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ABSTRACT

Cerebrovascular accidents are the third most common cause of death in developed countries. Over
recent years, Computational Fluid Dynamics simulations using medical image-based anatomical vascu-
lar geometries have been shown to have great potential as a tool for diagnostic and treatment of brain
aneurysms, in particular to help advise on the best treatment options. This work aims to present a state
of the art review of the different models used in Computational Fluid Dynamics, focusing in particular
on modelling blood as a viscoelastic non-Newtonian fluid in order to help understand the role of the
complex rheological nature of blood upon the dynamics of middle cerebral aneurysms. Moreover, since
the mechanical properties of the vessel walls also play an important role in the cardiovascular system,
different models for the arterial structure are reviewed in order to couple Computational Fluid Dynamics
and Computational Solid Dynamics to allow the study of the fluid-structure interaction.

Keywords: Computational Fluid Dynamics (CFD), Hemodynamics, Blood Rheology, Middle Cerebral Aneurysm,
Patient-Specific Models, Fluid-Structure Interaction (FSI).

1 Introduction
Cerebral aneurysms are one of the most common cerebrovascular accidents and are associated with a high rate

of mortality and disability, constituting one-third of deaths worldwide [1]. The growth and rupture of aneurysms
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are not well understood. They depend, among other things, on the action of flow-induced mechanical stresses
upon the vessel walls, which are essentially defined by the pressure and hemodynamic stresses [2, 3]. The flow
inside an aneurysm involves a strong rotation component and depends strongly on blood rheology and geometrical
features [4, 5] such as aneurysm shape, orientation, the ratio between the aneurysm and parent vessel dimensions
and neck diameter. The small length-scales and the pulsatile character of blood flow emphasise the non-Newtonian
flow characteristics [6], which can be responsible for differences of up to 40-50% relative to the corresponding
Newtonian flow characteristics [7]. In contrast, the blood behaviour in the heart and large blood vessels is usually
assumed to be Newtonian. Even though this assumption is fair in many situations, in other cases it is far from
accurate, in particular in the smaller blood vessels [8, 9].
Blood exhibits non-Newtonian behaviour due to its complex mixture of proteins and of suspended cellular ele-
ments in plasma, like platelets, leucocytes and mainly Red Blood Cells (RBCs) (also called erythrocytes) [10,11].
In fact, if blood is allowed to rest for several seconds, stacks of red cells (rouleaux) form and eventually create
an interconnected network, thus increasing its resistance to deformation and imparting also an elastic response to
blood. Rouleaux are broken up by shear and strain, with their size and structure determined by an equilibrium
between formation dynamics and flow induced destruction mechanisms. This disruption mechanism together
with the alignment of RBCs result in a relative decrease in blood viscosity as shear rate (γ̇) is increased for
an intermediate region of γ̇ (γ̇ is the second invariant of the deformation rate tensor (D), i.e. γ̇γγ=

√
2D : D with

D = (∇v+(∇v)T )/2), characteristic of shear-thinning behaviour, up to values around 100 s−1. This critical shear
rate, is associated with the alignment/misalignment of RBCs [10–14] and its exact value depends on various
factors as described in Section 3. The viscoelasticity of whole blood is another important non-Newtonian char-
acteristic which is evident in various experimental observations. It is usually quantified using the relaxation time
which is a measure of the time taken by the internal fluid structures to relax internal stresses imposed by the
flow [15]. The complex rheological behaviour of whole blood has been studied for a long time, but continues to
be investigated as new and more sensitive rheological techniques become available [16].
The most common dimensionless numbers that characterise these kinds of viscoelastic fluid flows are the Reynolds
number (Re), defined as the ratio between inertial and viscous forces, Re= ρV L/η, and the Weissenberg number
(Wi), which is the ratio between elastic and viscous forces, Wi= λV/L [17]. V represents the average velocity,
L the characteristic length-scale and ρ, λ and η are the density, relaxation time and viscosity of the fluid, re-
spectively. Compared to the flow in large arteries, in the human microcirculatory system Re decreases while Wi
increases leading to enhanced viscoelastic effects, [18], which highlights the importance of treating blood flow as
a non-Newtonian fluid and in particular, as a viscoelastic fluid.
The recent rapid growth in computing power has made the numerical simulation of blood flow a topic of re-
search, but the success of this endeavour requires the correct characterisation and modelling of real human blood
behaviour [7, 19–22] by means of adequate non-Newtonian rheological constitutive models. This is particularly
important when investigating the flow in small vessels and those in diseased conditions where their small length
scales emphasise the non-Newtonian nature of blood as discussed above.
Computational Fluid Dynamics (CFD) has been progressively used for modelling the flow in diseased arteries
and has gained favour as a tool for understanding and predicting cardiovascular diseases [23]. This is because in
vivo accurate measurements of the flow field in arteries are difficult to perform, they are usually very costly and
only possible for arteries that allow an easy optical access. Since blood vessels are opaque to visible light, this
may involve the use of short wavelength radiation, to which the vessels are transparent, the use of ultrasound,
or even the intrusion of a small transparent duct to allow optical access [24, 25]. Measurements in complex real
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geometries, such as cerebral aneurysms, are therefore very limited, and numerical models of blood flow can offer
a complementary platform for easy testing in real patient-specific geometries modified to address the prevention
of specific diseases.
The aim of this article is to review investigations of computational hemodynamics with emphasis on CFD stud-
ies in middle cerebral aneurysms. The structure of this review is the following: in Section 2 the hemodynamic
and environmental factors affecting the formation of aneurysms and their classification according to shape, size
and location are presented; Section 3 summarises the main key points needed for modelling cerebral aneurysms
including the mechanical properties of the vessel walls, the corresponding soft tissue model, and the rheologi-
cal model for blood with the different parameter values used in the literature; in Section 4, the patient-specific
models used in CFD are discussed; Section 5 reviews computational hemodynamics studies for middle cerebral
aneurysms; finally in Section 6, we summarise the main remarks and reflect on future directions.

2 Aneurysms
“The term aneurysm comes from the Greek word ana which means across and eurus which means broad”

[26]. Nowadays it is referred to as a weakness or dilation of a wall artery, and it can occur at any point within the
cardiac and peripheral vasculature, but mainly in the abdominal and thoracic parts of the aorta and in the brain
near arterial bifurcations in the Circle of Willis [26, 27]. When an aneurysm ruptures, a haemorrhage takes place,
usually leading to death or morbidity, especially in the case of cerebral aneurysms.

2.1 Types of aneurysms
According to the location of the aneurysms, it is possible to distinguish between three types:

- Aortic aneurysms: these aneurysms occurs in the aorta, which is the main artery that carries blood from the
heart to the rest of the body. Aortic aneurysms can be subdivided into Thoracic Aortic Aneurysms (TAA), that
occur in the part of the aorta travelling through the thorax (chest), and Abdominal Aortic Aneurysms (AAA),
that occur in the part of the aorta passing through the abdomen.
- Peripheral aneurysms: these aneurysms affect arteries other than the aorta or Circle of Willis. For instance,
they can occur in the popliteal artery, which runs down the back of the lower thigh and knee, in the neck, in
the arm or in the femoral artery in the groin.
- Cerebral aneurysms: The most common type of cerebral aneurysms (≈ 85% of all cases) are formed around
the anterior part of the Circle of Willis. The vessels involved in this case are the internal carotid arteries and
the branches that supply the anterior and middle sections of the brain.

2.2 Shape and size of aneurysms
The aneurysms are very variable in shape and size, so a classification according to these characteristics is also

common. It is possible to distinguish between essentially two types of aneurysm depending on their shape (Figure
1):

- Saccular aneurysms: these are mostly cerebral aneurysms found along the Circle of Willis and more than
90% of the intracranial aneurysms are of this type [26]. They are localised deformations of the vessel into a
berry-like or spherical shape, and they tend to form in curved arteries and near bifurcations [28].
- Fusiform aneurysms: these are most commonly found in the abdominal aorta or in the popliteal artery behind
the knee [26]. They are abnormal dilations that involve the total circumference of the arterial wall. They are
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uncommon among cerebral aneurysms, with less than 1% frequency [29].

Since 90% of the middle cerebral aneurysms are of the saccular type, we will focus on this particular type of
aneurysm hereafter.
Another important factor in the characterisation of cerebral aneurysms is their size, since it is closely related with
the risk of rupture [30]. A good understanding and identification of the geometry of real aneurysms is of great
interest for the diagnostic and treatment of aneurysms. Parlea et al. [31] characterise the geometry of different
kinds of saccular aneurysms based on their size and shape. According to their nomenclature (Figure 2), the di-
mensions obtained by angiographic tracings are the neck width (N), the dome diameter (D), the dome height (H),
and the dome semi-axis height (S). The angle, β, at which the dome tilts with respect to the parent vessel is also
presented in Figure 2. A second angle α gives the position of the aneurysms relative to the plane of the vessels
at the bifurcation (the plane of the paper), but for simplicity we consider here only aneurysms in the plane of the
vessels. For D/H << 1, the shape of the aneurysm is an ellipsoid, with the major axis in the vertical direction;
for D/H = 1 it becomes a circle and for values D/H >> 1 an ellipse is again observed, but now with the major
axis in the horizontal direction. On the other hand, for H/S << 2, the aneurysm has a pear shape, for H/S = 2,
it is a circle, and for H/S >> 2 a beehive shape is found. Based on their extensive results of 87 simple-lobed
aneurysms located in many places in the brain, and in particular at the basilar bifurcation (BB), middle cerebral
(MCA), anterior communicating (AcomA), posterior communicating (PcomA), superior cerebellar (SCA), and
posterior cerebral (PCA) arteries, Parlea et al. [31] concluded that the most common saccular aneurysms have a
quasi-spherical shape with D/H ≈ 1.1 and H/S ≈ 1.98. In terms of absolute sizes, the dimensions of aneurysms
vary between 2.81 and 5.72 mm for H, between 3.08 and 6.99 mm for D and between 2.06 and 6.66 mm for
the neck diameter, depending on the location and development stage of the aneurysms [32]. Lauric et al. [33]
report similar size and shape indices as Parlea et al. [31] and others [34,35], and in addition introduced the writhe
number proposed by Fuller [36] as a method to analyse the shape of the saccular aneurysms and to predict their
rupture status by means of the aneurysm dimensions (height, width, and neck diameter). The writhe number,
defined as a geometric invariant of a space curve, has been used quite successfully in this context. “It is used in
curve theory to measure the extent to which a curve twists and coils around itself” [33, 36]. The writhe number
was normally used as a factor to discriminate between healthy vessels and vessels with aneurysms. In the former
case, the writhe number is zero as healthy vessels are modelled essentially as tubular structures. However, when
the writhe number is non-zero the blood vessel is reported as containing a possible aneurysm. Lauric et al. [33]
analysed the distribution of the writhe number values along the whole surface of an aneurysm, and concluded that
ruptured aneurysms tend to have regions with high writhe number values.
Additionally, Raghavan et al. [30] proposed various indices to characterise the shape and size of saccular aneurysms
and their relation to the risk of rupture based on a study with 27 patients with ruptured and unruptured aneurysms.
They found that the lesion’s non-sphericity index (NSI), undulation index (UI), and ellipticity quantified by either
the ellipticity index (EI) or the aspect ratio (AR) were the best predictors of rupture risk. The relations between
these indices, those of Parlea et al. [31] and the associated risk of rupture are listed in Table 1 of Raghavan et
al. [30]. They are not discussed here as they are beyond the scope of this review.
Moreover, Tremmel et al. [37] suggested another important parameter called aneurysm-to-parent vessel size ratio
(SR), defined as the maximum aneurysm height/average parent vessel diameter, incorporating the parent vessel
geometry into a morphological index. They set the average parent vessel diameter at 2.5mm for intracranial
aneurysms and concluded that SR has a significant effect on intracranial aneurysm hemodynamics. They showed
that values of SR < 2 led to simple flow patterns with a single intraneurysmal vortex (strongly correlated with
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low rupture risk), whereas SR > 2 presented multiple vortices and complex flow patterns (strongly correlated with
high rupture risk). Even though all these indices were able to predict the risk of rupture in a large number of
patients, it is still unclear what are the causes of rupture, and more clinical trials are required to validate these
methods.

2.3 Influence of hemodynamic factors in aneurysms

The hemodynamic factors play a fundamental role in the formation, growth and rupture of cerebral aneurysms,
but today it is still unclear whether they are uniquely responsible for this pathology or just one of a combination
of factors including degenerative biological processes (i.e. consequence of biochemical or structural disorders,
diseases or ageing) [26]. In particular, the causes for the initiation of the aneurysms are still not well understood
[27] and therefore its prediction is currently very difficult.
CFD advances in the last decades have provided useful tools to clarify the effect of fluid dynamics in cerebral
aneurysms, and led to the appearance of various hemodynamic indices for detecting aneurysm initiation (these
indices are summarised in Table 1), which are different from the size and shape indices discussed in the previous
section. Ku et al. [38] proposed the oscillatory shear index (OSI) as a numerical parameter to quantify the shear
stress imposed on the arterial wall in pulsatile flow, and also with the purpose of providing an index “to describe
the shear stress acting in directions other than the direction of the time-average shear stress vector”. A value close
to 0.5 represents strong WSS direction changes, while a zero value indicates no change [39]. At this point it is
important to emphasise that the shear stress imposed on the arterial wall is a traction force, which is a force with
normal and tangential components. The WSS is calculated from the traction vector, T, which is defined from
the stress tensor (τττ) as T= τ n. Therefore the WSS is the viscous force working parallel to the arterial wall, the
tangential component of the traction vector expressed as WSS= T-(T·n)n.
The potential aneurysm formation indicator (AFI) was proposed by Mantha et al. [40] and takes into account
“the alignment of the WSS vector with endothelial cells over the course of the cardiac cycle” (large values of
AFI), since it is accepted that the endothelial cells are preferentially aligned in the direction of the time-average
WSS vector. It was found that the stagnation zones detected by AFI (low values of AFI) coincide with aneurysm
locations which demonstrates the useful of this index in the study of the aneurysms formation. Shimogonya et
al. [41] suggested the gradient oscillatory number (GON), which analyses the temporal fluctuations of the spatial
gradient of the WSS vector (SWSSG). It is designed to quantify the disturbance intensity of hemodynamic forces
acting on the wall surface (a higher GON for an increased disturbance). The recent numerical work of Kojima et
al. [42] for pulsatile flow conditions, aimed to determine an effective index for aneurysm growth, has concluded
that aneurysms grow in regions with low wall shear stresses, low values of AFI, and high OSI. More recently, Jou
and Mawad [43] defined an Impingement Index (IMI) “to evaluate the timing and size of flow impingement in
a giant carotid aneurysm”. This new index is closely related with the WSSG since it has a similar definition to
WSSG, except that IMI also provides the direction of the shear stress. Nevertheless, acceptable ranges for GON,
AFI, and IMI have not yet been experimentally determined and this is an area where more investigation is clearly
needed.
In spite of the wealth of indices to evaluate the aneurysm initiation and its subsequent risk of rupture, the literature
is scarce on investigations of the growth process. According to Sforza et al. [27] it is still unclear what are the
mechanisms responsible for the growth of cerebral aneurysms, and they reported two possible main mechanisms
with a common factor, the weakening of the arterial wall of the aneurysm. Those two mechanisms are referred
to as the high-flow effects and the low-flow effects mechanisms. The former is related to an endothelial injury
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with wall remodelling and degeneration as a result of a high WSS [44, 45]. In contrast, the second theory is
based on a localised blood-flow stagnation region in the dome of the aneurysm caused by a slow flow within
the aneurysm, which could lead to the progressive thinning and subsequent tear of the aneurysm vessel wall.
Recently, Tanoue [46] evaluated the hemodynamic changes during the growth process of aneurysms and revealed
the presence of high WSSG in the surroundings of the aneurysm growth region and very low WSS at the growth
region. Other studies also reported correlations between the low WSS and aneurysm growth [47–49].
However, very few studies related to the rupture of aneurysms have been carried out, mainly due to the difficulty
in getting (in vivo) data under such extreme and dangerous conditions.
Overall there is a clear lack of consensus about the hemodynamic factors involved in the initiation, growth and
rupture of cerebral aneurysms, hence finding a reliable and accurate method to calculate the risk of rupture is a
challenging objective in which fluid mechanics in combination with tissue mechanics plays a vital role. Therefore,
it comes as no surprise that over the last decade a large number of investigations have been addressing these issues
from all relevant perspectives, i.e., in vivo and in vitro clinical techniques, as well as experimental and numerical
modelling of the hemodynamics of cerebral aneurysms. In the latter case, the mechanics of soft materials and
biology become essential components. However, looking exclusively into the fluid mechanics of this complex
problem to select a proper mathematical model, that is able to describe the flow behaviour of real human blood is
already a major challenge and would mean a significant step forward. The fluid mechanics aspect is the focus of
the remainder of this review, and will be discussed in detail in the following sections.

3 Computational Fluid Dynamics Methodology

The most common modelling technique used to perform hemodynamic numerical simulations is Computa-
tional Fluid Dynamics based on a continuum approach, described by the Navier-Stokes equations. The governing
equations used in flow dynamics are expressed as:

∇ ·v = 0 (1)

ρ

(
∂v
∂t

+v ·∇v
)
=−∇p+∇ ·τττ (2)

where ρ is the fluid density, v is the velocity field, p is the pressure and τττ is the extra stress tensor. These need to
be solved together with an appropriate constitutive equation describing the fluid rheology (as discussed below in
section 3.1).
For a Newtonian fluid, the stress tensor can be expressed as τττ=2µD, where D is the strain rate tensor D ≡ (∇v+
(∇v)T )/2 and the scalar µ is the constant viscosity [15]. For non-Newtonian fluids, more complex constitutive
relations are needed (see section 3.1) and in their simplest form (the Generalised Newtonian Fluid model) the
viscosity is no longer constant but depends on the second and third invariants of D. The solution of this set of
equations yields a description of the flow at a given point in space and time.
Once the governing equations are selected and a suitable constitutive equation (rheological model) for blood is
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chosen, the boundary conditions must be taken into account. These boundary conditions are the inlet velocity
profile, entry and exit conditions regarding pressure and the flow conditions at the wall in terms of velocity and
pressure. The mechanical properties of the arterial wall are also needed together with an adequate description of
the wall position (Figure 3). Some of these aspects are discussed in more detail in the following sections.

3.1 Rheological constitutive equations for blood

It is well known that blood exhibits rheological properties such as viscoelasticity, shear-thinning, thixotropy
and yield stress [10, 11, 16]. This complex behaviour is influenced by such factors as plasma viscosity, level of
hematocrit and level of aggregation of RBCs (rouleaux) among others. In terms of blood rheology, the behaviour
under steady shear flow is arguably the most well studied experimentally, with the viscosity curve for whole hu-
man blood exhibiting shear-thinning at intermediate shear rates and a Newtonian plateau region at high shear rates
(Figure 4a). In addition, a yield stress value has been measured experimentally at a value around 1.5-5mPa, which
increases with the hematocrit [50]. Apart from the steady shear viscosity, other material properties in oscillatory
shear flows have also been analysed. For instance, Vlastos et al. [51] determined the elastic and viscous com-
ponents of the complex viscosity by means of a viscometer, Sousa et al. [52] used large amplitude oscillatory
shear to assess its non-linear response, and Campo-Deano et al. [16] obtained the viscoelastic moduli G’ (storage
modulus) and G” (loss modulus) performing passive microrheology experiments. Even though the storage and
loss moduli (Figure 4b) clearly indicate a liquid-like behaviour - G” is larger than G’ [16] - the difference is not
so large especially at high frequencies, and this confirms that there is a non-negligible elastic contribution to the
bulk rheology of blood. As explained in Section 1, the role of elasticity will be emphasised in small vessels where
cerebral aneurysms are typically found.
In CFD simulations reported in the literature, different levels of simplification have been considered to describe
the blood rheology, and therefore a range of different models have been used over the last decades, ranging from
simple Newtonian and Generalized-Newtonian models to more complex non-Newtonian viscoelastic models.
Figure 5 compares an experimental measurement of the steady shear viscosity of human blood with the viscosity
curves for the most commonly considered non-Newtonian models, as discussed below. The rheological behaviour
of human blood can be considered Newtonian when the shear rate is high enough, so that internal structures such
as rouleaux do not exist. This high constant shear viscosity of human blood, corresponding to the high shear rate
plateau (η∞), is accepted to be in the range from 3.5 mPa.s to 5 mPa.s according to different authors, such as
Anand and Rajagopal [53] and Bodnar et al. [54]. The value of the shear rate above which blood flow can be con-
sidered Newtonian has been shown to vary depending on factors such as the level of hematocrit, [55]: Eckmann
et al. [8] set this limit at 45 s−1, Stuart and Kenny [56] at 50 s−1 and others state that this limit is in the range of
100 to 300 s−1 [9].
In large vessels, the shear rate can vary between 0 and 1000 s−1 along one pulse of the cardiac cycle, i.e., cov-
ering a wide range of shear rates where the blood viscosity exhibits a variety of behaviours [55]. Moreover,
low shear rate regions appear in some vessel sections such as near bifurcations, graft anastomoses, stenosis, and
aneurysms [55]. Nevertheless, in small vessels the elastic effects are emphasised as explained previously, render-
ing inadequate the use of Newtonian models.
A number of models consider a Newtonian plateau region also at low shear rates, while others take into account
the existence of a yield stress, as is the case of the Herschel-Bulkley and the Casson models. For shear stresses
below the critical yield value, there will be no velocity gradients and the fluid will move as a solid body with a
constant velocity [57] except near the vessel walls in which there is flow, because the stresses exceed the yield
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value (if the stress is everywhere below the yield value there will be no flow). The power-law and the Walburn-
Schneck models are viscosity functions that fit just the intermediate shear-thinning region [58], while others, such
as the models of Quemada, Cross, Carreau, Carreau-Yasuda and a generalisation of the Oldroyd-B model can
additionally capture the two Newtonian plateau regions. These non-Newtonian models are detailed in Table 2.
Apart from these models, other non-Newtonian constitutive equations that take into consideration the blood vis-
coelasticity and thixotropy were proposed in the literature. The need for viscoelastic models arises from the strong
link between the blood structure and the fluid rheology. The viscoelastic character of blood is due to both the de-
formation of individual red blood cells and the formation and disruption of aggregates of RBCs in the flow. The
dynamics of rouleaux involve the storage and release of elastic energy, as well as the dissipation of energy in the
blood due to the evolution of RBCs, its networks and internal friction.
In 1979, Thurston [10] proposed one of the first viscoelastic models of blood inspired on a generalised Maxwell
model showing thixotropy, viscoelasticity and shear-thinning. More recently, Owens [20] proposed a constitutive
equation for whole human blood (Table 3) that is able to link the blood rheology with the aggregation/disruption
of erythrocyte structures at different shear rates. This model showed good agreement with experimental data from
the simple triangular step shear rate experiment of Bureau et al. [59]. Later, Moyers-Gonzalez et al. [21] pre-
sented a non-homogeneous model for whole human blood (also shown in Table 3) based on the previous model
of Owens [20], in which they considered stress-induced diffusion of the cells in addition to the formation and
destruction mechanisms of rouleaux. Other non-Newtonian viscoelastic models such as the Giesekus, sPTT [16],
Oldroyd-B or Generalised Oldroyd-B models [60, 61] were successfully used to mimic the rheological behaviour
of blood in steady and oscillatory flows, and used to numerically predict the flow in vascular conditions represent-
ing diseased vessels with moderate success (Bodnar et al. [54], and Javadzadegan et al. [62]). These rheological
models work in the high-strain or high-strain rate (non-linear viscoelastic) regimes and are able to predict shear-
thinning behaviour as well as reasonable normal-stress effects.
Another class of blood rheology models was developed within a thermodynamic framework by Anand and Ra-
jagopal [53], in which blood is characterised by four independent parameters reflecting the elasticity, the viscosity
of the plasma, the dynamics of rouleaux and their effects on the shear thinning behaviour of the viscosity that
takes place during the flow. This model was shown to be in good agreement with experimental data in steady
Poiseuille flow and oscillatory shear flow [63].

Besides the rheological behaviour of whole blood, it is important to analyse other factors required to perform
meaningful numerical simulations, such as inlet velocity profiles, outlet boundary conditions or the viscoelasticity
of arterial walls. In the next subsections we will discuss these issues in more detail.

3.2 Boundary conditions

To carry out CFD simulations, the boundary conditions (BC) of all computational domains must be for-
mulated, as they are an essential component of the mathematical model and play a very important role in the
performance of computational analysis in cerebral aneurysms. On the arterial/vessel walls, the no-slip and no-
penetration conditions are applied when the wall is considered inelastic. On the contrary, if we consider the
mechanical properties of the arterial wall, the problem becomes more complex and FSI must be applied (FSI will
be discussed in Section 3.3). Often, symmetry boundary conditions are applied to reduce the computational effort
in a problem. In this case, the flow field and the geometry must be symmetric. The boundary conditions related
to inlets and outlets are explained in detail in Sections 3.2.1 and 3.2.2.
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3.2.1 Inlet boundary conditions

Selecting suitable inlet time-dependent velocity conditions is a crucial issue when performing computational
hemodynamic studies. During a cardiac cycle it is possible to distinguish between diastole, during which the ven-
tricles are filling with blood, and systole, during which the ventricles are actively contracting and pumping blood
out of the heart and into the main arteries. Consequently, blood flow is unsteady, showing pulsatile conditions in
all arteries, which have characteristic pulsatile profiles that depend on the local pressure wave and wall compli-
ance [50, 64, 65]. In fact, it is possible to compare the pulses near the heart and in cerebral vasculature, showing
that the velocity decreases as we move away from the heart (Figure 6). For example, the average flow velocities
in the middle cerebral artery (MCA) are approximately 80 cm/s with systolic peaks of 120 cm/s, while near the
heart they are of the order of 80 cm/s with systolic peaks of 160 cm/s [66].
In computational hemodynamics only parts of arteries or of the circulatory system are usually modelled, and the
two typical velocity fields used are steady flow [50], with average velocity values depending on the vessel being
studied, and pulsatile flow. When a CFD study is carried out and no patient-specific data is available (patient-
specific boundary conditions), idealised inlet velocity profiles are defined. The blunt profile and the parabolic
profile are the most commonly used inlet velocity profiles for steady flow studies and can be expressed as:

v =
γ+2

γ
V
[
1−
( r

R

)γ]
(3)

where V is the average velocity, v is the local velocity at the radial position r, R is the radius of the cylindrical
vessel and γ is a constant parameter defining the profile bluntness for a particular profile.
For γ=2 a fully developed parabolic flow is recovered, while higher values of γ correspond to a more plug-like
velocity profile. For the cardiac cycle a value of 9 was found suitable to mimic the blood flow velocity profile.
This value is the result of a fit from experimental data obtained at different points in the cardiac cycle [67].
When the flow is unsteady, apart from the shape of the inlet velocity profile, the velocity waveform should also
be defined. The Womersley profile for unsteady flow formulations is generally the most widely used [68] and
for fully developed pulsatile flow of an incompressible Newtonian fluid in a straight tube of radius R it can be
expressed as:

v =
A
ρ

1
iω

1−
J0(r

√
ω

ν
i3/2)

J0(R
√

ω

ν
i3/2)

 (4)

in which ν is the kinematic viscosity, ω is the angular frequency, J0(xi3/2) is a Bessel function of order zero and
complex argument, and R

√
ω

ν
=α is a dimensionless parameter known as the Womersley number, which is the

ratio of inertial forces relative to viscous forces and is used to characterise the pulsatile flow of a Newtonian fluid
within an artery.
The Womersley number is used to transform a steady profile (e.g. the parabolic and blunt profiles of Eq. 3) into
an unsteady profile. In order to do that, the corresponding velocity profile should be multiplied by a function of
time, with the frequency being derived from the appropriate Womersley number. Based on Eq. 3, the temporal
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and spatial velocity distribution in the case of pulsatile flow is as follows:

v = 2V
[

1−
( r

R

)2
]
+∑Vn

1− J0(βn
r
R)

J0(βn)

1− 2J1(βn)
βnJ0(βn)

einωt (5)

with

βn = i
3
2 αn = i

3
2 R
√

nω

ν
(6)

The Womersley number can vary significantly along the cardiovascular system. For instance, Fung [69] stated
that at rest the value of α in the ascending aorta is approximateely equal to 13.2, dropping to 4.4 in the carotid
artery, and can be further reduced to 0.005 inside the capillaries, where inertial forces become less important and
the flow is determined by the balance of viscous stresses and the pressure gradient [70].
Campbell et al. [71] carried out a study to analyse the effect of the inlet velocity profile in pulsatile CFD sim-
ulations of the flow inside the carotid bifurcation. They evaluated the three previously mentioned inlet velocity
profiles against the patient-specific velocity profile and concluded that the parabolic inlet velocity profile resulted
in values of the mean WSS and OSI similar to simulations using the real patient-specific inlet velocity profile.
Nevertheless, it was found that the inlet velocity profile is not such a decisive factor affecting the values of WSS
or OSI as the change in the morphology of the vessel or even the use of an alternative waveform.

3.2.2 Outlet boundary conditions
Another important boundary condition is the outlet velocity/pressure. In computational problems related with

arterial flow and specifically involving multiple outlets, outflow boundary conditions in domains may also lead
to a variation of local features such as WSS even at regions located far away from the terminal vessels [72, 73].
There are several methods for the outlet boundary condition:

- The Open Boundary Condition, originally proposed by Papanastasiou et al. [74], is the most suitable method
for truncated domains where the outflow boundary conditions are unknown. Subsequently, other authors
have implemented this BC [75–77] and it was also tested successfully by Park and Lee [78] with viscoelastic
models.
- The zero pressure outlet boundary condition is the most widely used [18]. However, this condition is not
the most suitable in the case of hemodynamics studies since it considers atmospheric air conditions at the end
of the vessel, neglecting any change in the pressure and flow rate as a consequence of the influence of the
downstream vessels [79].
- The Resistance Boundary Condition takes into consideration a linear relation between flow rate and pressure
at the outlets and is equivalent to imposing a constant pressure gradient for steady flow simulations. This is a
standard boundary condition, that has been used previously [80–82].
- The Windkessel Model Boundary Condition is a boundary condition to be exclusively used in the context of
the lumped parameter heart model that represents blood flow and pressure in the systemic arteries of the whole
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body (or large parts of the body) using simplified equations. The most common lumped parameter model is
the three-element Windkessel model (RCR) introduced by Westerhof et al. [83]. It can be derived from
electrical circuit analogies with two resistors in sequence with a capacitor, where the current represents arterial
blood flow, voltage represents arterial pressure, resistances (R) represent arterial and peripheral resistance that
occur as a result of viscous dissipation inside the vessels and capacitors (C) represent volume compliance of
the vessels that allows them to store large amounts of blood [84] i.e. the model incorporates also vessel
deformability. It can be applied to both steady and unsteady flow simulations [85, 86].
- The Impedance Boundary Condition is another boundary condition specific to a model, in this case ap-
proximating the arterial network as a 1D tree-like structure, with linearized flow equations that can be solved
analytically, and incorporating time-periodicity of the flow. The model can be 1D, 2D, or 3D and the flow
domain can have multiple outlets. The method needs several cardiac cycles to achieve convergence in the
results and therefore it leads to an expensive simulation.

3.3 Viscoelastic properties of the arterial wall
Modelling the Fluid-Structure Interactions (FSI) between the blood flow and the vessel walls is of great

importance in studies related with hemodynamics in the human circulatory system, since the mechanical properties
of the arteries play a very important role and are at the origin of several cardiovascular complications and events
like aneurysm formation and rupture [87, 88]. Some studies have shown that the elastic properties of the arterial
walls are strongly related with the arterial pressure, which translates into a variation of the stiffness of the arterial
walls during the cardiac cycle [89]. Rourke et al. [87] surveyed the methods and quantities used to estimate
the arterial stiffness. They listed eleven different indices of arterial stiffness, including the ‘arterial compliance’,
‘Young’s modulus’ or ‘elasticity index’, and in addition provided reference values for these indices for healthy
and diseased arteries. The interested reader is referred to Tables 1 and 2 of reference [87] for a complete list. The
typical stress/strain curve of a human artery is shown in Figure 7. These curves were obtained experimentally by
Balzani et al. [90] in the circumferential and the axial directions, and show a strong anisotropy and a pronounced
softening hysteresis. In order to reproduce this behaviour, different models for the arterial walls need to be defined
and subsequently coupled with the fluid domain (CFD) to account for FSI.

3.3.1 Computational Structure Dynamics (CSD)
The governing equations for the structural mechanics of the vessel walls are the equilibrium equations [91]:

ρ
s
(

d2y
dt2 + ε

dy
dt
− fs
)
−∇ ·σs

σ
s

σ
s = 0 (7)

where y is the structural displacement vector, fs is the external body force acting on the structure, ρs is the density
of the tissue material, ε is an artificial-damping coefficient and σσσs is the Cauchy stress tensor with s denoting the
structure (to distinguish it from the fluid stress tensor). The Cauchy stress is expressed in terms of the second Piola-
Kirchoff stress tensor S through the kinematic transformation (S = JF−1 ·σ ·F−T , where FFF is the deformation
gradient and J= detFFF is the Jacobian determinant). The differences between models of the arterial structure lay in
the definition of S.
In the case of linearly elastic materials, S is defined by:

AMR-14-1007, Campo-Deaño, page 12

Applied Mechanics Reviews. Received January 13, 2014; 
Accepted manuscript posted October 29, 2014. doi:10.1115/1.4028946 
Copyright (c) 2014 by ASME

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Downloaded From: http://appliedmechanicsreviews.asmedigitalcollection.asme.org/ on 12/01/2014 Terms of Use: http://asme.org/terms



Si j =
(

λ
−sGi jGkl +µs

(
GilG jk +GikG jl

))
Ekl (8)

where λs and µs are the Lamé constants, Gi j is the contravariant metric tensor in the undeformed configuration,
and Ekl is the Cauchy-Green strain tensor [92].
The two most common hyper-elastic models are the Fung [93] and the Mooney-Rivlin [94,95] models, which are
based on phenomenological descriptions of observed behaviour of different materials. In the former, Si j is defined
by:

Si j = 2D1D2eD2(I1−3)Gi j +
(

KPEN ln
(√

I3

)
−2D1D2

)
gi j (9)

where I1 and I3 are the first and the third invariants of the right Cauchy-Green tensor, D1 and D2 are the Fung
material constants, KPEN is defined as:

KPEN =
2D1D2

(1−2νPEN)
(10)

and νPEN has a value close to 0.5 [92].

For the Mooney-Rivlin hyper-elastic model, the Second Piola-Kirchhoff stress tensor is:

Si j = 2
(

C1 +C2Gklgkl

)
Gi j−2C2GikgklGl j +

(
KPEN ln

(√
I3

)
−2(C1 +C2)

)
gi j (11)

where C1 and C2 are the Mooney-Rivlin material constants, gi j is the contravariant metric tensor in the deformed
configuration and KPEN is defined as [92]:

KPEN =
2(C1 +C2)

(1−2νPEN)
(12)

Torii et al. [96] performed FSI simulations using three different models for the arterial wall in cerebral
aneurysms: 1) linearly elastic material with small-strain assumption, 2) linearly elastic material with finite strain,
and 3) hyper-elastic constitutive model. The hyper-elastic model was able to reproduce the incompressibility and
stiffening behaviour of the arterial wall under high strain. Although this model is theoretically more adequate, the
linearly elastic models are simpler to implement and the results show that these elastic models can also be useful
for the study of the aneurysm-FSI.
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3.3.2 Fluid-structure interaction (FSI)

Fluid-Structure Interactions constitute a multiphysics problem in which one or more solid structures interact
with an internal or surrounding fluid flow [97]. Important boundary conditions at the FSI interfaces in hemody-
namic studies in cerebral aneurysms are [98, 99]:

- displacements of the fluid and solid domains must be compatible: ds = d f

- tractions at these boundaries must be at equilibrium: σs · n̂s = σ f · n̂ f

- fluid obeys the no-slip condition: u f = uw

where d, σ and n̂s are the displacement, stress tensor and unit vector normal to the boundary, with f referring to
the fluid and s to the solid [100].

There are essentially two approaches to solve this kind of problem, the monolithic and the partitioned meth-
ods. In the former approach, the flow and structural equations are solved simultaneously treating the coupled
problem as a whole and allowing for error control, which is favourable for the stability of the calculation. On the
other hand, in the partitioned approach each physical field is solved separately, and therefore, the flow does not
change while the solution of the structural equations is calculated and vice-versa. This latter approach needs the
use of a coupling algorithm to allow for the fluid-structure-interaction and to determine the solution of the coupled
problem [101, 102].
There is another general classification in terms of meshing methodologies: conforming and non-conforming mesh
methods. In the first case, the interface conditions are considered as physical boundary conditions, i.e. the in-
terface location is part of the solution, and continuously defined meshes must conform to the interface and need
to accommodate the movement and/or deformation of the solid structure. In the case of non-conforming mesh
methods, the fluid and solid equations are solved independently from each other, each within their own grids, with
no remeshing necessary [97], with the boundary location and the interface conditions introduced as constraints.
Non-conforming meshing is typically based on the immersed methodologies. The immersed boundary method
was introduced by Peskin [103] to simulate cardiac mechanics and blood flow, and it is widely used [104, 105].
The immersed methods are defined as “a class of FSI methods that add force-equivalent terms to fluid equations
to represent the fluid-structure interaction and to avoid mesh update in the numerical procedure. The immersed
structure can be either a boundary (e.g., a curve in 2D and a surface in 3D) or a body with finite area (in 2D) or
volume (in 3D), either rigid or flexible” [97].

Tezduyar and Sathe [91] and co-workers [92, 106–108] developed space-time FSI techniques that have been
widely used for years [109], and they recently enhanced this technique, increasing its scope, accuracy, robustness
and efficiency by including the deforming-spatial domain/stabilised space–time (DSD/SST) formulation, fluid–
structure interface conditions, preconditioning techniques used in iterative solution of the linear equation systems,
and a contact algorithm protecting the quality of the fluid mechanics mesh between the structural surfaces that
come into contact. These techniques are based on a structural model for arteries developed by that group of
authors, and they extended the hyper-elastic model to the flow in arteries with aneurysms using patient-specific
image based geometries with relative success.
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4 Patient-specific geometry models
Although systematic studies with general configurations are insightful to identify trends, imaging techniques

required to obtain patient-specific geometric models are becoming increasingly important because of the wide
variety of conditions encountered in the human body.
Neal and Kerckhoffs [110] defined Patient-Specific Modelling (PSM) “as the development of computational mod-
els of human pathophysiology that are individualised to patient-specific data”. As such, patient-specific models
in CFD have been used in the last decades in order to study the blood dynamics in cerebral aneurysms to obtain a
very precise geometric model of the brain arteries [111–113].
The first step for obtaining a virtual model is to acquire patient-specific anatomy. Normally, it relies on the use of
non-invasive imaging methods with high-quality to avoid the loss of information from one step to another in image
processing [114–116]. Examples of techniques in which these high-quality images are obtained and used to re-
construct the geometric shape of the aneurysms [117] are: ultrasonography, computed tomographic angiography,
magnetic resonance (MR) angiography, or rotational cerebral angiography. However, depending on the position
of the aneurysm (i.e. basilar artery (BA), posterior communicating arteries (PCoAs) or others), when the blood
flow is received from two sources, it is often very difficult to get a complete 3D model to perform patient-specific
CFD [118]. Castro et al. [118] developed a method to solve this problem by merging 3D rotational angiography
(RA) models from independently acquired rotational angiograms. Once the reconstructed geometry is finalised,
the next step involves evaluating the geometry in which the control volume required for CFD simulations is se-
lected.

5 Computational hemodynamics of middle cerebral aneurysms
Various computational works related with the hemodynamics of middle cerebral saccular aneurysms were

carried out in the last decade. These studies were developed with both Newtonian and non-Newtonian fluid
models and with different boundary conditions, but there is still a lack of studies combining different rheological
models for blood flow and wall models describing FSI to predict aneurysm formation, growth and disruption. In
this Section we analyse the results of these contributions as a function of the rheological blood model, aneurysm
geometry, boundary conditions and mechanical behaviour of the vessel walls.

5.1 Aneurysm hemodynamics using Newtonian models for blood
Numerous studies on the hemodynamics of MCA that model blood as an incompressible Newtonian fluid and

describe the flow by the unsteady Navier-Stokes equations have been reported. Castro et al. [119] used a blood
viscosity of 0.004 Pa.s, assumed rigid vessel walls with no slip boundary conditions and pulsatile inlet velocity
profiles using the Womersley solution. The objective was to study the influence of the geometry of the upstream
parent vessel on the intraneurysmal hemodynamics. They concluded that the geometry of the upstream parent
artery can cause important changes on intraneurysmal hemodynamics, indicating that models without upstream
artery geometry may lead to an underestimation of the WSS in the dome and body of the aneurysm. Marzo
et al. [120] studied the effects of two different inlet transient velocities on the hemodynamics of intracranial
aneurysms: a flat (plug) profile and a spatially developed profile based on Womersley’s analytical solution. They
considered a blood viscosity of 0.0035 Pa.s and a non-linear viscoelastic model for the vessel walls, showing
initially that there was no change in qualitative flow patterns between the two types of velocity profiles. Sub-
sequently, Marzo et al. [121] used a flat velocity profile and rigid arterial walls to carry out an investigation of
modelled hemodynamics using a complete set of boundary conditions from different sources: a 1D model, patient-
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specific measurements, and other alternatives all quantified via the flow rate and pressure waveforms for inlet and
outlet locations. Their results showed significant differences between simulations from patient-specific boundary
conditions and from modelled boundary conditions, especially because of differences in the Re of the flow close
to the aneurysms.
Shojima et al. [122] modelled blood flow with a viscosity of 0.004 Pa.s in a rigid vessel with a pulsatile flow
described by the Womersley velocity profile. They showed that the WSS inside the aneurysm was significantly
lower than in the vessel, and that the WSS of the aneurysm was inversely proportional to its aspect ratio, which
has some connection to the rupture.
Bazilevs et al. [123] proposed a computational framework to accurately simulate the vascular blood flow and FSI
of cerebral aneurysms; they considered both rigid and flexible arterial walls (hyperelastic model) and a pulsatile
velocity profile. Their main conclusion was that the interaction between the blood flow and the wall deformation
had a large influence on the hemodynamic forces acting on the arterial wall relative to the rigid wall, the use of
which was shown to overestimate the wall shear stress magnitude. Moreover, they proved that the WSS depends
strongly on the inlet vessel orientation and on the impingement angle of the blood jet on the arterial wall of the
aneurysm.
Raschi et al. [124] aimed to describe the hemodynamics during the growth of an aneurysm considering an inlet
pulsatile velocity profile according to Womersley. Their computational results compared well with in vitro PIV
experimental data, showing that both approaches were adequate to study the hemodynamics conditions during
the growth and rupture of cerebral aneurysms. Cebral et al. [111] used patient-specific 3D rotational angiogra-
phy images to reconstruct models for computational fluid dynamics in order to characterise the hemodynamics
in intracranial aneurysms and its relation with the aneurysm rupture. They considered a pulsatile velocity profile
(Womersley) and rigid vessel walls, and found that stable flow patterns, large impingement areas and large jet
sizes were better correlated with unruptured aneurysms. In contrast, in the case of ruptured aneurysms there were
more disturbed flow patterns, small impingement zones and narrow jets.
More recently, the CFD work of Miura et al. [125] showed that the aspect ratio, WSS, normalised WSS, OSI,
WSSG, and AFI (defined in Table 1) were important parameters in aneurysm hemodynamics, whereas the size
of the aneurysmal dome and the GON were not significantly influencing parameters. Using multivariant anal-
yses they showed that only cases with low WSS were significantly associated with the rupture status of MCA
aneurysms, thus concluding that WSS may be the most reliable parameter characterising the rupture of MCA
aneurysms. Omodaka et al. [126] carried out numerical simulations of the hemodynamics at the rupture point of
middle cerebral aneurysms using 3D rotational angiography images. They considered a blood viscosity of 0.0035
Pa.s, steady flow velocity and rigid arterial walls, and the results showed that low WSS is related with the rupture
point at the aneurysm wall.
All these results, which are summarised in Table 4, highlight the necessity of designing appropriate geometries
that match as much as possible the real features of the vessel, with patient-specific boundary conditions, instead of
modelled boundary conditions, and defining a consistent interaction between the blood flow and the wall deforma-
tion. All these aspects have been shown to alter the hemodynamics, and their omission leads to an overestimation
of the WSS in the aneurysms.

5.2 Aneurysm hemodynamics using non-Newtonian models for blood

It has been reported that the non-Newtonian properties of blood inside cerebral aneurysms affect the flow
characteristics in a non-negligible way, especially when the flow rate through the vessel is low [127–129]. Va-
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lencia et al. [130] reported that the differences between the Newtonian and non-Newtonian fluid models have a
significant impact on the WSS only when the flow dynamics are unsteady. Notwithstanding the importance of the
complex behaviour of blood flow, very few other studies related with the numerical simulation of hemodynamics
in middle cerebral aneurysms were carried out using non-Newtonian models for blood.
Wang et al. [131] and Bernabeu et al. [132] used CFD to study the hemodynamics in middle cerebral aneurysms
assuming blood as a Generalised-Newtonian fluid with the blood viscosity described by the Carreau-Yasuda (C-
Y) model, together with rigid arterial walls and pulsatile inlet velocity profiles according to Womersley. Wang
et al. [131] studied the hemodynamic factors in a patient-specific geometry with daughter saccules obtained from
cerebral angiography with 1800 rotational scanning. They used WSS or OSI with the aim of finding a correla-
tion between the growth and rupture of the daughter saccule and the hemodynamics. They concluded that a high
OSI (close to 0.5) is responsible for a complex unstable flow and can cause the growth of the daughter saccules.
Bernabeu et al. [132] worked with a patient-specific three-dimensional model of a middle cerebral aneurysm in
order to compare the effect of the rheological model for blood on the WSS. They reported that a WSS signal with
a strong oscillatory component indicates aneurysm rupture risk for thresholds greater than or equal to 1.56 Pa in
the Newtonian case, and 0.94 Pa in the case of the C-Y model. However, with non-oscillatory WSS, the results
obtained were identical for both models.
The Herschel-Bulkley yield stress model was also used by some authors to study the hemodynamics in MCA
[129, 130, 133]. Valencia et al. [129] developed numerical simulations of three-dimensional unsteady flow using
patient-specific models from 3D rotational angiography images, pulsatile flow following the Womersley solution
and rigid walls. Their aim was to study the effects of the non-Newtonian characteristic of blood on the hemo-
dynamic factors and on the WSS. They showed that the predictions of velocity, pressure and WSS distributions
obtained with Newtonian and non-Newtonian models present significant differences only in regions with high
velocity, especially in the case of unsteady flow. They also explained that low values of WSS could be closely re-
lated with a deterioration of the arterial walls. Similar boundary conditions were used in another work of Valencia
et al. [133] to evaluate the effects of the aneurysm geometry and non-Newtonian blood flow in the hemodynam-
ics, wall pressure and wall shear stress. More recently, Evju et al. [134] studied the influence of using different
viscosity models (Newtonian, a modified Cross and Casson models), in combination with different inflow and
outflow boundary conditions, upon the flow characteristic in middle cerebral artery aneurysms considering rigid
vessel walls. They found significant impact on some parameters rsuch as the maximum and the average WSS of
the aneurysm sac (MWSS and AWSS, respectively) and the area of low shear (LSA) given as a percentage of the
total sac area [134]. Although they found some correlations between these quantities and those viscosity models
and boundary conditions, there is no strong correspondence between the WSS parameters and the type, size or
shape of the aneurysms. A summary of these results can be found in Table 5.

Most of the works comparing the influence of Newtonian and non-Newtonian blood models upon the hemo-
dynamics of middle cerebral aneurysms concluded that different flow patterns are obtained, with the Newtonian
model usually leading to an underestimation of the principal hemodynamic factors. However, no studies deal-
ing with the hemodynamics in MCA have been carried out with viscoelastic models for blood. It is clear that
an accurate description of MCA requires the use of non-Newtonian blood models in general and, perhaps, vis-
coelastic models in particular since these models take into account the elasticity and other structural aspects of the
blood, which could lead to a better insight of the initiation, growth and rupture of aneurysms. It is important to
highlight that very recently, Dimakopoulos et al. [135] performed numerical simulations of the hemodynamics in
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stenotic microvessels using the non-homogeneous viscoelastic model proposed by Moyers-Gonzalez et al. [21],
concluding that only the viscoelastic model of blood was able to reproduce the experimental observations. A
similar impact is expected in hemodynamics of MCA, and therefore further numerical simulations using the non-
Newtonian models shown in Tables 2 and 3 are required in order to fully understand the hemodynamics of middle
cerebral aneurysms.
Nevertheless, it is also worth pointing out that some works considering a Newtonian behaviour for blood, showed
a large variability in reported results obtained using different flow solver packages [136], which owes more to
the different solution strategies and discretization methods used than to the choice of the outlet or inlet boundary
conditions or of the software itself [137].

6 Final remarks and future directions
Many published studies investigating the hemodynamics in middle cerebral aneurysms consider Newtonian

blood models, rigid or non-rigid walls and steady flow conditions. Such conditions produce results that differ
significantly from those carried out using FSI between the blood flow and the vessel wall, time dependent flow
conditions and non-Newtonian models for blood flow.
Computational hemodynamics using Newtonian models, and/or simplified geometries are good approximations
to obtain first-hand qualitative results. They allow establishing qualitative trends identifying the possible roles of
mechanisms of aneurysm initiation and growth, but are not adequate for a more quantitative analysis. The studies
of hemodynamics in cerebral aneurysms following a patient-specific approach, combining medical imaging, CFD
analysis, and knowledge of biological responses to hemodynamics forces, can provide a good insight into this
pathology. However, quantitative validation of image-based CFD analysis against experimental and in vivo data
has, to date, not been fully addressed. In fact, CFD is still far from being a tool used directly in the clinical context
of cardiovascular diseases. To move a step forward in this direction a number of important considerations needs
to be taken into account, as summarised below:

- The rheological model for blood should be as accurate as possible. In particular, when dealing with time-
dependent flow in small vessels, a viscoelastic model (non-Newtonian) able to predict shear-thinning be-
haviour, memory effects and normal-stress effects should be used. Ideally, these models should also reflect
the specific mechanisms that affect those rheological properties such as formation/disruption of rouleaux;
- Patient-specific models able to reproduce the correct aneurysm/vessel geometry as well as adequate inlet
velocity profile, and inlet and outlet pressure conditions;
- Realistic arterial wall deformation models that are able to reflect its mechanical behaviour;
- The bio-chemical response of the vessel walls to the mechanical request and the way it affects the wall
constitutive equation.

These considerations would lead to a more realistic assessment of the blood flow dynamics and would increase
the potential of this powerful tool in the diagnostic and guidance of medical treatment of cardiovascular diseases.

Recently, multiscale approaches that couple different models operating at different space scales involving lo-
cal and systemic dynamics [138], have become more common for the study of the human cardiovascular system.
For instance, Forsyth et al. [139] used a multiscale approach to understand the links between single RBC dynam-
ics, ATP release and macroscopic viscosity, all at physiological shear rates. Xu et al. [140] developed a multiscale
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model to study clot formation under various flow conditions; and Grinberg et al. [141] proposed a multiscale
approach for modelling arterial blood flow including modelling of the initial thrombus formation. The multiscale
approach combines the relative simplicity and efficiency of CFD macroscopic models with the accuracy of mi-
croscopic models, and has the potential to shed new light into the macro-micro relationships involving the blood
plasma, RBCs, platelets and/or RBC aggregates. Despite its large computational cost, multiscale approaches are
likely to lead to exciting developments in computational modelling of flow in aneurysms.
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Table 3: Non-Newtonian mathematical models for human blood exhibiting viscoelasticity. Structured models.

Model Constitutive Equation

τττ =
6

∑
j=1

τττ j +2η∞D

Thurston [10] τττ j +λ j
∂τττ j
∂t = 2 ηo, j

1+(λ jγ)̇
2 D

η = η∞ +
6

∑
j=1

ηo, j

[
1+(λ jγ)̇

2
]−1

τττ+µ( ∂τττ

∂t −∇ννν · τττ− τττ ·∇νννT ) = N0kBT µγ̇γγ

µ = nλH
1+gnnλH

Owens [20]a dn
dt =−

1
2 b(γ̇)(n−nst)(n+nst −1)

b(γ̇) = a(γ̇)N0
nst(nst−1)

nst =
η0
η∞
(1+Φγ̇m

1+βγ̇m )(1+ 3
2 a(γ̇)N0λH)

DN0
Dt = Dtr∇

2N0− Dtr
(kBT+κ)∇∇ : τττ

τττ+µ
∇

τ −Dtrµ(∇2τττ+(∇∇ : τττ)δδδ) = N0(kBT +κ)µγ̇γγ

Moyers-Gonzalez et al. [21]b DM
Dt = Dtr∇

2M− Dtr
(kBT+κ)∇∇ : σσσ− a(γ̇)

2 M2 + b(γ̇)
2 (N0−M)

σσσ+µ
∇

σ−Dtrµ(∇2σσσ+(∇∇ : σσσ)δδδ) = M(kBT +κ)µγ̇γγ

T =−pIII +S

S = µBkp(t)+η1D

Anand and Rajagopal [53]c Bkp(t)=−2
( µ

α

)1+2n
(tr(Bkp(t))−3λ)n[Bkp(t)−λIII]

λ = 3
tr(B−1

kp(t) )

n = γ−1
1−2γ

;n > 0

(Cont. in next page)

aN0: number of red blood cells per unit volume; n: average aggregate size; nst : steady state value of n at a given shear rate(γ̇); a(γ̇): aggregation rate; b(γ̇): disaggregation rate; β, Φ: Cross model
parameters; λH : Maxwell relaxation time; gnn=(1/2)bn(n−1)+aN0

bDtr : translational difusivity; µ: averaged relaxation time; κ: constant which takes account of impacts with other blood cells; M: number density of the rouleaux.
cBkp(t)

: Left Cauchy-Green stretch tensor calculated using kp(t)(B) (stress-free configuration reached by instantaneously unloading the body) as the reference configuration; T: Cauchy Stress Tensor.
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(Cont. Table 3)
Model Constitutive Equation

Giesekus [146]d τττ+λ
∇

τ +α
λ

η0
ττττττ =−η0γ̇γγ

PTT [60] ϒ(trτττ)τττ+λ
∇

τ + ξ

2 λγ̇γγτττ+ τττγ̇γγ = η0γ̇γγ

dFor the case of Giesekus and PTT models τττ = τττs + τττp and τττs = ηs γ̇γγ
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Fig. 1: Shapes of aneurysms (reprinted from [147], Copyright 2013 under the license 2.5 CC-BY-NC).
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Fig. 2: Representation of the aneurysms dimensions.
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Fig. 3: Schematic representation of the main processes in handling computational hemodynamics.
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Fig. 4: (a) Steady shear viscosity (η) curve of whole real blood obtained experimentally by Valant et al. [148]. (b) Storage (solid circles)
and loss (open circles) moduli of blood. Adapted from Campo-Deano et al. [16].
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Fig. 5: Average viscosity of whole blood measured experimentally by Valant et al. [148], compared to the different
constitutive models described in Table 2. The experimental viscosity values are an average over blood samples of
Hct ranging between 36% and 49%. The error bars correspond to the standard deviation of the averaged viscosity
values.
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Fig. 6: Pressure and flow waves at multiple sites in the full body model [66]. [Reprinted from Journal of Com-
putational Physics, 244, Xiao, N., and Humphrey, J. D., and Figueroa, C. A., Multi-scale computational model of
three-dimensional hemodynamics within a deformable full-body arterial network, 22-40, Copyright (2013), with
permission from Elsevier.]
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Fig. 7: Cyclic uniaxial tension tests of the media of a human carotid artery in circumferential (1) and axial (2)
directions [90]. [Reprinted from Computer Methods in Applied Mechanics and Engineering. Balzani, D., and
Brinkhues, S., and Holzapfel, G. A., Constitutive framework for the modelling of damage in collagenous soft
tissues with application to arterial walls, 139-151, Copyright (2012), with permission from Elsevier.]
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