avoiding permutation oy ...o,.
For ¢ = n we get permutations avoiding both of the patterns 321 and 132, which
are counted by Qno 1101?{%(0) =1+ (";1) by Theorem 21 of [10]. For i < n, we have
only increasing permutation on the left and a concatenation of a decreasing (3) and
an increasing () permutation on the right, where all elements of § are larger than

all elements of v giving us Z;:ll (n —1i) = (}) choices. Thus

Qe (0 )—1+(n;1)+(g> —(n—1)%+1.

1,1,0,1
§32 )(t,O) =
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o0 (b x) = 1+t + 262 4+ 565 + 1481 + (33 + 92)t° + (71 + 43z + 1822) 1+
(146 + 137z + 1012” + 452°) t"+
(294 + 368z + 3672” + 2752° + 1262") t°+
(587 + 9062 + 11002> 4 1079z* + 8122 + 3782°) t7+
(1169 + 2125z + 29732” + 34632° + 33522 + 25262° 4 11882°%) ¢t'* + - -

GLOD(2) =1+t + 262 + 563 + 14t* 4+ 425 4 (116 + 162)t5+
(308 4 892 + 322%) t” + (807 + 341z + 2022° 4 802%) t5+
(2108 + 1140z + 84927 + 5412® + 224a*) 7+
(5507 + 3583z + 30462> + 24062° + 15822 + 6722°) t'0+
(14397 + 10897z + 10141z* + 90392° + 73102* + 48902° + 21122°) £ - - --

We have computed that

1— 4t + 612 — 33 + 2t — 45 + 16

(2100 g) 22T i T and
(1—2t)(1 —t)3

(3,1,0,1) 1 —5t+ 92 — 713 + 3t* + 25 — 8t° 4 4¢7

2 (40) = =3+ 2)(1 -1

We can find an explicit formula of the coefficient of the highest power of z in
£,1,0,1
ng,132 )(35)
£,1,0,1)

Theorem 20. For n > { + 3, the highest power or x that occurs in Qi,132 (x) is
2" ~*=2 which appears with a coefficient of (£ + 1)2Cy_p_o.

Proof. Tt is easy to see that the maximum number of occurrences of MMP(¢,1,0,1)

for a o € S,,(132) occurs when o is of the form 78 where x € {n—/¢,...,n}, fisa
shuffle of 1 with the increasing sequence which results from (n —€)(n —£+1)...n
by removing x, and 7 is a 132-avoiding permutation on 2,...,n — ¢ — 1. Thus we
have ¢ + 1 choices for z and, once x is chosen, we have ¢ + 1 choices for 3, and
C,—s—o choices for 7. O

QU P (b, ) = 14t + 262 + 53 + 141" + (32 + 102)t7+

(62 + 50z + 202%) t° + (107 + 149z + 1232° + 502%) t7+

(170 + 345z + 43327 + 3422 + 140z*) ¢+

(254 + 685z + 1154a” + 13272° 4 1022z* + 4202°) 17+

(362 + 12252 + 258922 + 386827 + 4228z* + 32042° + 13202°) ¢! + - -
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G102 (4 2) = 1+t + 242 + 563 + 14¢* 4+ 4265 + (105 + 272)t0+

(235 + 140z + 542°) t7 + (494 + 470z + 3312” + 1352°) t°+
(1004 + 1301z + 12752> 4 9042° + 378z*) t7+
(2007 + 3248z + 3960z + 3773z° + 26742 + 11342°) 10 + - - .
G102 (¢ 2) =1+t + 262 + 513 + 14¢* 4+ 426° + 13215 + (373 + 562)t"+
(998 + 320z + 11227) t* 4 (2615 + 1233z + 734x> + 2802°) t7+
(6813 + 4092z + 313127 + 19762° 4 784x") t'0+
(17749 + 12699z + 112232° + 8967 + 5796x* + 23522°) t'! + - -

QU202 (1 2) = 1+t + 262 + 5t% + 14¢* + 4245 + (107 + 25215+
(233 + 1462 + 5027) t7 + (450 + 498z + 3572 + 1252°) t°+
(794 + 1299 + 14292° 4 9902° + 3502) 17+

(1307 + 2869z + 426327 + 43532° + 29542 + 10502°) 10 + - --

2202 (1 g) =1+t 4 262 + 513 + 14¢* 4+ 426° + 13215 + (348 + 81a)t"+
(811 + 4572 + 1622%) ¢ + (1747 4 1625z + 10852 + 4052°) t7+
(3587 + 4663 + 4443z + 29692° + 11342*) "7+
(7167 + 11864 + 143602 + 132012° + 87922 4 34022°) t'! + -+ -

QU202 (1 x) = 14t + 20 + 563 + 141" + 426° + 13266 + 42047+
(1234 + 1962)t® + 2 (1657 + 578z + 19627) t7+
(8643 + 4497z + 26762 + 98027 ) t10+

(22345 + 14839 + 116222% + 72362° + 2744a*) t" 4 - -+ .
We can explain the highest power of x in ng’é’g’m (z) for £ € {1,2}. But first we
need to prove the following lemma.

Lemma 2. The number of 0 = 01 ...0k12 € Sk12(132) such that o3 < -+ < Ok42
is k+1+ (*57).

Proof. Clearly for k =1, every o € S5(132) satisfies our condition so that there are
5=2+ (g) such permutations. Thus the lemma holds for £ = 1. Now assume that
our lemma holds for k. Then we can classify the 0 = oy ...0k+3 € Skr3(132) such
that o3 < -+ < ox43 by the position of k + 3. Clearly, we have only three cases to
consider.
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Case 1. 01 = k + 3. In this case, 03...0%+3 is a permutation in Sk42(132) such
that o3 < -+ < opy3. There are k + 2 such permutations since in such a situation,
o2 can be any element from {1,..., %k + 2}.

Case 2. 0o = k+ 3. In this case 0y =k + 2 and 05...0,4+3 = 12...(k + 1). Thus
we have one choice in this case.

Case 3. oj3 = k+ 3. In this case 07 ... 0k 42 is a permutation in Sj42(132) such
that o3 < --+ < 0g42. Thus by 1nduct10n we have k + 1 + (k+2) choices for ¢ in
this case.

It follows that we have k+2+ 1+ k+ 1+ (’“52) =(k+2)+ (k"Z"?’) choices for
such o. 0

Theorem 21.

(i) The highest power of x that occurs in ngig’g’m (x) is x

k+2
s = (k4 1) <k F14 ( ; >> Corps.

n—k—3 and

k,1,0,2
QU9 ()

(i) The highest power of x that occurs in ng’é’zo’z) (x) is 2™

k+2\\"
QL @i = (k414 (77 7)) e

Proof. For (i), we see that the maximum number of matches of MMP(k, 1,0, 2)
occurs in permutations o € S, (132) of the form «y/8y where a = aja ... g1 is a
rearrangement of {n—k, ..., n} such that red(«) € Sx+1(132) and az < -+ < 41,
B is a rearrangement of {3,...,n — k — 1} such that red(5) € S,,_;x—3 and v is a
shuffle of as ... ag41 with either 12 or 21 that avoids 132. First, we claim that the
number of chowes foryisk+1+ (k+2) That is, if a shuffle of ay ... aiy1 and 12 is
to avoid 132, then we cannot have one of the «;s lie between 1 and 2. Thus 1 and 2
must form a consecutive sequence in any such shuffle so that we have k+1 choices in
this case since we can either place 12 in front of as . .. @41 or immediately after any
a; fort=2,...,k+1. On the other hand, any shuffle of as ... a1 and 21 will avoid
132 so that we have (k;q) choices in this case. But clearly we have k+ 1 choices for
« since we have k + 1 choices for a;;. Thus the highest power of x that can occur in
Q'li ¥ (@) is % and QU @)lans-s = (k+1) (k+ 1+ (7)) Cucis.
Similarly, for (ii), it is not difficult to see that the maximum number of matches
of MMP(%,2,0,2) occurs in permutations o € 5,(132) of the form o; By where
a = QiQs...qyo is a rearrangement of {n — k — 1,...,n} such that red(a) €

—k=4 and
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Sk+2(132) and a3 < -+ < agy2, B is a rearrangement of {3,...,n — k — 2} such
that red(8) € Sp_r—4 and 7 is a shuffle of a3 ... a1 with either 12 or 21 that
avoids 132. We have shown that the number of ch01ces foryisk+1+ (k+2) The
number of choices for § is C),_r_4. Thus to complete the proof, we only need to
use Lemma 2. O

Problem 4. In general, one can use similar arguments to the ones in Theorem

21 to show that for n > ¢+ k +m + 1, the highest power of x in Q%’ﬁ;g’m) (x) is
k=™ which appears with a coefficient of ar ke mCn_t—k—m for some constant

agkm- Find a formula for ag . m.

5. Qgﬁ’l%’;’d) (x) where a,b,c,d > 1

Suppose that a,b,c,d > 1 and n > b+d. It is clear that n cannot match the pattern
MMP(a,b,c,d) for a,b,c,d > 1 in any o € S,(132). If 0 = 01 ...0, € S,(132) and
o; = n, then we have three cases, depending on the value of 7.

Case 1. 7 < b. It is easy to see that as we sum over all the permutations o in
S(i)(132) our choices for the structure for A;(co) will contribute a factor of C;_; to
leall;;: ') (z) since the elements in A;(¢) do not have enough elements to the left to
match MMP(a, b, ¢, d) in o. Similarly, our choices for the structure for B;(o) will
contribute a factor of Qna lz 1§§’d)( ) to Qnafgg’d (x) since o7y ... o; will automatically
be in the second quadrant relative to the coordinate system with the origin at (s, o)

for any s > 4. Thus, the permutations in Case 1 will contribute

b—1
a,b—i,c,d
ZCi—ngz i,132 )( )

a,b,c,d
to be 132 )( )-

Case 2. b <1i<n—d. It is easy to see that as we sum over all the permutations
o in Sy(f)(132) our choices for the structure for A;(o) will contribute a factor of
QU0 () to Q\iss” (x) since the elements in By(o) will all be in the fourth
quadrant and o; = n is in the first quadrant relative to a coordinate system centered
at (r,0,) for r < 4 in this case. Similarly, our choices for the structure for B;(o) will
contribute a factor of fo_’gﬁédg (z) to folgg d)( ) since o7 . ..o0; will automatically
be in the second quadrant relative to the coordinate system with the origin at (s, o)

for any s > i. Thus, the permutations in Case 2 will contribute

1,b,¢,0) ,0,¢,d
Z Qva 1 132C )Qia—zizm) (2)
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a,b,c,d
to Qg 132 )( )-

Case 3. i > n—d+ 1. It is easy to see that as we sum over all the permutations
o in S,(f)(132), our choices for the structure for A;(o) will contribute a factor of
Qiﬁf{g’;’d_(n_i))( ) to QSL&; d)( ), since 0; = n will be in the first quadrant and
the elements in B;(o) will all be in the fourth quadrant relative to a coordinate

system centered at (r,0,) for r < ¢ in this case. Similarly, our choices for the
structure for B;(o) will contribute a factor of C,,_; to Qnallgg ) (x) since oj, where
j > i, does not have enough elements to its right to match MMP(a,b, ¢,d) in o.

Thus, the permutations in Case 3 will contribute

a—1,b,c,d—(n—1
> QU @),

i=n—d+1

to ng’llg;’d)(x). Thus, we have the following. For n > b +d,

abcd (a,b—1t,c,d a—1,b,c,0) a,0,c.d
n132 ZCZ 1Qn 1,132 ) +ZQZ 1,132 )Qizfi,132)(x)+
a—1,b,c,d—(n—1
Z Qz 1,132 ( ))( )Cnfi- (20)
i=n—d+1

Multiplying (20) by ¢" and summing, we obtain the following theorem.

Theorem 22. For all a,b,c,d > 1,

b+d—1
GVt a) = D Cptt+

b—2 4 ) b—i+d—2
e (et Y )
=0 r=0
t( R ZOt) Qi (t, ) ZCtﬂ +
b+d—j—2
tZCt( PR (RO C’St5>. (21)
s=0

Thus, for example,

Gt () =1+ t+1Q% M (o) (QU " (tw) — 1) +

0,1,1,1
HQ%  (t,2) — 1),
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and, for k > 2,
k1,11 k—1,1,1,0 k,0,1,1
B0 (k) =1+ t+1QU 0 2) (QU D t2) — 1) +
k—1,1,1,1
HQis " (8 2) — 1),
Again the formulas for (1];’21’1’1)(15, x) are quite complex. For example,

1,1,1,1
532 )(t,x) =

8t2a3
1+t+ _—
(—1 bt 20 —to+ /O (1 +2)2— 4tx)
) 2 (1—t+tx—\/(1+t(—1+x))2—4tx)
-1+ 7 -

(—1+1) (71 +t+22 —tr+ /(1 +t(-1+1x))2 f4tx)2

Nevertheless, we can use the recursion above to compute the following.

Mt z) =1+t +26% + 56% + 141 + (38 + 42) 7+

(99 + 292 + 42%) ¢° + (249 + 135z + 412® + 42°) 1"+

(609 + 510z + 2502 + 572° + 4a) 13+

(1457 + 1701z + 11772% 4 4462° + 772" 4 42°) 17+

(3425 + 52202 + 47232° + 25642° + 759z" 4 1012° + 42°) 10 + .- .

(1,1,1
132

GUED () = 14+ 262 4+ 563 + 14¢% 4+ 4265 4 (123 + 92)t0+
(350 + 70z + 922) 7 + (974 + 350z + 972” + 92°) 3+
(2667 + 1433z + 62022 + 1332% + 92%) 7+
(7218 + 5235z + 30792° + 10772° + 178z* + 92°) 10 + - .

GLED (4 2) =1+ ¢+ 22 + 53 + 14¢* + 425 + 13215 + (413 + 162)t"+
(1277 + 137z + 162%) ¢ + (3909 + 752z + 1852” + 162°) 7+
(11881 + 3383z + 12672 + 2492° + 162*) ¢! + - - .

It is easy to explain the coefficient of the highest power term that appears in
Qgcllwl 2 (z) for k > 1. That is, the maximum number of matches of MMP(k, 1,1,1)
for 0 € S,(132) is when o is of the form z «  where x € {n — .}, B
is a shuffle of 1 with the sequence (n — k)(n — k + 1)...n with z removed, and
a =23...(n—k—1). Note that we have k + 1 choices for x and, once we have
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chosen x, we have k 4+ 1 choices for 5. Thus, the highest power of z that occurs in
Qflk’llg’;’l)( ) is 2" ~*=3 which occurs with a coefficient of (k + 1)2 for n > k + 4.
We also have

(0,1,1,0) 1-t
132 (t,0) = 1—o2t
2
(1,0,1,1) 1t
t,0)=1+t1 d
Ao <t (155 )
(0,1,1,1) 1—4t+5t2 -3
t,0) =——————
132 ( ) ) (1 . 2t)2<1 —t) )
to compute that
(1,1,1,1) 1 — 6t + 13t2 — 113 4 3t* — 215 + 16
132 (t70) = .

(1—t)(1—2t)3

Note that Q(113’21’1’1) (t,0) is the generating function of the permutations that avoid
the patterns from the set {132, 52314, 52341,42315,42351}.
1,1,1,1)

Finally, we can also determine the second highest coefficient of z in Qg,132 (x).

Theorem 23. For alln > 6,
(1,1,1,1) B n—3
Qn7132 (‘T)|:Jc"*5 =17+4 5 .

Proof. The recursion of ng’ll?,’;’l)(x) is
1,1,1,1 0,1,1 0.1,1.0) (1) (1011
Q2,132 )(93) = le 1, )+ Z QE 1 132 n i 132)(37)

For n > 3, the highest power of  which occurs in Qn 132 1.0) (z) is "2 and for

n > 4, the highest power of x that occurs in Q(l 0o 1)( ) is 2"~3. It follows that

for ¢ = 3,...,n — 3, the highest power of x that occurs in QE?H;; (JU)QSjll;z)(a:)

is 26, It follows that

QM5 (@) ]pn-s =Q Y i (@) gns + QL °}1§%<x>\xn s+ 2Q 0L ()| s+
1
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But for n > 6, we have proved that

-3
Q@ s =s+2(" ;) (b Theoren 8),

QS’%11§%($)|$"_5 =2 (by Theorem 8),
QQS) 1z),11§2($)|xn—5 =2C; =2 (by [10, Theorem 15]),

-3
QU (@) s =2+ <” ) > (by [10, Theorem 15]), and

0,1,1,1)
QgL 1132( )

-3
-5 =H + <n 5 ) (by Theorem 13).

Thus, Q' 15" (&) [pn—s = 17+ 4("5°). O
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