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Recently, Mao (2013) discusses the mean-square exponential stabilization of continuous-time hybrid
stochastic differential equations by feedback controls based on discrete-time state observations. Mao (2013)
also obtains an upper bound on the duration t between two consecutive state observations. However, it
is due to the general technique used there that the bound on t is not very sharp. In this paper, we will
consider a couple of important classes of hybrid SDEs. Making full use of their special features, we will

be able to establish a better bound on 7. Our new theory enables us to observe the system state less fre-
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quently (so costs less) but still to be able to design the feedback control based on the discrete-time state
observations to stabilize the given hybrid SDEs in the sense of mean-square exponential stability.

© 2014 The Authors. Published by Elsevier B.V.
This is an open access article under the CC BY license
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1. Introduction

Hybrid stochastic differential equations (SDEs) (also known as
SDEs with Markovian switching) have been used to model many
practical systems where they may experience abrupt changes in
their structure and parameters. One of the important issues in
the study of hybrid systems is the automatic control, with conse-
quent emphasis being placed on the asymptotic analysis of stability
[1-19]. In particular, [20,21] are two of most cited papers (Google
citations 447 and 269, respectively) while [22] is the first book in
this area (Google citation 496).

Recently, Mao [23] investigates the following stabilization
problem by a feedback control based on the discrete-time state ob-
servations: consider an unstable hybrid SDE

dx(t) = f(x(t), r(t), H)dt + gx(t), r(t), t)dw(t), (1)

where x(t) € R" is the state, w(t) = (wi(t), ..., wn(t))" is an
m-dimensional Brownian motion, r(t) is a Markov chain (please
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ljhu@dhu.edu.cn (L. Hu), q_luo_lq@163.com (Q. Luo), jianqiu.lu@strath.ac.uk
(J. Lu).
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see Section 2 for the formal definitions) which represents the sys-
tem mode, and the SDE is in the It6 sense. The aim is to design a
feedback control u(x([t/t]7), r(t), t) in the drift part so that the
controlled system

dx(t) = (F(x(t), r(t), t) + ux([t/T]T), r(t), ))dt
+g&x(©), r(t), Hdw(t) (2)

becomes stable, where t > 0 is a constant and [t/7] is the inte-
ger part of t/7. The key feature here is that the feedback control
u(x([t/t]r), r(t), t) is designed based on the discrete-time ob-
servations of the state x(t) at times O, t, 27, .... This is sig-
nificantly different from the stabilization by a continuous-time
(regular) feedback control u(x(t), r(t), t), based on the current
state, where the aim is to design u(x(t), r(t), t) in order for the
controlled system

dx(t) = (F(x(t), r(t), t) + u(x(t), r(t), t))dt

+gx(), r(t), Hdw(t) (3)
to be stable. In fact, the regular feedback control requires the
continuous observations of the state x(t) for all t > 0, while the

feedback control u(x([t/t]t), r(t), t) needs only the discrete-time
observations of the state x(t) at times 0, 7, 27, .... The latter is

0167-6911/© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/3.0/).
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clearly more realistic and costs less in practice. To the best knowl-
edge of the authors, Mao [23] is the first paper that studies this sta-
bilization problem by feedback controls based on the discrete-time
state observations in the area of SDEs, although the corresponding
problem for the deterministic differential equations has been stud-
ied by many authors (see e.g. [24-28]).

Mao [23] shows that if continuous-time controlled SDE (3) is
mean-square exponentially stable, then so is the discrete-time-
state feedback controlled system (2) provided that t is sufficiently
small. This is of course a very general result. However, it is due to
the general technique used there that the bound on 7 is not very
sharp. In this paper, we will consider a couple of important classes
of hybrid SDEs. Making full use of their special features, we will be
able to establish a better bound on .

Mathematically speaking, the key technique in Mao [23] is to
compare the discrete-time-state feedback controlled system (2)
with the continuous-time controlled SDE (3) and then prove the
stability of system (2) by making use of the stability of SDE (3).
However, in this paper, we will work directly on the discrete-time-
state feedback controlled system (2) itself. To cope with the mix-
ture of the continuous-time state x(t) and the discrete-time state
x([t/t]7) in the system, we have developed some new techniques.
Let us begin to develop these new techniques and to establish our
new theory.

2. Notation and stabilization problem

Throughout this paper, unless otherwise specified, we let
(82, F, {Ft}t>0, P) be a complete probability space with a filtration
{F:}t>0 satisfying the usual conditions (i.e. it is right continuous
and %, contains all P-null sets). Let w(t) = (wy(t), ..., wy(t)"
be an m-dimensional Brownian motion defined on the probability
space. If A is a vector or matrix, its transpose is denoted by A”. If
X € R, then |x| is its Euclidean norm. If A is a matrix, we let |A| =
J/trace(ATA) be its trace norm and ||A| = max{|Ax| : |x| = 1}
be the operator norm. If A is a symmetric matrix (A = AT), de-
note by Amin(A) and Anax(A) its smallest and largest eigenvalues,
respectively. By A < 0 and A < 0, we mean A is non-positive and
negative definite, respectively. Denote by L?ﬂ (R™) the family of all

Fi-measurable R"-valued random variables £ such that E|£|? <
00, where E is the expectation with respect to the probability mea-
sure P. If both a, b are real numbers, then a vV b = min{a, b} and
a A b = max{a, b}. Let r(t), t > 0, be a right-continuous Markov
chain on the probability space taking values in a finite state space
S =1{1,2,..., N} with generator I" = (¥;)nxn given by

i ) =i =i = [PALO i

where A > 0. Here y;; > 0 is the transition rate from i toj if i # j
while

Vi = — Z Vij-
J#
We assume that the Markov chain r(-) is independent of the Brow-
nian motion w(-). It is known that almost all sample paths of r(t)
are constant except for a finite number of simple jumps in any fi-
nite subinterval of R, (:= [0, 00)). We stress that almost all sample
paths of r(t) are right continuous.
Consider an n-dimensional linear hybrid SDE

m
dx(t) = A(r(D)x(O)dt + Y B (r(0)x(t)dwi () 4)
k=1
ont > 0, with initial data x(0) = xg € L?FO (R"). Here A, By : S —
R™™ and we will often write A(i) = A; and Bi(i) = By;. Suppose
that this given equation is unstable and we are required to design
afeedback control u(x(5(t)), r(t)) based on the discrete-time state

observations in the drift part so that the controlled SDE
dx(t) = [A(r(£)x(t) + ux(5(t)), r(t))1dt

+ Y Be(r(©)x()dwi(t) (5)

k=1

will be mean-square exponentially stable, where u is a mapping
fromR" x StoR",t > 0 and

8(t) =[t/t]r fort >0, (6)

in which [t/7] is the integer part of t/t. We repeat that the feed-
back control u(x(5(t)), r(t)) is designed based on the discrete-time
state observations x(0), x(t), x(27), ..., though the given hybrid
SDE (4) is of continuous time. As the given SDE (4) is linear, it is nat-
ural to use a linear feedback control. One of the most common lin-
ear feedback controls is the structure control of the form u(x, i) =
F(i)G(i)x, where F and G are mappings from S to R”*! and R"*", re-
spectively, and one of them is given while the other needs to be
designed. These two cases are known as:

e State feedback: design F(-) when G(-) is given.
e Output injection: design G(-) when F(-) is given.

Again, we will often write F(i) = F; and G(i) = G;. As a result,
controlled system (5) becomes

dx(t) = [AGr(£)x(t) + F(r(©)G(r(£)x(3(t)]dt
+ Y Bur()x(0)dwi(0). (7)
k=1

We observe that Eq. (7) is in fact a stochastic differential delay
equation (SDDE) with a bounded variable delay. Indeed, if we de-
fine the bounded variable delay ¢ : [0, c0) — [0, ] by

()=t —vt forvt <t <t(w+ 1r, (8)
andv =0, 1, 2, ..., then Eq. (7) can be written as
dx(t) = [A(r()x(t) + F(r)G@r)x(t — ¢(t))]dt

+ ZBk(r(t))X(t)dwk(t)- 9

k=1

It is therefore known (see e.g. [22]) that Eq. (7) has a unique solu-
tion x(t) such that E|x(t)|> < oo forall t > 0.

3. Main results

In this section, we will first write F(r(t))G(r(t)) = D(r(t)) and
establish the stability theory for the following hybrid SDE
dx(t) = [A(r(©)x(t) + D(r(t))x(3(t))]dt

m
+ ZBk(r(t))X(t)dwk(t). (10)
k=1

We will then design either G(-) given F(-) or F(-) given G(-) in order
for controlled SDE (7) to be stable.

3.1. Stability of SDE (10)
Let us begin with a useful lemma.
Lemma 3.1. Set

2 2
My = max [|Aill°,  Mp = max || Di||",
ieS ieS

m

2

Mp = max E [I1Brill~,
ieS =1
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and define

K(t) = [6T(TMs + Mg) + 372Mp]ebF *Ma+Ms) (11)

for © > 0.If t is sufficiently small for 2K (t) < 1, then the solution
x(t) of SDE (10) satisfies

2K (1)

2
mEIX(DI (12)

Elx(t) — x(3(0)|* <

forallt > 0.

Proof. Fix any integer v > 0. Fort € [vt, (v + 1)T), we have
§(t) = vr. It follows from (10) that

x(t) — x(8(t)) = x(t) — x(vt)
t
= / [A(r(s))x(s) + D(r(s))x(vt)lds

m t
+3 [ Bromeduo.
k=1 YVt

We can then derive
Elx(t) — x(8(1))[?

t
< 3(tMy + Mp) / E|x(s)|>ds + 3t°MpE|x(k7)|?
T

t
< 6(tMy + Mp) f Elx(s) — x(8(s))|*ds

+[67(tMy + M) + 3t*Mp]E|x(vT)|*.
The well-known Gronwall inequality shows
Elx(t) — x(3(t)))* < K(T)E[x(vT)*.

Consequently
EIx(0) = X(GE) < 2K(@) (ER©) —xGO)F +ER©F).

This implies that (12) holds for t € [vt, (v+ 1)7).Butv > Oisar-
bitrary so desired assertion (12) must hold for all t > 0. The proof
is complete. O

Theorem 3.2. Assume that there are symmetric positive-definite
matrices Q (i) = Q; (i € S) such that

Qi) = @ = QA +Dp) + (A +D)'Q
m N
+ ) BuQBu + Y 1iQ (13)
k=1 j=1

are all negative-definite matrices. Set
A 2
—A = maxX Amax(Q;) and Mgp = max ||QiDi|
ieS ieS

(and of course A > 0). If T is sufficiently small for .. > 2A., where

2MopK (T

)“T = QDi()’ (‘14)
1—2K(7)

then the solution of SDE (10) satisfies

A
Elx(t)? < TMEIXOIZe‘“, vt >0, (15)

m

where Ay = MaXjes Amax(Qi), Am = MiNjes Amin(Q;), K(t) has been
defined in Lemma 3.1 and

A—2A;
PYYR
In other words, SDE (10) is exponentially stable in mean square.

9 = (16)

Proof. Applying the generalized It6 formula (see e.g. [22, Theorem
1.14 on page 48]) to xT (£)Q (r (t))x(t) we get

dIx" ()Q(r ()x(t)]
= (ZXT OQr@)IA(t))x(t) + D(r(t))x(8(t))]

+ 3K OB (0)Qr(E)Bi(r(t)x(t)
k=1

N
+y yr([),,»xT(t)ij(t))dr +dM; (0)

j=1
= (xT(r)Q(r<t>>x<t)

—2x"(OQr(®)D(r (1)) (x(t) — X(S(t))))dt + dM (t).

Here M, (t) and the following M, (t) are martingales with M;(0) =
M;(0) = 0. Their forms are not used so are not specified here as we
will take expectations later and their means are zero. Applying the
generalized Itd formula now to e?'x” (t)Q (r(t))x(t), we then have

dle" X (Qr(E)x(1))
= ¢ (6x QOO +X O OO
~26 (OQUENDIO)X(E) = XB(0) )de + dMa (©).

This implies

t
€ Ex(t))? < AnElxol? + / (Ornm — L)ePE|x(s)|*ds
0

t
+ / 2e%/Mqp E(x(5)|[x(s) — x(8(5))|)ds. (17)
0
But, by Lemma 3.1, we have
2/ Mqp E(|x(s)||x(s) — x(5(s))])
2, Mo 2
< A Elx()|° + TJEIX(S) —x(8(s))l
Mop  2K(7)
Ar 1—2K(7)
= 22, E|x(s)|*. (18)

< %Elx(s)]* + E[x(t)|?

Substituting this into (17) yields
t
Im€ Ex(t))? < AME|Xol? + / Oy + 24, — )ePE|x(s)|ds.
0

But, by (16), 0Ay + 24, — A = 0. Thus
Ame” Elx(0)* < AuE|xo|,

which implies desired assertion (15). The proof is complete. O

3.2. State feedback: design F () when G(-) is given

We can now begin to consider the case of state feedback. In this
case, G(-) is given so our aim is to design F(-) such that controlled
SDE (7) is exponentially stable in mean square. One technique used
frequently in the study of stability of linear SDEs is the method
of linear matrix inequalities (LMIs) (see e.g. [29-32,10]), although
there are other methods (see e.g. the survey paper [33]). We will
use the technique of LMIs to design F(-) in this section.

According to Theorem 3.2, it is sufficient if we can design G(-),
namely G; fori € S, so that we can further find positive-definite
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symmetric matrices Q; (i € S) in order for
Q(Ai + FG) + (A + FG)'Q

m N
+ ZBLQ,-B,(,- + Z]/iij <0, ie€S. (19)
k=1 j=1

We observe that the above matrix inequalities are not linear in Q;
and F;’s. However, if we set Y; = Q;F;, then they become the follow-
ing LMIs

QA + YiGi + A Qi + G Y]
m N
+ ZBLQini + Z yjQ <0, i€S. (20)
k=1 j=1

If these LMIs have their solutions Q; = Qf > 0andY; (i € S), then,
setting F; = Q,-_1 Y;, we have (19). Applying Theorem 3.2, we hence
obtain the following corollary.

Corollary 3.3. Assume that the LMIs in (20) have their solutions Q; =
Qf > 0andY; Set F; = Qf]Y,- and D; = F;G;. Then the conclusion
of Theorem 3.2 holds. In other words, controlled SDE (7) will be expo-
nentially stable in mean square if we set F; = Qi_lYi and make sure
T > 0 be sufficiently small for & > 2X..

3.3. Output injection: design G(-) when F(-) is given

Let us now consider the case of output injection. In this case,
F(-) is given and our aim is to design G(-) so that controlled SDE (7)
is exponentially stable in mean square. Once again, based on The-
orem 3.2, it is sufficient if we can design F(-), namely F; fori € S,
so that we can further find positive-definite symmetric matrices
Q; (i € S) in order for matrix inequalities (19) to hold. Multiplying
Q' from left and then from right, and writing Q' = X;, we see
that matrix inequalities (19) are equivalent to the following matrix
inequalities

m
AXi + FGXi + XAl + XGIF] + > XiBiX.'BuXi
k=1

N
+ ) XXX <0, ies. (21)
=1

By setting G;X; = Y;, these matrix inequalities become

m
AXi + FY; + XA] + Y[ + viXi + ZXiBZ,-X,ﬂBkiXi
k=1

N
+ ) yXX X <0, ies. (22)
J#
By the well-known Schur complements (see [22, Theorem 2.8 on
page 64]), we see these matrix inequalities are equivalent to the
following LMIs

Mi1  Mp Mi3

M, -My 0 |<o0, ies, (23)
M, 0 —Ms;

where

Mii = AiX; + Y + XiAl + Y/ F + yiXi.

M = [XiB;. ..., XiB},],

Mz = [YaXi, - - s SYii—0Xis Vi Xis - - -5 /VinXil,

My = diag[X;, ..., X],

M;s = diag[Xq, ..., Xi—1, Xit1, ..., Xn].

In other words, if the LMIs in (23) have their solutions X; = X,.T >0
andY; (i € S), then, setting Q; = X; ' and G; = Y;X;”', we have (19).
Applying Theorem 3.2, we hence obtain the following corollary.

Corollary 3.4. Assume that the LMIs in (23) have their solutions X; =
X' > 0andY; (i € S).Set Q; = X; ' and G; = Y;X;'. Then the con-
clusion of Theorem 3.2 holds. In other words, controlled SDE (7) will
be exponentially stable in mean square if we set G; = YI-X,-’1 and make
sure t > 0 be sufficiently small for A > 2.

4. Stabilization of nonlinear hybrid SDEs

Let us now discuss a more general nonlinear problem. Assume
that the underlying system is now described by a nonlinear hybrid
SDE
dx(t) = f(x(t), r(t), t)ydt + g(x(t), r(t), t)dw(t) (24)
on t > 0 with the initial data x(0) = x, € Lfto (R"). Here, f : R" x
SxRy — R'andg : R" x S x Ry — R™™. Assume that both f
and g are locally Lipschitz continuous and obey the linear growth
condition (see e.g. [22]). We also assume that f(0,i,t) = 0 and
g(0,i,t) =0foralli € Sandt > 0so thatx = 0 is an equilibrium
point for (24).

Suppose that the given SDE (24) is unstable and we are required
to design a linear feedback control F(r(t))G(r(t))x(5(t)) based on
the discrete-time state observations in the drift part so that the
controlled system

dx(t) = [f(x(t), r(t), t) + F(r(©)G(r(t))x(8(t))]dt
+gx(t), r(t), Hydw(t) (25)

will be mean-square exponentially stable. Recalling the definition
of ¢ by (8), we see that SDE (25) can be written as an SDDE

dx(t) = [fx(), r(t), t) + F(r(6))G(r(t)x(t — £(t))]dt
+gx(t), r(t), Hdw(t). (26)
It is therefore known (see e.g. [22]) that Eq. (25) has a unique
solution x(t) such that E|x(t)|* < oo forall t > 0.
Given that we use a linear control to stabilize a nonlinear sys-

tem, it is natural to impose some conditions on the nonlinear coef-
ficients f and g.

Assumption 4.1. For eachi € S, there is a pair of symmetric n x n-
matrices Q; and Q; with Q; being positive-definite such that

2T Qif (x, i, £) + g7 (x, 1, Qg (x, i, £) < % Qix
forall (x,i,t) € R" xS X R,.

Assumption 4.2. There is a pair of positive constants §; and &,
such that

(0,017 <8ix* and [g(x,i,0)* < &I
forall (x,i,t) € R" xS X R,.
Let us first present a useful lemma.

Lemma 4.3. Let Assumption 4.2 hold. Set
m
83 =ma FGil?,
: ies"; IFGi|

and define

H(z) = [67 (181 + 85) + 37285]e57(F81152) (27)
for © > 0. If t is sufficiently small for 2H(t) < 1, then the solution
x(t) of SDE (25) satisfies

2H(7)

2
T B (28)

E[x(t) = x(8(0)[* <

forallt > 0.
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This lemma can be proved in the same way as Lemma 3.1 was
proved so we omit the proof.

Theorem 4.4. Let Assumptions 4.1 and 4.2 hold. Assume that the
following LMIs

N
U= Qi+ QFG+GFQ+) 1Q <0, ies, (29)
j=1

have their solutions F; (i € S) in the case of feedback control (i.e. G;’s
are given) or their solutions G; in the case of output injection (i.e. F;'s
are given). Set

-Y _maX)Hnax(Ui) and 84 = maX”QIFIGI”

If t is sufficiently small for y > 2y,, where

[ 284H(D)
Yo =1 220G (30)

then the solution of SDE (25) satisfies

Elx(t)| < E|Xo|2 U Ve=o, 31
where Ay = MaXies Amax(Qi), Am = MiNjes Amin(Q;), H(T) has been
defined in Lemma 4.3 and
-2
g= Y _h (32)
AM
Proof. This theorem can be proved in a similar way as Theorem 3.2
was proved so we only give the key steps. Applying the generalized
Itd formula to xT (£)Q (r (t))x(t) we get

dix" (OQ(r(t)x(t)] = (XT(t)U(T(t))X(f)

— 2 (OQE)F ()G (E) () = X(6(1))) )de + dM3 1),

where M3 (t) is a martingale with M3(0) = 0. Applying the general-
ized Itd formula further to e’ x" (¢£)Q (r (t))x(t), we can then obtain

An€” BIX(D)* < AmElxo|? +/ (Orm — y)e™EIx(s)|*ds
0

t
+ / 26"/84E(x(5)[[x(s) — x(8(s)))ds.  (33)
0
But, by Lemma 4.3, we can show

24/84 E(1%(5)|x(5) — x(8(5)]) < 2y Elx(s)[*. (34)

Substituting this into (33) yields

A" EIX(O)] < AmElxol,

which implies desired assertion (31). The proof is complete. O
To apply Theorem 4.4, we need two steps:

1 we first need to look for the 2N matrices Q; and Q, for Assump-
tion 4.1 to hold;

2 we then need to solve the LMlIs in (29) for their solutions F;
(or G;).

There are available computer softwares e.g. Matlab for step 2 so in
the remaining part of this section we will develop some ideas for
step 1. To make our ideas more clear, we will only consider the case
of feedback control, but the same ideas work for the case of output
injection.

In theory, it is flexible to use 2N matrices Q; and Q in Assump-
tion 4.1. But, in practice, it means more work to be done in finding
these 2N matrices. It is in this spirit that we introduce a stronger
assumption.

Assumption 4.5. There are N + 1 symmetric n x n-matrices Z and
Z; (i € S)with Z > 0 such that

2X77f (x,1, ) + g7 (x, 1, )Zg(x, i, t) < x"Zx

forall (x,i,t) € R" x S X R,.

Under this assumption, if we let Q; = ¢;Z and é, = qiZ; for

some positive numbers q;, then Assumption 4.1 holds. Moreover,
the LMIs in (29) become

4Z + GZFGi + aiG F Z + Z yiaZ <0, i€S.
j=1

If we set Y; := q;F;, then these become the following LMIs in g;
and Y;:

N

GZi+2YGi+ G Y[ Z+ Y yyqZ <0,
=1

We hence have the following corollary.

ieSs. (35)

Corollary 4.6. Let Assumptions 4.2 and 4.5 hold. Assume that the
LMIs in (35) have their solutions q; > 0 and Y; (i € S). Then The-

orem 4.4 holds by setting Q; = qiZ, Q, = qZand F; = gq; “1Y,. In
other words, controlled SDE (25) will be exponentially stable in mean
square if we set F; = qi’1 Y; and make sure t > 0 be sufficiently small
fory > 2y,.

An even simpler (but in fact stronger) condition is as follows.

Assumption 4.7. There are constants z; (i € S) such that
2 f(x,1,0) + g (x, 1, 1)
forall (x,i,t) € R" x S X R,.

< z|x)?

Under this assumption, if we let Q; = ¢;I and Q = @z for some
positive numbers ¢q;, where I is the n x n identity matrix, then
Assumption 4.1 holds. Moreover, the LMIs in (29) become

N
FI 4+ gl <0, ies.

=1

qizil + qiFiG; + qiG]

If we set Y; := q;F;, then these become the following LMIs in g;
and Y;:

N

qizil + YiG; + G;FYIT + Z )/U'qjl <0,
j=1

We hence have another corollary.

ieSs. (36)

Corollary 4.8. Let Assumptions 4.2 and 4.7 hold. Assume that the
LMIs in (36) have their solutions q; > 0 and Y; (i € S). Then The-
orem 4.4 holds by setting Q; = qil, @ = qizil and F; = qi_1Yi. In
other words, controlled SDE (25) will be exponentially stable in mean
square if we set F; = qi’lYi and make sure t > 0 be sufficiently small
fory > 2y..

5. Examples

Let us now discuss some examples to illustrate our theory.

Example 5.1. Let us first consider the same example as discussed
in Mao [23], namely the linear hybrid SDE

dx(t) = A(r(t))x(t)dt 4 B(r (t))x(t)dw(t) (37)

ont > to. Here w(t) is a scalar Brownian motion; r(t) is a Markov
chain on the state space S = {1, 2} with the generator

11
=[5 )
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Fig.5.1. Computer simulation of the paths of r(t), x; (t) and x, (t) for the hybrid SDE (37) using the Euler-Maruyama method with step size 10~ and initial values r (0) = 1,

x1(0) = —2and x,(0) = 1.

and the system matrices are
1 -1 -5 -1
A1:|:1 _5]5 AZZI: 1 ]],
1 1 -1 -1
ool L L

SDE (37) may be regarded as a system which switches between two
operation modes, say mode 1 and mode 2, and the switching obeys
the law of the Markov chain, where in mode 1, the system evolves
according to the SDE

dx(t) = A1x(t)dt + Bix(t)dw(t),
while in mode 2, according to the other SDE
dx(t) = Axx(t)dt + Byx(t)dw(t).

The computer simulation (Fig. 5.1) shows that this hybrid SDE is
not mean-square exponentially stable. (The simulation of the paths
is sufficient to illustrate since it is known that the mean-square
exponential stability implies the almost sure exponential stabil-
ity [22].)

Let us now design a discrete-time-state feedback control to sta-
bilize the system. Assume that the controlled hybrid SDE has the
form

dx(t) = [A(r(£)x(t) + F(r(£))G(r(t))x(8(t))]dt

+ B(r (t))x(t)dw(t), (38)
where
G =(1,0), G, =(0,1).

Our aim here is to seek for F; and F, in R?*! and then make sure
t is sufficiently small for this controlled SDE to be exponentially
stable in mean square. To apply Corollary 3.3, we first find that the
following LMIs

Q = QA + YiGi + Al Q + G] Y] + B[ QB

2
+ ) wQ <0, i=12
j=1

have the following set of solutions Q; = Q, = I (the 2 x 2 identity
matrix) and

—10 0
Y1=|:0i|v Y2=|:_]0i|v

and for these solutions we have

~ —16 0 - —8 0
Ql:[ 0 —8] sz[ 0 —16]'
Hence, we have

—h = maXAma(Q) = 8, Myc = max |Y,Gi|* = 100.
1=1, i=1,

To determine A,, we compute
My = 27.42, Mg =2,

Hence

L 200K (1)
TV 1=2K(x)’

where K(t) = [67(27.427 + 2) + 30072]eb"?7-427+2) [t is easy to
show that A > 2\, whenever t < 0.0046. By Corollary 3.3, if we
set F; = Y; and F, = Y, and make sure that T < 0.0046, then the
discrete-time-state feedback controlled hybrid SDE (38) is mean-
square exponentially stable. The computer simulation (Fig. 5.2)
supports this result clearly. It should be pointed out that it is re-
quired for T < 0.0000308 in Mao [23], while applying our new
theory we only need < 0.0046. In other words, our new theory
has improved the existing result significantly.

Mp = 100, Mgp = 100.

Example 5.2. Let us now discuss one more example, where we will
not only illustrate our theory but also explain a new concept which
may motivate a further research.

Letr(t),t > 0, be aright-continuous Markov chain on the prob-
ability space taking values in the state space S = {1, 2} with gen-
erator

I = —V12 Y12 7
Y21 —V21
where both y; > 0 and y»; > 0. Consider an unstable nonlinear

hybrid SDE
dx(t) = f(x(t), r(t), Hdt + g(x(t), r(t), Hdw(t). (39)
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Fig. 5.2. Computer simulation of the paths of r(t), x; (t) and x, (t) for the controlled hybrid SDE (38) with T = 10~ using the Euler-Maruyama method with step size 10~%

and initial values r(0) = 1,x;(0) = —2 and x,(0) = 1.

Here, f and g are both mappings from R" x S x R, to R". This SDE
may be regarded as a system which switches between two opera-
tion modes, say mode 1 and mode 2, and the switching obeys the
law of the Markov chain, where in mode 1, the system evolves ac-
cording to the SDE

dx(t) = f(x(t), 1, t)dt + g(x(t), 1, t)dw(t),
while in mode 2, according to the other SDE
dx(t) = f(x(t), 2, t)dt + g(x(t), 2, t)dw(t).

Assume that in mode 1, the state x(t) can be observed at dis-
crete times (intermittent time instants) but in mode 2, it is not
observable. Therefore, we can design a feedback control based on
discrete-time observations of the state in mode 1, but we cannot
have a feedback control in mode 2. In terms of mathematics, the
controlled SDE is

dx(t) = [f(x(t), r(t), ) + F(r(t))G(r(t))x(8(t))]dt
+gx(t), r(t), t)dw(t), (40)

where G; = I, the n x n identity matrix but G, = 0. Given G, = 0
we can simply set F, = 0. Hence, the stabilization problem be-
comes: can we find a matrix F; € R™" so that the controlled SDE
(40) becomes exponentially stable in mean square?

To give a positive answer to the question, we assume that f
and g obey Assumptions 4.2 and 4.5, respectively. To apply Corol-
lary 4.6, we only need to look for the solutions g1, q; > 0and Y; €
R™" to the following LMIs

GZ1 + 2 + Y{Z — yuqiZ + y12g2Z < 0 (41)
and

02 + Y2191Z — ya1q2Z < 0. (42)
It is easy to see from (42) that we have to assume

Zy — y1Z < 0. (43)

This means that the rate at which the system switches from the
unobservable mode 2 to the observable mode 1 should be suf-
ficiently large. This is reasonable because the system in mode 2

is not controllable while it is controllable (hence stabilizable) in
mode 1. Let us now choose q; = 1. Under condition (43), we can
further choose
Amax(Z
0 > Y21Amax(Z) (44)
Amin(Y21Z — Z3)

for (42) to hold. Finally, we can choose Y; to be symmetric for
G121 + 2ZY1 — yuqiZ + y12q2Z = —1, (45)

where I is the n x n identity matrix. That is, we set

Y; = 0527 (1 — qiZ1 + yi2 (a1 — 42)2), (46)

which guarantees (41). Let us summarize what we have so far: un-
der condition (43), we can choose q; = 1 and g, sufficiently large
for (44) to hold and then compute Y; by (46) and set F; = Y;.

To determine 7, we note that 83 = 8, = ||F;||>. We then com-
pute

—Y = max )Lmax(Ui)’
i=1,2

where
Ui =—I, Uy =qZ + yu(1 —q2)Z.

Finally, make sure that t > O is sufficiently small for 2y, < y,
where y, can be computed by (27) and (30). Then, by Corollary 4.6,
controlled system (40) is exponentially stable in mean square.

6. Conclusions and further comments

In this paper we first show that unstable linear hybrid SDEs can
be stabilized by the linear feedback controls based on the discrete-
time state observations. We then generalize the theory to a class
of nonlinear hybrid SDEs. Making full use of their special features,
we have established a better bound on t and this is supported
particularly by Example 5.1. Of course, the bound on t obtained
in this paper is certainly not optimal. It is a challenge to obtain the
optimal bound, even in the linear case.

The theory established works well for linear hybrid SDEs or a
class of nonlinear hybrid SDEs which satisfy Assumptions 4.1 and
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4.2. These assumptions are somehow restrictive. It is useful and
interesting to replace these by weaker conditions. Moreover, we
assume in this paper that the mode r(t) is available for all time
although we only require the state x(t) to be available at discrete
times. This is the case, for example, when hybrid SDEs are used to
model electric power systems [34] and the evasive target tracking
problem [3]. On the other hand, one may consider the case when
the mode r(t) is available at discrete times while the state x(t) is
available for all time. However, due to the page limit here, we will
report these results elsewhere.
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