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Abstract

In this paper we investigate non-linear precoding solutions for the problem of broadband multiple-input multiple-
output (MIMO) systems. Based on a polynomial singular value decomposition (PSVD) we can decouple a broadband
MIMO channel into independent dispersive spectrally majorised single-input single-output (SISO) subchannels. In this
contribution, the focus of our work is to explore the influence of approximations on the PSVD, and the performance
degradation that can be expected as a result.

1 Introduction

Multiple-input multiple-output (MIMO) technology has recently received considerable attention due to the tremendous
increase in system capacity gained by the high spectral efficiency of the spacial dimension utilisation [1, 2]. This mo-
tivates the growth of high data-rate applications in the real world of the commercial wireless communication systems.
The communication channel of these systems cannot be considered as frequency-flat channel, usually referred to in the
literature as broadband channel, and hence incurs inter-symbol-interference (ISI) along with co-channel-interference
(CCI). In order to realise the anticipated high capacity gain of MIMO broadband systems a sophisticated transceiver
design [3, 4, 5, 6] that combat these interferences as well as do not admit any redundancy is of particular interest.

Therefore, we propose a non-block based approach, which is based on a generalisation of the SVD — optimal
in many ways to enable communication over a narrowband MIMO channel [7] — to the broadband case. A recently
proposed polynomial SVD (PSVD) [8] is applied to decouple the broadband MIMO system into frequency-selective
single-input single-output (SISO) subchannels of ordered quality, similar to [9]. These broadband SISO subchannels
are individually equalised using nonlinear Tomlinson-Harashima precoding (THP) [10, 11], whereby the decision
delay can be independently optimised for every subchannel. The PSVD decomposition is achieved by an iterative
algorithm that is required a large number of algorithmic steps in order to neatly transfer the energy of the channel
matrix onto the main diagonal and eliminate the off-diagonal elements of this broadband MIMO channel.

In this work, the effect of the number of PSVD iterations on the performance is investigated aiming to estimate
a reasonable cut-off number of iterations that is hardly sacrificing any performance. Furthermore, two THP methods
to mitigate the ISI of the resultant dispersive SISO subsystems is presented and compared that showing a transferable
property of this two methods with respect to temporal and spatial interferences.

The rest of this paper is organised as follows. In Sec. 2, the PSVD algorithm is first reviewed and used to mitigate
CCI which highlights the motivation of an approximate PSVD version. ISI mitigation is also introduced with two alter-
nate THP methods. Simulation results are presented in Sec. 3 to investigate both ISI and CCI mitigation performance,
while conclude remarks are drawn in Sec. 4.
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2 System Model

A MIMO frequency selective channel created byN transmit andM receive antennas can be described by a finite
impulse response (FIR) filterH[l ] or its corresponding transfer functionH(z)given by

H(z) =
L

∑
l=0

z−l H[l ] . (1)

The matrix-valued character of (1) results in the transmission system suffering from both spatial interference in terms
of co-channel interference (CCI) as well as temporal interference in terms of inter-symbol interference. In (1),L is
the order of the MIMO system andH[l ] is anM ×N matrix containing the channel impulse response coefficients at
lag l , such thathmn[l ] is thel th complex baseband channel coefficient of the FIR filter describing the path from thenth

transmit antenna to themth receive antenna.
In [9, 12] the joint equalisation and precoding of this broadband MIMO system is performed in two steps. Firstly,

using a polynomial SVD (PSVD) algorithm [8] the MIMO problem is reduced to decoupled, parallel dispersive spec-
trally majorised SISO subchannels, thereby eliminating CCI in this step. Secondly, THP [10, 11] is applied to the
resulting SISO subchannels to mitigate their individual ISI. This section reviews both steps, with an emphasis on
simplifying the PSVD calculation such that computational cost is reduced at the expense of a poorer approximation
of the characteristics of an ideal PSVD. This reduced complexity scheme is combined with two different SISO-THP
schemes, which are compared in terms of their BER performance.

2.1 CCI Mitigation via Polynomial SVD

The application of a broadband singular value decomposition algorithm detailed in [8] to the channel matrixH(z) in
(1) leads to a decomposition

H(z) =U(z)D(z)Ṽ(z) (2)

with paraunitary matricesU(z)andṼ(z)and an approximately diagonalised and spectrally majorised matrixD(z). This
decomposition is achieved by an iterative algorithm, which in each step eliminates the largest off-diagonal element
by a delay step and a Givens rotation [8]. The algorithm has been shown to converge by transferring the energy of
the channel matrix onto the main diagonal, and the approximation is due to limiting the number of algorithmic steps
and the order of the resulting polynomial matricesU(z), V(z)andD(z). The iteration steps are defined such that both
U(z)∈ CM×M(z)andV(z)∈ CN×N(z)are paraunitary (or lossless) by definition, i.e.

Ũ(z)U(z) =U(z)Ũ(z) = U(z)UH(z−1) = I . (3)

The matrixD(z)∈ CM×N(z) is diagonal

D(z) =diag{D0(z),D1(z), · · · ,DK−1(z)} , (4)

whereK = min(M,N). The diagonalisation in (4) can be ambiguous and has to be tied down by an additional
constraint. As an extension of the ordering of singular values in the standard SVD, the algorithm in [8] aims to
spectrally majoriseD(z), such that

D0(e
jΩ) ≥ D1(e

jΩ) ≥ ·· · ≥ DK−1(e
jΩ) ∀Ω , (5)

whereDk(ejΩ) = Dk(z)|z=ejΩ . Note that due to the iterative nature and the finite number of steps of the algorithm
in [8], (4) and (5) may only be approximately fulfilled. This is demonstrated in Fig. 1 for a normalised broadband
3x3 MIMO channel of fourth order with a coefficient profile|hmn[l ]| shown in Fig. 1(a). The resulting approximately
diagonalised systemD(z) according to (4) is depicted in Fig. 1(b), whereas spectral majorisation according to (5) is
highlighted in Fig. 1(c).

Referring to (2) and by defining a precoderP(z) =V(z)and an equaliserE(z) =Ũ(z), the overall MIMO broadband
systemH(z) can be reduced to a diagonalised systemD(z) such that for a transmitted data streamsX(z) the received
data is given by

Y(z)= D(z)X(z)+ξ (z), (6)

27th NATIONAL RADIO SCIENCE CONFERENCE, NRSC’2010
Menoufia University, Faculty of Electronic Engineering, Menouf, Egypt, March 16 - 18, 2010



0 2 4
0

0.2

0.4

0 2 4
0

0.2

0.4

0 2 4
0

0.2

0.4

0 2 4
0

0.2

0.4

0 2 4
0

0.2

0.4

0 2 4
0

0.2

0.4

0 2 4
0

0.2

0.4

0 2 4
0

0.2

0.4

0 2 4
0

0.2

0.4

time index, n

m
ag

ni
tu

de
 o

f t
he

 c
ha

nn
el

 F
IR

(a)

0 20 40
0

0.2
0.4
0.6
0.8

0 20 40
0

0.2
0.4
0.6
0.8

0 20 40
0

0.2
0.4
0.6
0.8

0 20 40
0

0.2
0.4
0.6
0.8

0 20 40
0

0.2
0.4
0.6
0.8

0 20 40
0

0.2
0.4
0.6
0.8

0 20 40
0

0.2
0.4
0.6
0.8

0 20 40
0

0.2
0.4
0.6
0.8

0 20 40
0

0.2
0.4
0.6
0.8

time index, n

m
ag

ni
tu

de
 o

f t
he

 c
ha

nn
el

 F
IR

(b)

−0.5 0 0.5
−35

−30

−25

−20

−15

−10

−5

0

5

Normalised frequency, Ω/2π

|D
i(e

jΩ
)|

2  [d
B

]

 

 

D
0
(ejΩ)

D
1
(ejΩ)

D
2
(ejΩ)

(c)

Figure 1: (a) Sample 3x3 fourth order MIMO channel probe and its PSVD, showing (b) an approximately
diagonalised system with SISO subsystems and (c) the magnitude responses along the main diagonal.

whereξ (z) represents additive white Gaussian noise at the receiver. Noting that the z-domain representation of a
random process does not exist, (6) utilises thez-domain for notational convenience only, while all calculations would
be performed in the time domain.

The ideal decoupling of the MIMO system in (6) such that CCI is eliminated requires exact diagonalisation of
H(z) by the PSVD algorithm. However, due to the approximate and iterative nature of the PSVD algorithm this is
not necessarily fulfilled and off-diagonal elements of finite size may remain inD(z), which is likely to deteriorate
the overall error performance. Therefore, the selection of the number of iteration (NoI) of the PSVD algorithm is
important if good performance is to be attained. The effect of NoI on performance is twofold, as off-diagonal elements
consume part of the system power, and an imperfectly diagonalisedD(z) will admit CCI. Therefore the idealistic
approximation in (6) can be more correctly described by the time domain formulation for theith received symbol
streamyi [l ], i = 0,· · · ,K−1, as

yi [l ] =
Li

∑
ν=0

dii [ν ] ·xi [l −ν ]+
K−1

∑
m=0
m6=i

Lim

∑
ν=0

dim [ν ] ·xm[l −ν ]+ξi [l ] . (7)

The quantitiesLi andLim in (7) denote, respectively, the order of the main and off diagonal polynomials ofD(z), such
that the majority of system energy is preserved. In the following, we worked with a figure of 99.9%. The second term
on the l.h.s. of (7) represents the residual CCI contributed by the off-diagonal terms inD(z).

2.2 ISI Mitigation

After mitigating CCI, ISI incurred through dispersion of individual SISO subchannels remains to be tackled. In [12]
the spectral majorisation of the PSVD algorithm is exploited to maximise the overall system throughput by allocating
different rates that match the individual qualities of the SISO subchannels, i.e., applying bit loading in a heuristic
fashion. However in order to investigate the effect of the NoI of the PSVD algorithm on the system performance,
bit loading is ignored in this paper and all SISO subchannels are loaded with the same modulation scheme. THP is
used to mitigate the individual ISI of these SISO subsystems (cf. Fig. 2) and overcome the error propagation problem
which a DFE scheme would experience. Two different THP methods under the Zero-Forcing (ZF) design criterion are
presented, using spectral factorisation [5, 13] and block transmission [14].

2.2.1 Spectral Factorisation Scheme

Fig. 3(a) shows the ZF-THP system designed using the spectral factorisation method detailed in [5, 13] to mitigate ISI
of the ith subchannelDi(z) in Fig. 2. SinceDi(z) is usually non-minimum phase, the feedforward filterFi(z)of order

L(i)
F is set to render the end-to-end discrete-time responseDi(z)Fi(z) a monic minimum phase system. Thereafter, the

task of theL(i)
B order feedback filterBi(z) is to completely remove the remaining postcursor ISI fromDi(z)Fi(z) by
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Figure 2: THP applied to SISO subsystems resulting from the approximately diagonalised system D(z), where
THPi and Deci blocks are shown in Fig. 3.

means of an iterative feedback loop shown in Fig. 3(a). These two filters along with the decision delay are computed
for eachDi(z). The decision delay is individually optimised for each SISO subchannel and is generally equivalent to

L(i)
F −1.

The importance of the spectral factorisation scheme lies in its capability of allowing serial transmission between
transmitter and receiver. In the next section a second method is introduced, which is based on block transmission.
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Figure 3: SISO-THP transceivers using (a) spectral factorisation and (b) block transmission schemes.

2.2.2 Block Transmission Scheme

ZF-THP can also be implemented in block transmission mode. Given theith SISO subchannel from Sec. 2.1d =
[

d(0)
ii d(1)

ii · · · d(Li)
ii

]

of orderLi , the block transmission scheme can be formulated following the procedures presented

in [14] and with the aid of Fig. 3(b) as follows. The block input-output behaviour of the SISO subchannel is formulated
as a convolutional matrix

Di =















d(0)
ii d(1)

ii · · · d(Li)
ii 0 · · · 0

0 d(0)
ii d(1)

ii · · · d(Li)
ii

. ..
...

...
. . .

. .. · · · · · ·
. .. 0

0 · · · 0 d(0)
ii d(1)

ii · · · d(Li)
ii















∈ C
Nb×Nb+Li , (8)

whereNb is the block size of the data streamss, i.e.,s=
[

sNb sNb−1 · · · s1
]T

. This stacking can be easily performed
using a serial to parallel (S/P) device as shown in Fig. 3(b). The ZF-THP solution to such a system can be obtained once
the feedforward and feedback filter matricesW i andBi , respectively, have been evaluated using the QR decomposition

DH
i = Qi

[

RH
i 0

]H
. (9)
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Here,Qi ∈ CNb+Li×Nb+Li is a unitary matrix andRi ∈ CNb×Nb is an upper triangular matrix. The feedforward filter
W i is equal to the firstNb columns ofQi , while the feedback filter is given byBi = I −GiRH

i , whereI is the identity

matrix of sizeNb andGi = diag
[

r−1
11 , r−1

22 , · · · , r−1
NbNb

]

with r ii being theith diagonal element ofRi . This translates

ISI into CCI between different elements of the transmitted data block, which can be easily addressed by subspace
methods. However, using block transmission is likely to sacrifice some redundancy to remove inter-block interference
(IBI) between successive transmit data blocks, and hence can reduce the overall system throughput. In Sec. 3, BER
performances of both methods are compared on the basis of identical transmit power.

3 Simulation Results

In this Section, a comparison between the spectral factorisation and block transmission schemes of the SISO-THP
is investigated, prior to evaluating the influence of the NoI onto the error performance of a polynomial-SVD based
transceiver.

To evaluate the non-linear precoding methods, SISO systems with 5 coefficients are drawn independently from a
complex Gaussian distribution. A total of 300 channel realisations with responses obeying an exponentially decaying
average power delay profile have been simulated. Fig. 4 shows the BER performance averaged over the outlined
simulations. It can be noted that the block transmission scheme outperforms its spectral factorisation counterpart due
to the extra redundancy incorporated in the block transmission which, in turn, reduces the system throughput by a
factor of Nb

Nb+Li
which corresponds to a redundancy ofLi

Nb
. Referring to Fig. 4, it is also evident that whenNb � Li ,

the redundancy approaches zero while the throughput reduction factor' 1, both block transmission and spectral
factorisation BER performances converge to identical curves.

For a broadband MIMO system results, a 3x3 MIMO system with exponential power delay profile is simulated by
drawing the coefficientshmn[l ] from a random complex Gaussian distribution. One such ensemble probe is shown in
Fig. 1 which is normalised w.r.t. its Frobenius norm

‖H(z)‖z =

√

M

∑
m=1

N

∑
n=1

L

∑
l=0

|hmn(l)|
2 = 1 . (10)

For theith PSVD-SISO subsystem, the length of the feedforward filter in case of the spectral factorisation scheme is

set to twice the channel order i.e.,L(i)
F = 2×order(Di(z)) , while the filter length of the feedback filter is assumed

asL(i)
B = order(Di(z)). Three symbol mappings are conducted using M-QAM forM = 4, 16 and 64, i.e. QPSK, 16-

QAM, and 64-QAM, in order to investigate the performance for different transmission rates. As stated in Sec. 2.2, no
bit loading is assumed in this study, therefore different subchannels’ BER performances are expected as a result of the
spectral majorisation property of the PSVD algorithm.

To investigate the effect of NoI within the PSVD algorithm on the BER performance of individual SISO-THP
subsystemsDi(z), three different NoI values of 20, 60 and 100 are tested. Figs. 5, 6 and 7 demonstrate this effect
for the three transmission rates using QPSK, 16-QAM, and 64-QAM, respectively. This NoI determines how well
both decoupling and spectral majorisation can be achieved. The following comments are motivated by the simulation
results:

• For all cases and all subchannels, the BER performance is improved by increasing the NoI. Also note that
for high NoI, this advantage becomes incremental. This decrease allows for a significant reduction in system
complexity by choosing a moderate NoI without any degradation in performance.

• The stronger the subchannel the minor the effect of the NoI, as can be easily noted in the 1st subchannels for all
cases. Spectral majorisation is a very useful instruments in practical applications as if one or more subchannels
(from last subchannels) is no longer needed because of their poor performance and/or successfully achieved a
required target throughput then the NoI can be decreased in this case and hence leads to further reduction in
system complexity.
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Figure 4: BER performance comparison of the spectral factorisation and block transmission schemes for SISO-
THP system.
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Figure 5: SISO-THP performance of the individual subchannels resulting from the application of the PSVD
algorithm with varying NoI to a 3x3 MIMO system and “QPSK” transmission.
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Figure 6: SISO-THP performance of the individual subchannels resulting from the application of the PSVD
algorithm with varying NoI to a 3x3 MIMO system and “16-QAM” transmission.
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Figure 7: SISO-THP performance of the individual subchannels resulting from the application of the PSVD
algorithm with varying NoI to a 3x3 MIMO system and “64-QAM” transmission.
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4 Conclusions

A study on the approximate fulfilment of the novel polynomial SVD (PSVD) algorithm to diagonalise a broadband
MIMO system into a number of independent frequency selective SISO subsystems as well as its impact on the system
performance is considered. Due to the iterative nature and the finite number of the PSVD algorithm steps, a sufficient
number of iteration (NoI) is investigated showing that a reasonable moderate NoI can be used to asymptotically achieve
the desired performance of the individual SISO subsystems. Furthermore, two nonlinear ZF-THP precoding alternative
schemes for the resultant ISI SISO subchannels are compared demonstrating that further performance improvement is
attainable with extra redundancy.
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