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1 Introduction

The hybrid systems driven by continuous-time Markov chains have been used to model
many practical systems where they may experience abrupt changes in their structure
and parameters caused by phenomena such as component failures or repairs changing
subsystem interconnections, and abrupt environmental disturbances. For example, in his
book [8], Mariton explained that the hybrid systems had been emerging as a convenient
mathematical framework for the formulation of various design problems in different fields
such as evasive target tracking, fault tolerance detection, and manufacturing processes.
Recently, this hybrid approach had been extended to population dynamics (see e.g. [4, 12])
and the hybrid population systems are illustrated as a switching between two or more

regimes of environment, which differ by factors such as nutrition or as rain falls [1, 11].

One of the important classes of the hybrid systems is the stochastic differential delay
equation with Markovian switching (SDDEwMS)

da(t) = f(x(t),z(t —71),7(t))dt + g(x(t), z(t — 7),7(t))dB(1). (1.1)

Here the state vector has three components z(t), z(t — 7) and r(t): the first two ones are
in general referred to as the current and past states while the third one is regarded as
the mode. In its operation, the system switches from one mode to another in a random
way, and the switching between the modes is governed by a Markov chain. For details of

SDDEwMSs, the reader is referred to [7, 10] among others.

Our primary objective is to study the existence of the exact solutions to the SD-
DEwMS (1.1) and the convergence problem for the Euler-Maruyama (EM) approxima-
tions under some relax conditions. The existence theory of the exact solutions to the
SDDEwMS (1.1) has been studied quite well. In order to have a unique global (i.e. no
explosion in a finite time) solution for any given initial data, the coefficients of the equa-
tion are usually required to satisfy the local Lipschitz condition and the linear growth
condition (see e.g. [7]). Unfortunately, the linear growth condition is often not met by
many systems in practice. For example, consider the stochastic hybrid delay population

system

du(t) = diag(21 (1), . . ., 2a () [(0(r(t)) + A(r(t)x(t) + Blr(t))a(t — 7))dt + o(r(t))dB(t)],
(1.2)



where
r= (21, ,5,)  €R", beR", AcR™", BecR™, o¢gcR™™

and B(t) is an m-dimensional Brownian motion. It is straightforward to see that the
linear growth condition is not satisfied by this system. It is in this spirit that Mao et
al. [6] have recently established a more general existence theory for the solution. In this
paper we will establish an alternative theorem on the existence and uniqueness of the

solution under the local Lipschitz condition plus a Lyapunov-type condition.

Moreover, most of the SDDEwMSs do not have explicit solutions whence the nu-
merical solutions are required. The classical convergence theory for numerical methods
to SDEs requires the coefficients of the equations to be globally Lipschitz, see [3], [5],
for example. Recently, Highham et al. [2] released the global Lipschitz condition but re-
quired the linear growth condition or the bounded pth moment property of both exact and
approximate solutions. These conditions are somehow still too restrictive, for example,
they are not satisfied by the population system (1.2). On the other hand, Marion et al.
[9] proved that the numerical solutions based on the Euler-Maruyama (EM) scheme will
converge to the true solutions for a broad class of SDEs without the linear growth condi-
tion nor the bounded pth moment property under some additional conditions in terms of
Lyapunov-type functions. All these results on numerical solutions are about SDEs and it

is non-trivial to develop them for the SDDEwMSs as they are more complicated.

In this paper we borrow the ideas from [6] and [9] and apply them to the SDDEwMS
(1.1). We will establish a new theorem on the existence and uniqueness of the solution
under the local Lipschitz condition plus a Lyapunov-type condition in section 3. Under
these conditions as well as the local Lipschitz continuity of the derivatives of the Lyapunov
function, we will then show the convergence in probability of the EM solutions to the exact
solution in section 4. Finally, we will apply our new results to study the population system

(1.2) in section 5.

2 Notations

Throughout this paper, we will use the following notations. We let (2, F, {Fi},5¢, P)
be a complete probability space with a filtration {ft}tzo satisfying the usual conditions

(i.e. it is increasing and right continuous while Fy contains all P-null sets). Let B(t) =
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(Bi(t), -+, Bm(t))T be an m-dimensional Brownian motion defined on this probability
space. Let C(X,Y) denote the family of all continuous mappings from the topological
space X to the topological space Y. Let 7 > 0 and Cx,([—7,0];R") be the family of all
Fi-measurable, C([—7,0]; R™)-valued random variables £ = {£{(f) : —7 < 6 < 0}. Let
C%. ([=7,0];R™) denote the family of all bounded random variables £ € Cg,([—,0]; R").
Also let L%, ([—7,0];R") denote the family of all random variables & € Cg,([—7,0];R")
such that

1€]12 .= sup E[£(A))? < oo.
—7<60<0

Let r(t) be a right-continuous Markov chain on the probability space taking values

in a finite state space S = {1,2,..., N} with the generator I' = (7, )nxn given by

m;5 + 5 s f 7
P{r(t+6) =v|r(t) =u} = 7 0(0) if u # v
14 70 + 0(9), if u=u,

where > 0. Here ~,, is the transition rate from v to v and ~,, > 0 if u # v while

Yuuw = — Z Yuv-

vFEU
We assume that the Markov chain r(+) is independent of the Brownian motion B(-). Let

Lz (§;S) denote the family of all F;-measurable S-valued random variables.

Consider the stochastic differential delay equation with Markovian switching (SD-

DEwMS) of the form
dx(t) = f(x(t),z(t — 7),r(t))dt + g(x(t), x(t — 7),r(t))dB(t) (2.1)

on t > 0 with initial data {z(t) : —7 <t < 0} = £ € Cg([-7,0;R™), 7(0) = 1o €
Lz, (£2;S) and

f: R"xXR"xS—R", g: R"xR" xS — R™™,

Moreover, let C?*(R" x S;R) denote the family of all nonnegative functions V(z,7) on
R™ x S which are continuously twice differentiable in z. For each V € C*(R" x S;R,),
define an operator LV from R™ x R™ x S to R by

,CV(ZL‘,y,Z) = Vx(a?,z)f(x,y,z)

1
+§trace[gT(x, Y, 1) Vaa(2,1)g(2,y,1)]
N
+ Z’Vijv<xaj)~
j=1
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where

L (OV(x,i) oV (x,1) , 0?V (x,1)
va(l’,l) = ( axl yoee ey agjn s ‘/a:a:(m Z) M nxn.

Given a step size A > 0, let X (¢) be the continuous EM approximate solution to
the SDDEwMS (2.1). This was defined in [7] but we recall here its detailed definition.
First of all, let us explain how to simulate the discrete-time Markov chain {r2&}. Recall
the property of the embedded discrete-time Markov chain: Given a step size A > 0, let
r& = r(kA) for A >0 and k > 0. Then {r&,k =0,1,2,---} is a discrete-time Markov

chain with the one-step transition probability matrix
P(A) = (Bij(A))wxn = €.

The discrete-time Markov chain {r2, k = 0,1,2, - - } can be simulated as follows: compute

the one-step transition probability matrix
P(A) = (Py(A))wxy = 2.

Let r5 = ro and generate a random number ¢; which is uniformly distributed in [0, 1]. If

(1 = 1 then let r® = r; = N or otherwise find the unique integer r; € S for

ri—1

Z]P)ro] <C1<ZPTOJ

0

and let r{ = ry, where we set Y P, ;(A) = 0 as usual. Generate independently a
j=1

new random number (» which is again uniformly distributed in [0, 1]. If (3 = 1 then let

T‘QA = ry = N or otherwise find the unique integer r, € S for
ro—1
ZPHJ <C2<Z]P>T1]

j=1
and let 78 = 7. Repeating this procedure a trajectory {r& k = 0,1,2,---} can be
generated. This procedure can be carried out independently to obtain more trajectories.

After explaining how to simulate the discrete-time Markov chain {r£}, we can now
define the EM approximate solution to equation (2.1). To cope with the time lag, we
choose a step size A > 0 to be a fraction of 7, whence k := 7/A is a positive integer. Let
ty = kA for k > —k. Set X, = &(t) for k = —k,—k +1,---,0 and then compute the

discrete approximations Xy, =~ z(t;) for k > 1 by
Xir = X+ f (X, Xy 7i)A + 9( X, Xp g, 70 ) ABy, (2.2)
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where ABk = B(tk+1) — B(tk) Let
F(t)=rs  for t€ [ty tps1), >0

and

X(t) =X, for te [tk,tk+1), k> —k.

Define the continuous EM approximate solution by setting X (t) = £(¢) for t € [—7,0] and

forming

X(t) = Xo+ /0 f(X(s),X(s—7),7(s))ds + /0 g(X(s),X(s —7),7(s))dB(s) (2.3)

for t > 0. Note that X(t;) = X(t,) = X, for k > —k, that is X(t) and X(¢) coincide

with the discrete solution at the grid-points.

Before we close this section, let us impose the following hypotheses:

Assumption 1 Assume that both f and g satisfy the local Lipschitz condition. That is
for each R > 0 there is an Lr > 0 such that

|f($1,y1,i) - f(any%i” \% |g($1,y1,i) - g(x%y?ai” < LR(|J:1 - l‘2| + |y1 - y2|) (24)

for alli € S and those x1, T2, y1,y2 € R™ with |x(|V |z2| V |y1| V |ye| < R.

Assumption 2 Assume also there is a positive constant K such that the initial data &

obeys

El¢(u) — )< Klu—v], —7<u<v<0. (2.5)

3 Exact Solution

Let us begin with a result on the existence of the unique global solutions under the local

Lipschitz condition and some additional conditions in terms of Lyapunov-type functions.

Theorem 3.1 Let Assumption 1 hold. Assume that there exists a function V € C?*(R™ x
S;R4), a constant h > 0 and H € C(R™;R,) such that

lim V(z,i) =00, Vi€S, (3.1)

|z|—00

(=}



LV (z,y,i) <h (1 + V{2, i) +min V(y,j)) — H(z)+ H(y), VY(z,y,i) €R" xR" x 8.
J
(3.2)
Assume furthermore that the initial data & obeys that

< 00, sup EH(&(t)) < oo. (3.3)

—7<t<0

EV(£(0),r9) < oo, sup E {min V(&(t), )

—7<t<0 JjES

Then there ezists a unique global solution x(t) to the SDDEwMS (2.1) on [—T, 0).

Proof. Assumption 1 guarantees the existence of the unique maximal local solution z(t)
on [—7,04), where o, is the explosion time. We need to show o, = oo a.s. If this

statement is false, there is a pair of constants 7" > 0 and € € (0, 1) such that
Plo, <T} > e

For each integer k > 1, define the stopping time

o =1inf{t € [0, o) : |2(t)| > k}. (3.4)
Since o, < 04, we have
P{o, <T}>e¢ Vk>1. (3.5)
Define
Uly) = min Vi(y,j), VyeR" (3.6)

For any £ > 1 and 0 < t < T, by the generalized It6 formula and condition (3.2), we

compute
E[V(z(t A ok),r(t Aog))] <EV(E(0),10) + hE/O Uk(l + V(z(s),r(s)) + U(x(s —7)))ds
[ (HGals) ~ Hlals = 7))

<06+ 2h/ EV(x(s A oy),r(s A og))ds
0

< G+2h /t ( sup EV(z(u A o), r(u A ak))) ds, (3.7)
0 0<u<s
where
B =EV(0),r9) + hT +hr sup EU(E(t)) +7 sup EH(E(t)). (3.8)
—7<1<0 —7<1<0



Since the right-hand-term is increasing in ¢, we must have

sup E[V(x(u A og),r(t ANog))] < B+ 2h /Ot ( sup EV(z(u A oy),r(u A O'k;))) ds.

0<u<t 0<u<s

The Gronwall inequality implies

sup E[V(z(u A ap),r(t Aoy))] < B (3.9)
0<u<T
This implies
Ell{p,<myV (x(0%), 7(0%))] < Be*. (3.10)

On the other hand, if we define
v = inf{V(x,q) : |x| > k,i € S}.
By (3.1), v, — 00 as k — oo. It now follows from (3.5) and (3.9) that
Be?'T >y P{oy, < T} > ewy. (3.11)

Letting k — oo yields a contradiction so we must have oo, = 0o a.s. O

In many practical systems, especially, population systems, we require the existence
of the positive global solutions. For this purpose, we define the positive cone R" = {z €

R™:x; >0, 1 <i<mn}. Accordingly, we have the following theorem.

Theorem 3.2 Let Assumption 1 hold. Assume that there exists a function V e C*(R’; x
S;Ry), a constant h > 0 and H € C(R;Ry) such that

lim V(z,i) = oo, lim V(z,i) =00, Vi€S, j=1,--- n. (3.12)

x; —0t Tj—00

LV (x,y,i) < h (1 + V(x,i) + miél V(y,j)> — H(z)+ H(y) Y(z,y,i) € R} xR} xS.
VIS
(3.13)

Assume furthermore that the initial data & € Cr, ([—7,0];RY) obeys that
EV(£(0),10) < o0, sup E [min V(f(t),j)] < 00, sup EH(&(t)) < oo. (3.14)
—7<t<0 Jes —7<t<0
Then there exists a unique global solution x(t) to the SDDEwMS (2.1) on [—T,00) and
the solution has the property that x(t) € R} a.s. for all t € [—7,00).

Proof. Replacing the definition of stopping time o in the proof of Theorem 3.1 by
or =1inf{t € [0, 0x) : z;(t) € (1/k, k) for some j=1,---,n}, (3.15)
we can show the theorem in the same way as Theorem 3.1 was proved. O
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4 Approximate Solutions

Theorem 3.1 gives a very general result on the existence of the unique global solution under
the local local Lipschitz condition plus a Lyapunov-type condition. Let us now begin to
discuss the EM approximate solutions. The following theorem describes the convergence
in probability of the EM solutions to the exact solution under some additional conditions,
namely the Lipschtiz condition on the initial data and the local Lipschitz condition on

the derivatives of the Lyapunov function.

Theorem 4.1 Let all the assumptions of Theorem 3.1 and Assumption 2 hold. Also
assume that for each R > 0 there exists a positive constant Kr such that for allt € S and

those x1,x9 € R™ with |x1| V |zo] < R,
|V (21,7) = V(2o 1)| V |Va(x1,1) — Vi(xa, )| V [Viw (21, 1) — Vi (w9, 1) | < Kglzg — 22|, (4.1)

Then for the given initial data & € L% ([—7,0]; R") satisfying (3.3), the exact solution x(t)
and the EM approzimate solution X (t) to the SDDEwMS (2.1) have the property that

lim ( sup |X(t) — x(t)|2) =0 in probability, for any T > 0. (4.2)
A—0 0<t<T

Proof. The proof is rather technical and we divide it into three steps.

Step 1. Fix any T' > 0. For a sufficiently large R > 0, define the stopping time
0 =T ANinf{t € [0,T]:|z(t)| > R}.

Theorem 3.1 tells us that there exists a unique global exact solution z(t) to equation (2.1)

on [—7,00). So
RIEEO PO <T)=0. (4.3)
Step 2. Let
vp = inf{V(z,i) : |z| > R,i € S}.

For the sufficiently large R define the stopping time

p=TANinf{t € [0,T]:|X(t)| > R}.



Using (2.3) and applying the generalized 1t6 formula to V(X (¢),r(t)) yields

E[V(X(pnt),r(pAt))] =EV(E0),70)

In the same way as (3.7) was proved, we can show that

EV(£(0),70) —HE/Op LV (X (s),7(s))ds < 3+ 2hE /OP/\ V(X (s),7(s))ds, (4.4)

where [ is defined by (3.8). Together with (3.2), rearranging the terms on the right-hand

side by plus-and-minus technique, we obtain that

EV(X(pAt),r(pAt))]
< ﬁ+2hE/p V(X (s),7(s))ds

+ 2hE /OP V(X (s),7(s)) — V(X(s),7(s))]ds

+
=
S—
he)
3
IM=1
f_
f
E
><.
=
o
V)

(4.5)
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By condition (4.1) we have
E/Op [V(X(s),7(s)) = V(X(s),7(s))lds
SEAwKﬂﬁ£—X®WS

T
gKR/ E|X(pAs)— X(pAs)|ds
0

SKR/OT <]E|)_((p/\s) —X(p/\s)\2>2ds.

Let j = [p AT/A], the integer part of p A T/A. Then

J tkt+1
= ZE/ [V (X(s),r(tr)) = V(X (s),r(s))lds (4.6)
with ¢4, being now set to be T". We derive that

E/”ﬁwxwmm»—WX@w@mw

Ly

gE/WWWX@mw»—WX@m@Wm#mm@

tr

tet1
< 2VRE / Lir(s)r(t)yds

ty

te+1
= QVR/ E (I{r(s)gér(tk)}|r(tk)> ds, (4_7)

ti
where Vi = max{V(z,i) : || < R, i € S} and in the last step we use the fact that
Ity (s)#r(t,)y is conditionally independent with respect to the o-algebra generated by r(t;).
But, by the Markov property,

E (Igpo e 7(tk)) = Y Tir=i P (r(s) # ilr(ty) = i)

i€S
_ZI{T (t) l}z (735 (s = tw) + o(s — tk))
€S j#i
< (12%}1{\/( '711 A + 0 ) ZS: ]{r(tk
1€
<HA+o0(A)), (4.8)

where ¥ = maxj<;<n(—7:i). So, inequalities (4.6)-(4.8) imply

E/Op V(X (s),7(s)) = V(X (s),r(s))]ds < 2VRTH(A + o(A)).
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We can similarly estimate the other terms on the right-hand side of (4.5) to get that

E[V(X(p AL),r(p At))] < B+ 2HE /OPM V(X (s),r(s))ds

1

+Cu(R) /0 (BIX (oA s) — X(p A )?) " ds
+ CUR)(A + o(A)), (4.9)

where C1(R) and the following Cy(R), C5(R),--- are all constants dependent of R but
independent of A. But, for s € [0, 7], let ks = [p A s/A], the integer part of p A s/A. Tt
follows from (2.3) and Assumption 1 easily that

E|X(pAs)—X(pAs)|> < Co(R)A Vs €[0,T].
Substituting this into (4.9) yields that
E[V(X(pAt),r(p At))] < B+ Cs(R)(AZ + o(AZ)) + zh/ EV(X(pAs),r(pAs))ds.
0

By the Gronwall inequality,

E[V(X(p AT),7(p AT))] < 7|3+ Cy(R)(AY + o(A1))]. (4.10)
In the same way as (3.11) was obtained, we can then show that
o2hT X )
Plp<T) <"~ |8+ Ca(R)(A% +o(ad))]. (4.11)

Step 3. Let 7 = p A 6. In the same way as Theorem 7.29 of [7] was proved we can
show that
E [ sup | X(t) — x(t)|2} < Cy(R)(A + o(A)). (4.12)
0<t<TAT
We would like to remark that Assumption 2 is used here. Now, let ¢,§ € (0,1) be
arbitrarily small. Set

Q={w: sup |X(t)—z(t)]* > 6}

0<t<T

Using (4.12), we compute

<E [I{QT} sup | X(t) — r(t)P]

0<t<TAT

<E[ s X0 0]

0<t<rAT

< Ca(R)(A +0(4)).
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This, together with (4.11), yields that
PQ) <POQN{r>T})+P(r <T)
<PON{T>TH+PO<T)+P(p<T)
2T

< A +ola) + PO < 1)+ 5[5+ Calm)A} +oah)].

~—

Recalling (4.3) and that vg — 00 as R — oo, we can choose R sufficiently large for

c BT ¢
PO<T)< = =
O<T)<3 ——<3
and then choose A sufficiently small for
Cy(R €2hT 1 1 £
4((5 )(A +o(A)) + EC’g(R)(A? +0(A2)) < 3

to obtain

P(Q)=P ( sup | X(t) — x(t)]* > (5) <e.

0<t<T
This proves the assertion (4.2). O
Similarly, we can show the EM approximate solutions will converge to the exact posi-
tive solution under the conditions of Theorem 3.2 along with Assumption 2 and condition

(4.1) which is of course restricted in the positive cone.

5 Application to the Stochastic Hybrid Delay Popu-

lation System

Let us now return to the stochastic hybrid delay population system (1.2). Clearly, the
coefficients satisfy Assumption 1. Yuan et al. [13] found a suitable Lyapunov function for

this system
n

V(z,i)=> cm(i)(z; —1—In(z;)), (z,i) €RY xS,

J=1

for nN positive constants c¢;(i),--- ,c,(i) for i« € S. Obviously, this function satisfies
conditions (3.12) and (4.1) (restricted in the positive cone). Yuan et al. [13] imposed the

following assumption:

Assumption 3 Assume that there exist nN + 1 positive constants ci(i), - ,¢,(i) for

1 €S and 0 such that

Nhax (%[C‘(i)A(i) + AT()C()] + %0(@)3(@)}#(@')0(@) + 91) <0,

13



where C(i) = diag(c1 (i), -+ ,cn(i)) and I is the n x n identity matriz.

Under Assumption 3 the authors showed that there is a constant h > 0 such that

LV (z,y,i) <h (1 + V(z,i) + melél V(y,j)> —Olz* +0ly|*, V(x,y,i) € RT x R? xS.
J

Therefore, Theorem 3.2 shows that for any initial data & € C%, ([—7,0;R") and r(0) =

1o € Lz (2;S), there is a unique global solution z(t) € R’} to equation (1.2) on ¢t €

[—7,00). Moreover, the EM scheme will converge to the true solution z(t) in the sense of

Theorem 4.1. So we could make extensive use of simulations of (1.2) to confirm analytic

results and to explore model behaviour.
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