Counting All, Counting On, Counting Up, Counting Down: The Role of Counting in Learning to Add and Subtract.

In the last twenty years research on children’s acquisition of numerical skills and concepts has been a vibrant topic of enquiry amongst psychologists and educators alike.  While there has been a diversity of interest between the different disciplines, there is consensus in their recognition that young children have much more mathematical knowledge and understanding than was once thought possible. One very significant finding, largely precipitated by the seminal work of Gelman and Gallistel (1978) is that children as young as three years of age may be able to count with an implicit understanding of what they are doing.  Such counting is not to be thought of as the mechanistic, rote process once so derided by Piaget (1952) but rather as principled knowledge which allows children to make precise quantitative judgements as distinct from exclusively perceptual or qualitative judgements.  According to Schaeffer et al, and Gelman and Gallistell, the essence of this knowledge is understanding the ‘cardinality rule’ or the ‘cardinal principle’; of knowing that the last count word in a sequence represents the numerosity of the set of countables.  And it is this knowledge, which underlies learning to add (Groen and Parkman, 1972; Fuson, 1982; Secada et al, 1983) and to subtract (Wood et al, 1975; Fuson, 1986).  If counting is critical to the development of addition and subtraction, then clearly it is desirable to understand what the relationship might be.

The Development of Addition and Subtraction

The end product of learning to add and subtract is being able to retrieve addition and subtraction ‘facts’ from memory; of being able to produce accurate and automatized responses when required to sum numbers or to find the difference between numbers.  But this is very much an adult strategy to which normally developing children move only gradually (Resnick, 1989).  Until children can make full use of the retrieval strategy (and for some, perfectly normal, children this may not be until they are eleven or twelve years of age) they have to deploy other strategies to enable them, to find sums or differences.  One such strategy is counting.

An intermediate position between making exclusive use of counting and being able to retrieve ‘facts’ from memory is to derive ‘new facts’ from one’s repertoire. Thus, for example, the child might calculate that the sum of four and five is nine because five is one more than four and he/she already has in memory the fact that four and four are eight.  Progress towards the mature strategy of retrieval, then, is a process of the gradual abandonment of counting with a complementary gradual institution of the ‘number facts’.  While many children at the end of primary education will use the retrieval strategy predominantly when they are performing addition and subtraction operations, it is, nevertheless, perfectly possible for others to spend the entire period of primary education using a counting strategy to obtain solutions to such operations.  While counting is the means by which the child begins to make sense of addition and subtraction, the literature (Fuson, 1982; Secada et al, 1983; Fuson and hall 1983) further documents that in counting, children will use different procedures.

Counting Procedures for Addition

The procedure which the child typically first uses is one of counting-all; of counting out two sets of objects, one for each of the addends, combining the two sets and then counting the newly combined set.  So if the child was adding three and five, he/she would count out three objects (for the first addend), would then count out five objects (for the second addend) and would finally merge both sets of objects and count the number of objects in the enlarged set.  With practice in counting the actual objects, the child comes to realise that the objects need not be perceptually present in order to be counted but can be represented by the counting words.  That the counting words are recognises as themselves being the objects which can be counted (Resnick, 1983,1989) is a significant achievement because of what it suggests about the child’s awareness of counting as cognitive activity.  However, this is not to say that because the child ‘knows’ that counting is mental activity, that he/she abandons the use of actual objects for counting.  Rather, the knowledge that counting is mental activity creates the potential for abstract manipulation because counting is recognised as being applicable to episodes which are neither immediately, nor physically, present.

A refinement of the counting-all procedure is the counting-on procedure.  In the counting-all procedure, the sum is found by counting the total number of entities which comprise the addends.  So in finding the sum of four and two, the child who is using the counting-all procedure will verbalise, ‘one, two, three, four, five, six’. The counting-on procedure, however, is more sophisticated.  Here the child begins the count with the number name which represents the numerosity of one of the addends. So in finding the sum of four and two would verbalise, ‘four, five, six’ or, ‘two, three, four, five, six’.  While it is more efficient to begin with the larger of the two addends, and while indeed children can often be observed using this more efficient procedure, others will begin the counting-on procedure from the first addend, even if it is smaller.

According to Groen and Parkman (1972) Groen and Resnick (1977) and Resnick (1983) the counting-on procedure spontaneously emerges from the counting-all procedure; for some, children.  Counting-on has been observed in children of four years of age and, can be common among six-year olds (Carpenter and Moser, 1984; Geary 1990).  The significance of the counting-on procedure, particularly when it emerges spontaneously, is in what it says about the child’s understanding of addition: when the child starts counting from the first addend name, the child knows that the addend name summarises the procedure of counting all of the entities in that addend.  In other words the child is giving cardinal meaning to this first addend.  The child knows that he/she could indeed count entities to the value of the addend but that to do so would yield no surprises.

Accepting that there is no need to count what he/she already knows to be the case, the child uses the addend name as the first count word to count on the entities of the second addend.  The child also knows that each new entity which is counted on to the addend successively changes the cardinal meaning of the set. Thus the child who counts on has a deeper level of understanding than the child who counts all does.  At least part of this understanding would seem to come from the already developed knowledge that counting is mental activity.

Counting-on is at least tacitly recognised by many teachers as being useful to the child.  However, according to Resnick (1983) this procedure is not directly taught to children.  Perhaps because counting-on develops spontaneously in some children, it. is considered to be a concept which is resistant to pedagogical intervention? And yet, the available evidence (Geary and Brown, 1991; Geary et al, 1991; Irwin, 1991) suggests that those children who have learning difficulties in mathematics are ’tied’ to the, most. rudimentary of counting procedures. However, it does , seem to be possible for the teacher to intervene in such a way as to ‘move’ the child from counting-all to counting-on.  Irwin(1991) documents an account of Downs Syndrome children being able to master the procedure of counting-on within one week.  These children were specifically trained in what Secada et a1 (1983) had identified as the three component skills of counting-on: oral rote counting from a number greater than one; giving the cardinal value, or final count name, of a set; and giving the count word which follows the cardinal number of the first set.

Fuson (1982) and Carpenter and Moser (l982) both observe that children will, at times, use the counting-all procedure even when they are capable of using the counting-on procedure.  It seems that many children who have demonstrated the counting-on procedure will revert to the counting-all procedure (at least for a time, and despite the extra time and effort involved in counting-all) when the entities (or their representations) for the addends are physically available.  Carpenter and Moser (1982) argue that many children can be forced into using the counting-on strategy by the non-availability of physical aids.  Such a view raises questions about the educational utility of concrete materials (so lauded in the rhetoric as being important) always being available.  If the child can use the procedure of counting-on then he/she should be encouraged to do so, and one form of this encouragement is not to ply the child with cubes, counters or other physical aids.

Counting Procedures for Subtraction

An early procedure in subtraction is one in which the larger quantity(the minuend) is initially represented. The smaller quantity (the subtrahend) is removed from the minuend and what is left is counted.  Just as the child realises that countables need not be perceptually present in order to add, so the child comes to realise             that subtraction is also mental activity.  Such knowledge finds manifestation in a procedure referred to as counting-down. In this procedure the child initiates a backward counting sequence, starting from the minuend and continuing until each member of the subtrahend has been accounted for.  Thus in finding the difference between four and two, the child who is using the counting-down procedure will verbalise, ’four. . . three, two’. In finding the difference between seven and three, the child will verbalise, ‘seven. . . . six, five, four’. The backward counting sequence contains as many counting number names as the given smaller quantity, and the last number name uttered in the counting sequence is the answer.

An alternative subtraction procedure is counting-up.  Here the child initiates a forward counting sequence, starting from the subtrahend and ending with the minuend. Thus in finding the difference between four and two, the child who is using the counting-up procedure will verbalise, “two . . . . three, four’. In finding the difference between seven and three, the child will verbalise, ‘three. . . . four, five, six, seven’.  The number of counting words uttered in the sequence has to be kept track of by the child because it is the number of words in the sequence which comprises the answer.

Just as there seems to be a qualitative difference between counting-all and counting-on, so there seems to be a similar distinction between counting-down and counting-up.  Counting-down corresponds to a very basic way of thinking about subtraction: to the notion of taking away.  But counting-up is a more sophisticated way of thinking about subtraction: of construing it as complementary addition.  .Counting-up suggests that the child knows, albeit implicitly, that numbers are composed of other numbers and that any number can be decomposed into parts.  Armed with such knowledge it is not difficult for the child to begin to appreciate the relationship between addition and subtraction.

While counting-down may be the more primitive procedure, it has been fairly widely reported as having been observed in children who range in age from three to thirteen years (Wood et al, 1975; Ilg and Ames, 1951; Lankford, 1974; Starkey and Gelman, 1982; Siegler, 1987). The incidence of counting-down may. be attributable to methods of teaching typically adopted where subtraction is characterised in the exclusive form of taking away. And yet, according to Baroody (1984) and Fuson, Richards and Briars (1982) children find counting-down much more difficult than counting-up.  It appears that when. children have a choice as to whether to count-down or count-up, they choose to count-up Carpenter and Moser, 1984; Thornton, 1990).  However, if counting-up is not explicitly taught as a procedure which can yield answers to subtraction operations, children will not have a choice in what procedure to use until such times as their understanding of the relationship between numbers and their constituent parts is sufficiently advanced to let them see for themselves that subtraction is the inverse operation of addition.  The possibly lengthy time taken by children to discover for themselves (as against the possibly shorter time which might be needed for systematic teaching) that counting-up is an appropriate way in which to carry out subtraction operations may well account for the fairly common finding that subtraction is more difficult than addition. Indeed such a position would be supported by the findings of Fuson and Fuson (1992) who found that children were as fast and as accurate when subtracting as when adding; when the procedure of counting-up was used for subtraction and when the procedure of counting-all was used for addition.

Conclusion

The evidence suggests that the role of counting in learning to add and subtract is fairly. complex.  Not only does counting allow the child, to obtain, procedurally, the answers to addition and subtraction operations but it also allows the child to develop conceptual knowledge about number.  Moreover, this knowledge about number appears to become more sophisticated (and hence more powerful its owner) as the counting procedures themselves become more sophisticated. In one’s attempts to promote the child’s understanding of number it would seem highly desirable for the teacher to be able to identify what counting procedures the child is using and, where appropriate, enable the child to move to a more sophisticated procedure.  The pedagogical practices required to enable the child may, however, have to be more sensitive than some of the methods and routines which currently attract fairly powerful approbation.  There may be times, for example, where it is appropriate to dissuade or even prohibit a child from using concrete counting aids, because their use keeps the child tied to a more primitive counting procedure.  It may also be appropriate to introduce children, at a much earlier stage than has hitherto been the case, to subtraction as a concept which includes, but is not delimited by, the idea of taking away.  And finally, and more generally, it would seem to be very appropriate for us as teachers to recognise and respect the extent of the child’s mathematical understanding: to recognise that mathematical understanding will not be the same for all children; and to respect the child’s attempts in his/her construction

of mathematical understanding.
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