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It is known that there are oscillations in the wave resistance during the constant-
velocity phase of a towing-tank resistance test on a ship model. In this work, the
unsteady thin-ship resistance theory has been applied to this case. The results have
been compared with experiment data obtained using a towing carriage the velocity
history of which can be programmed. It is demonstrated here that generally excellent
correlation exists between the theory and the experiments. In particular, one can
predict the influence of Froude number, rate of acceleration, and type of smoothing
of the acceleration on the characteristics of the oscillations. These characteristics
include the amplitude, rate of decay, frequency, and phasing of the oscillations in the
curve of wave resistance versus time.
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1. Introduction

1.1. Background

THE UNSTEADY RESISTANCE of a ship has been a little studied
subject in comparison to the steady resistance. The latter topic has
been intensively researched, in a mathematical sense, for well over
a century, since the advent of the landmark paper of Michell
(1898), who produced the first paper with a formula for predicting
the wave resistance.

Although ships do spend the majority of their operational time
sailing at a constant speed on a straight course, there are circum-
stances when unsteady effects can be important. These are during
the acceleration and deceleration phases. In particular, even if one
wished to conduct towing-tank tests on ship models, with the
specific purpose of predicting the steady resistance of a prototype
vessel in the equivalent condition (such as the same relative water
depth) and the corresponding speed (the same Froude number),
there remains the question of whether a steady-state condition has
been reached during the experiment in the towing tank.

Sretensky (1936) is credited with extending the Michell theory,

which is applicable to the case of a thin ship, to the situation of a
vessel traveling along the center of a canal. It is an interesting
aspect of the mathematical analysis that the addition of the con-
straints of the sidewalls of the canal yields an almost identical
formula for the wave resistance. The only difference is that the
integral over the wave numbers in the case of the laterally uncon-
strained case becomes a summation, in which the relevant discrete
transverse wave numbers correspond to the wave components that
can exist in the canal.

The Sretensky formulation was extended to the case of a finite
water depth by Lunde (1951 and 1953). In this case, the formulas
for the wave resistance still retain their general appearance, with
two notable differences. First, the wave number for each wave
component must satisfy a transcendental dispersion relationship.
Second, the Michell wave functions (essentially integrals over the
centerplane of the hull) take on a more elaborate character, in-
volving hyperbolic functions of the water depth.

Lunde appears to be the first researcher who developed the
analysis of the ship-wave problem to include the unsteady effects.
In the general case of unsteady motion, one requires a triple in-
tegral for the wave resistance: a double integral over the longitu-
dinal and transverse wave-number domain together with an inte-
gral over the time, from the start of the motion. On the other hand,
the steady-state analysis leads to just a single integral or summa-
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tion in the wave-number domain, because the dispersion relation-
ship provides a unique connection between the longitudinal and
the transverse wave numbers. Shebalov (1970) also contributed to
the field of unsteady ship resistance.

There has also been an interest in applying the unsteady analysis
to air-cushion vehicles, which can be represented by a pressure
distribution on the free surface of the water. This work was initi-
ated by Djachenko (1970). (This report is an English translation of
the original Russian-language paper published in 1966.) This par-
ticular line of research was extended by Doctors and Sharma
(1972, 1973). Their concern lay with the notion that the very high
steady-state resistance peaks might be alleviated in the case of the
more realistic unsteady motion. This work was characterized by
including the results of numerical calculations, a feature missing
from the abovementioned efforts of previous researchers.

Experiment confirmation of these predictions was published by
Doctors (1975), for the simpler case of a two-dimensional pressure
band undergoing a constant acceleration. It was demonstrated in
that work that the linearized theory provides excellent predictions
of the influence of acceleration on the resistance. This influence
appears principally as a delay of the characteristic humps and
hollows in the resistance curve to larger Froude numbers. This
experiment work was later extended by Doctors (1993) to the
practically more important case of a surface-effect ship model. It
was shown that some of the very persistent unsteady effects, even
after the model has been traveling at a constant speed for a long
period of time, would correlate well with the theory.

The unsteady linearized theory referred to here can be applied
equally well to the maneuvering of air-cushion vehicles. This has
been done, but only in a purely theoretical manner, by Doctors
(1972) and Haussling and Van Eseltine (1975 and 1978).

1.2. Current work

The current work has its origins in the unsteady theory devel-
oped by Lunde (1951, 1953). Our efforts were strongly motivated
by the extraordinary paper by Wehausen (1964). Wehausen, using
the theory of Lunde as a basis, developed asymptotic formulas for
the unsteady wave resistance of a ship, applicable to the case when
the vessel had reached a constant speed for a long period of time.

The Wehausen formulas, involving a long and intricate analy-
sis, are remarkably simple in their final form. Essentially, the
formula for the wave resistance for any particular constant-speed
run depends on just one wave number (not a spectrum of wave
numbers), corresponding to the group velocity of the transverse
waves generated by the vessel. An additional factor in the formula
is a decaying harmonic factor. The amplitude of the oscillations in
the curve of wave resistance decays inversely with the time after
the start of the motion, at least in the asymptotic sense.

The reader is also referred to the paper by Sibul, Webster, and
Wehausen (1979), in which the starting phenomena were dis-
cussed on both a physical and mathematic basis. The work by
Yeung (1975), being an extension of the research by Doctors
(1972), was a great advance at that time, because the unsteady
wave system itself (not just the overall wave resistance) was com-
puted for the case of a maneuvering air-cushion vehicle. We
should also add that the remarkable work of Wehausen (1964) was
amplified to include the actual unsteady development of the wave
pattern by Çalişal (1977) for the case of deep water and an infi-
nitely wide towing tank.

The aim of the present investigation is to extend the work of
Wehausen to the problem of a ship model test in a towing tank, in
which both the width of the tank and the depth of the water are
finite. In the work of Wehausen (1964), both of these parameters
were considered to be infinite. Furthermore, it can be assumed that
the asymptotic formulas of Wehausen may not be applicable im-
mediately after the start of the constant-speed portion of the run in
the towing tank.

This is a problem of considerable practical interest, since the
unsteady effects both in resistance and in heave and pitch motions
can clearly influence the quality of results obtained. In some cases,
with certain vessels, the unsteady effects can be substantial and
can decay relatively slowly, leaving oscillations still clearly vis-
ible in the data when the carriage brakes. Normal practice for the
analysis of such oscillatory data is to take the average resistance
over an integer number of cycles. This calculation requires some
iteration, since the position of the “zero-crossings” defining the
cycle depend on the a priori unknown average value; otherwise it
is intrinsically straightforward. However, the assumption is im-
plicitly made that the resistance oscillates symmetrically about the
eventual steady-state value so that the decaying oscillatory varia-
tion is a zero-mean process. While Wehausen’s formula suggests
that this assumption is correct asymptotically in an unbounded
fluid, it is of interest to confirm that the assumption is still correct
in a real towing tank of finite dimensions a short time after a
relatively rapid acceleration.

The interested reader is referred to the additional and more
recent work on unsteady ship resistance, by Nakos and Sclavounos
(1990), in which the wave pattern itself was the subject of interest.
Time-domain calculations of the wave resistance were later imple-
mented by Kara and Vassalos (2005). The subject of our planned
tests was a Wigley (1934) model with standard proportions. The
model has a length of 3.000 m, a waterline beam of 0.300 m, and
a draft of 0.1875 m. A pictorial view and a body plan are shown
in Fig. 1 (top).

The general form of the velocity history is depicted in Fig. 1
(bottom). The velocity history during the acceleration phase is
divided into three subphases, followed by a phase of constant
velocity, as follows:

U = �
k1t3 for 0 � t � tA

k2 + U̇maxt for tA � t � tB

U + k3�t − t0�3 for tB � t � t0
U for t0 � t

. (1)

The four unknowns in equation (1), namely k1, k2, k3, and U̇max,
can be derived from the matching of the value and the slope of the
function at the two internal break points. This general choice of
carriage acceleration history permitted an exhaustive investigation
into the effects of acceleration on the unsteady resistance of a ship
model in a towing tank.

2. Theory

2.1. Governing equations

We consider the rectilinear motion of a ship model starting from
rest and traveling along the centerline of a towing tank with a
width w and filled with water to a depth d. A right-handed refer-
ence frame the origin of which is located at the undisturbed free
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surface is used. We note that x is directed longitudinally forward,
y is to port, and z is vertically upward. The instantaneous velocity
of the model is U(t), where t is the time.

The water is assumed to be inviscid and incompressible with a
velocity potential �, which satisfies the Laplace equation:

�xx + �yy + �zz = 0. (2)

The linearized kinematic boundary condition on the free sur-
face is

�z − �t + U�x = 0 on z = 0. (3)

The linearized Bernoulli equation on the free surface in the
moving reference frame is

�t − U�x + g� = 0 on z = 0, (4)

where g is the acceleration due to gravity and � is free-surface
elevation.

The combined free-surface condition is then

�tt + U2�xx − 2U�xt − U̇�x + g�z = 0 on z = 0. (5)

The kinematic condition on the sea bottom is

�z = 0 on z = −d. (6)

The tank-wall boundary condition is

�y = 0 on y = �w�2, (7)

in which w is the tank width.

The disturbance of the vessel is simulated by employing the
usual thin-ship approximation for the centerplane source,
namely,

� = −U
�b

�x
, (8)

where b(x, z) is the local beam.

2.2. Unsteady resistance

The solution to the field equation and the relevant boundary
conditions can be obtained through an application of a two-
dimensional Fourier transformation from the x-y physical domain
to the corresponding kx-ky wave-number domain. One also em-
ploys a Laplace transform in the time domain.

The analysis is similar to that presented by Doctors and Sharma
(1972, 1973). The final result for the wave resistance, which is
equivalent to that given by Lunde (1951, equation 16.18 or 18.10),
but in the current notation, is:

RW = RW,1�RW,2 (9)

RW,1 =
�U̇

2��i=0

	


�
j=−	

	

�
S0

�b

�x
dS�

S0

�b�

�x�
dS� �−1� j �1

r
−

1

r�� (10)

RW,2 =
2�g

�w �
0

t
U��� d��

0

	

kx
2 dkx �

i=0

	


�u2 + �2�

� cos��t − ���cos�kx �s�t� − s����	. (11)

The first term in equation (9) relates to the inertia of the water and
is simply proportional to its density �. This term equals the prod-
uct of the acceleration and the thin-ship infinite-Froude-number
added mass of the vessel. The integrals are effected over the
centerplane area of the vessel S0. The symbol � is used to distin-
guish the source variables from the field variables. The two radial
distances from the source point to the field point are

r = 
�x − x��2 + �iw�2 + �z − z� − 2jd�2 (12)

r� = 
�x − x��2 + �iw�2 + �z + z� + 2jd�2. (13)

It can be demonstrated that as the Froude number approaches
zero, the second term in equation (9) approaches twice the nega-
tive of the image-sink distribution. Thus, at such low speeds, one
can model the hydrodynamics of the vessel using just a simpler,
added-mass, concept.

The second term in equation (9) relates to wave effects. Here,
s(t) is the distance traveled from the start of the motion. We also
have

 = 
gk tanh�kd�. (14)

The wave numbers kx and ky are related to the circular wave
number k and the wave angle � through the relationship:

kx + iky = k exp�i��. (15)

Fig. 1 Definition of the problem. (Top) Wigley model. (Bottom) Ideal-
ized velocity history
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The summation factor 
 and the transverse wave number ky are
given by the formulas:


 = �1�2 for i = 0

1 for i � 1,
(16)

ky = 2�i�w. (17)

The index i of the summation in these equations has been dropped
for the sake of simplicity.

Finally, the finite-depth wave functions in equation (9) are
given by the formulas

u =
P+ + exp�−2kd�P−

1 + exp�−2kd�
(18)

� =
Q+ + exp�−2kd�Q−

1 + exp�−2kd�
, (19)

in which the Michell deep-water wave functions P± and Q± are

P� + iQ� = �
S0

b�x, z� exp�ikxx � kz� dS. (20)

2.3. Steady resistance

For the case of steady motion, the result for the wave resistance
from Doctors and Day (1995), is

RW =
2�g

w �
i=0

	


kx
2k�u2 + �2�� d f

dk
, (21)

where the dispersion relationship and its derivative are

f = k2 − kk0 tanh�kd� − ky
2 = 0 (22)

d f

dk
= 2k − k0 tanh�kd� − kk0d sech2�kd� (23)

and the fundamental circular wave number is

k0 = g�U2. (24)

2.4. Wehausen asymptotic resistance

For the sake of completeness, we present the final formula for
the asymptotic unsteady component of the wave resistance from
Wehausen (1964), in the current notation. This component is to be
added to the steady resistance in equation (21):

�RW �

2�gk0kx

2

8�
� �u2 + v2� �

1

A
� �C− cos�A�

+ �1 − S −� sin�A�� (25)

A =
1

4
k0 �s�t� − s�t0��. (26)

Here, the special functions are defined as

C� � iS� =
1

4
k0 �0

t0
U��� exp �i��t0 − �� � kx�s�t0� − s����	� d�.

(27)

In these formulas, t0 is the time at the point the steady velocity is
reached, after the completion of the acceleration phase of the

motion. The various functions, such as u, v, C ±, S ±, and , are all
evaluated for

kx =
1

4
k0 (28)

ky = 0. (29)

2.5. Asymptotic studies

We devote this section to illustrate the importance of the physi-
cal dimensions of the towing tank on the expected unsteady effects
on the wave resistance. The two parts of Fig. 2 are theoretical
calculations for the case of a Wigley model that is accelerated at
U̇ � 0.1 g up to a Froude number of 0.2. The specific resistance
RW/W is plotted as a function of the dimensionless time t√g/L, in
which W is the weight of the model and L is its length.

Seven curves are plotted in Fig. 2 (top), for the case of deep
water d/L � 	. The first three curves (the three short-dashed lines
with three different thicknesses) are quasi-steady predictions from
equation (21) for three different dimensionless tank widths w/L.
The notation QS is employed on the plot to indicate these three
curves. These three curves are essentially identical, indicating the
very little effect of tank width in this instance. Furthermore, the
curves are constant in value after the steady speed is achieved, as
required.

The fourth curve (the long-dashed line), indicated by the ab-
breviation AS, is the Wehausen asymptotic formula using equation
(26) together with equation (21) (for a very wide tank w/L � 20).

Fig. 2 Asymptotic studies. (Top) Influence of towing-tank width. (Bot-
tom) Influence of water depth
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The last three curves (continuous lines with three different
thicknesses) were obtained from the true unsteady calculation in
equation (9) and correspond to the three different tank widths
noted earlier. One can observe that there is a very strong influence
of tank width for these unsteady calculations, which is totally
absent from the quasi-steady calculations. It is only for the last
curve (when w/l � 20) that one can argue that the tank walls play
a negligible role and nearly perfect agreement with the Wehausen
results is achieved.

Figure 2 (bottom) is a summary of a study similar to that pre-
sented in Fig. 2 (top), except that a large tank width w/L � 20 is
used and the effect of water depth is considered. It is seen that
increasing the water depth has the effect of increasing the mag-
nitude of the oscillations. When the dimensionless water depth d/L
is greater than about 0.5, the condition is close to that of deep
water. As for Fig. 4 (top), we may also note that, whereas the
unsteady effects depend very strongly on the water depth, this is
not true at all for the quasi-steady (steady) calculations.

3. Experiments

3.1. Experiment equipment

The experiment tests were carried out in the towing tank in the
Acre Road Hydrodynamics Laboratory of the Universities of
Glasgow and Strathclyde. The tank is 75.8 m long and 4.572 m
wide; for the present tests, the depth was 2.330 m. The carriage
drive was replaced in 2005; in the context of the present study, a
key feature of the new digital control system for the carriage drive
is the ability to set the target speed of the carriage using an analog
input. Thus, the velocity history for a given run is generated in
advance and then output into the carriage control system via a
digital-to-analog converter. The actual speed of the carriage is
measured from encoders on the motor drive shafts. Both signals
were recorded. In order to take full advantage of this facility, the
carriage drive had to be retuned; in order to achieve an appro-
priately rapid dynamic response, it was found that the control
system had to be made considerably more responsive than would
normally be thought desirable for steady speed tests. In other
respects, the experiment setup was conventional and conformed to
International Towing Tank Conference (ITTC) recommendations.

A full analysis of the uncertainty of the unsteady results was not
carried out in the current study. However, an estimate based on the
procedure typically utilized for a steady-resistance analysis (see
Appendix) indicates that total uncertainty for the nondimension-
alized resistance is likely to be less than 0.5%, while previous
studies have shown that uncertainty of speed measurements is of
the order of 0.1%.

The model was towed from a point on the stationary waterline
at amidships using a towing post that can only generate horizontal
forces and offers no restraint in vertical, trim, or heel displace-
ments. The model was aligned in the centerplane of the tank using
a conventional yaw guide. Towing force was measured using a
conventional load cell. The sinkage and trim were measured using
two linear variable differential transducers (LVDTs), one located
at the towing point and the other located a known distance away.
Five channels of data were thus recorded in total. Following nor-
mal practice at this facility, data were recorded for the entire run,
from a period before the carriage started, through the acceleration

phase, the constant-velocity phase, and the deceleration phase un-
til the carriage stopped.

Because of the need to allow space for deceleration, it was
decided to choose a towing distance (for the acceleration phase
plus the constant-speed phase) of 48.0 m, or 16 model lengths, for
the analysis of the experiments.

A total of four series of tests was conducted. In each series, a
different form of the acceleration phase of the motion was se-
lected. These are described in the following section. In all cases,
the carriage was programmed to reach its steady-state speed ac-
cording to simple algebraic functions, as described in equation (1).

3.2. Sample experiment runs

We turn now to Fig. 3, which shows the velocity-history curves
for two runs. Figure 3 (top) depicts a run for which the nominal
acceleration phase of the run consists of a constant acceleration of
U̇ � 0.08 g until a Froude number of 0.3 is reached. The short-
dashed line refers to the input signal to the carriage-drive system,
while the continuous line represents the measured (output) motion
of the carriage.

The analysis procedure includes the following two features:
first, the velocity curves are numerically smoothed in order to
remove the high-speed oscillations resulting from the mechanical
vibrations in the system. Second, a simple horizontal (temporal)
shift has been applied to match the input and output velocity-

Fig. 3 Sample velocity histories. (Top) Constant acceleration. (Bottom)
Double-sided smoothing
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history curves when half the final velocity is reached. The car-
riage-control system is seen to suffer a small lag at the start of the
run (when the input acceleration increases abruptly from zero in
this challenging test case). Similarly, there is a small overshoot at
the end of the acceleration phase.

For the purpose of plotting the metric results later in this paper,
the nominal (input) acceleration, nominal steady velocity, and so
on, were employed. On the other hand, the actual (smoothed)
carriage velocity was used in the numerical calculations. Thus, a
valid comparison between theory and experiment is ensured.

Figure 3 (bottom) shows a case less demanding of the carriage-
control system. This example is one in which there is 25%
smoothing (r1 � 0.25) at the beginning of the acceleration phase
and 25% smoothing (r3 � 0.25) at the end of the acceleration
phase. There is a better correlation between the input and output
velocity histories here.

Two sets of results for the history of the specific resistance
RW/W as a function of the dimensionless distance traveled s/L are
presented in Fig. 4. Figure 4 (top) shows the results for the case
corresponding to the velocity history in Fig. 3 (top). A total of five
curves is plotted.

The first two curves (indicated by the code “Expt” and plotted
with the shortest-dashed lines) are derived from the experiments.
The very first curve marked “Expt” is obtained implicitly from the
formula:

RT = RW + RH + RF + RA + RI. (30)

Here, RT is the experiment total resistance, RH is the transom
resistance (zero in the case of a Wigley hull), RF is the frictional
resistance calculated by the 1957 ITTC formula, described by
Lewis (1988, Section 3.5), and RA is a correlation or roughness
resistance (considered to be zero for the hydraulically smooth
model used). Finally, RI is the inertia (Newton) resistance of the
vessel, being the product of the vessel mass and its instantaneous
acceleration. This last term is also zero for the current investiga-
tion, because the analyses and comparisons of the experiment data
were restricted to the steady-speed part of the runs.

It should be noted that, in the current study, the form factor was
taken as unity. This may lead to a discrepancy in the mean total
resistance; however, our interest here was focused on the oscilla-
tory component of the wave resistance and, as such, is not of great
importance.

The second curve marked “Expt” is the result of a Wehausen-
type regression analysis, in which the following mathematical
curve has been fitted using a nonlinear least-square-error proce-
dure.

RW�t� = RW,	 + R̂W,0 � cos���t − t0� + 
��	�t − t0��N. (31)

Here, RW,	 corresponds to the quasi-steady resistance from equa-
tion (21), which is plotted as the third curve for reference pur-
poses. Next, R̂W,0 is the nominal amplitude coefficient for the
oscillations,  is the radian frequency of the oscillation in the
resistance curve, 
 is the phase angle relative to the start of the
steady-state part of the run in the towing tank, N is the decay
factor, and 	 is the Wehausen radian frequency of the oscilla-
tions obtained from equations (14), (28), and (29). That is:

	 = g�2U. (32)

For the purpose of this analysis, it was decided to fit the metric
decay curve in equation (31) to the theoretical and experiment
wave-resistance data, for points after one full Wehausen cycle
after the start of the steady-velocity phase of the motion. This was
a concession to the understanding that, in principle, the metric is
to be applied for larger values of the time.

It can be observed that the second curve (the Wehausen-type
decay curve) fits the experiment wave resistance very well over
the range of data chosen for the analysis. This confirms that, in the
current case at least, the commonly adopted practice of averaging
the unsteady resistance to calculate the steady resistance is appro-
priate even in finite width and depth, and a short time after ac-
celeration.

The third curve, denoted as QS, is the quasi-steady resistance as
explained above.

The fourth curve, denoted by US, is the theoretical unsteady
wave resistance computed from equation (9). The fifth and last
curve, also denoted by US, is a Wehausen-type fit to the theory,
using equation (31). This fifth curve is a good fit to the theoretical
wave resistance.

It can be observed that in this case there is a vertical shift
between the theoretical and experiment results. This is not unex-
pected, because it is well known that linear wave-resistance theory
does not provide a perfect prediction of the experiment wave
resistance. Additionally, the form resistance may contribute to this
discrepancy. The simple additive decomposition implied by equa-
tion (30) is not exact either. Nevertheless, it is noteworthy that the

Fig. 4 Temporal wave-resistance curves. (Top) Froude number of 0.3.
(Bottom) Froude number of 0.4
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magnitude, frequency, and phasing of the oscillations appear to
match well.

Finally, Fig. 4 (bottom) presents the equivalent results, but for
a higher Froude number of 0.4. Similar comments about the ex-
cellent matching of the nature of the oscillations, between theory
and experiment, can be stated in this case.

4. Results for the metrics

4.1. Influence of Froude number on metrics

In the first set of tests, the acceleration of the carriage was set
at a constant value of 0.08 g during the acceleration phase. Dif-
ferent acceleration times were chosen in order to change the
achieved steady-state Froude number, up to values of 0.5, and to
study its effect on the nature of the expected oscillations in the
wave-resistance curve.

Figure 5 (top left) shows the specific nominal amplitude of the
oscillations as a function of the Froude number. The experi-
ment points are indicated with symbols, and the theoretical
calculation, using the full unsteady approach in equation (9), is
indicated through a continuous line. The computed points are
equal in number to the experiment points and are joined by straight
lines.

According to the theory, the peak nominal amplitude of the
oscillations occurs for F � 0.3. Its value is very closely confirmed
by the experiment. Note, also, that this particular experiment case

was repeated. It can be observed that the repeatability of the ex-
periment is high. In general, the trend of the theory matches that
of the experiment. It is thought that the generally lower correlation
between theory and experiment at the higher Froude numbers is
due to the fact that there are few oscillations in the resistance over
the length of the run. Thus, the matter of fitting a Wehausen-type
decay curve in equation (31) becomes more problematic.

The decay coefficient is plotted in Fig. 5 (top right). The overall
trend of the theory matches that of the experiments, although there
is some scatter, which is proportionately greater at the higher
Froude numbers. It is interesting to note that the decay coeffi-
cient N differs considerably from the Wehausen value of –1. The
latter applies only to the case of an infinitely wide and deep
tank.

Unfortunately, from the point of view of an experimental
ship hydrodynamicist, it appears that the decay of the oscil-
latory variation in resistance is more gradual in the realistic case
of finite tank dimensions and short time than in the idealized case
analyzed by Wehausen. In some cases, it can be seen that the
decay is extremely weak and, at the lowest speed, almost negli-
gible.

The radian frequency of the oscillations is plotted in dimen-
sionless form in Fig. 5 (bottom left). The nondimensionalizing
frequency 	 is the Wehausen value so that this presentation
emphasizes differences from the case of unrestricted water. Over-
all, the agreement between theory and experiment is excellent,
with a slight deterioration at the higher Froude numbers, as al-

Fig. 5 Influence of Froude number on metrics. (Top left) Nominal amplitude. (Top right) Decay coefficient. (Bottom left) Radian frequency. (Bottom
right) Phasing
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ready noted. It can be seen that the greatest difference from the
(simpler) Wehausen result is of the order of 20%.

Finally, the phasing of the oscillations is shown in Fig. 5 (bot-
tom right). The phase � in equation (31) is represented as a frac-
tion of a cycle �T/T (between –1/2 and 1/2), relative to the start of
the analysis of the metrics (at the point in time when the steady-
velocity part of the motion commences).

4.2. Influence of acceleration on metrics

In the second set of tests, the steady-state Froude number was
fixed at 0.3. Different rates of constant acceleration, between val-
ues of 0.01 g and 0.08 g, were selected for the first phase of the
motion.

Figure 6 (top left) shows the amplitude of the oscillation. The
agreement between theory and experiment is much better than that
suggested in Fig. 5 (top left). Presumably, this is due to the re-
striction of this series of tests to a lower Froude number, for which
the metric analysis is more reliable. Not surprisingly, one sees that
a lower carriage acceleration leads to smaller oscillation amplitudes.

The decay factor is shown in Fig. 6 (top right). There is excel-
lent agreement between theory and experiment for the higher lev-
els of acceleration. For the lower levels of acceleration, there
exists the difficulty in the metric analysis already noted; the avail-
able length of tank run for the metric analysis is less.

Figure 6 (bottom left) shows the frequency of the oscillation.
The relative agreement between theory and experiment is excel-
lent for all levels of acceleration considered.

Finally, Fig. 6 (bottom right) presents the phasing of the oscil-
lations. Again, there is excellent agreement between theory and
experiment for all levels of acceleration considered.

4.3. Influence of right-hand-side smoothing only on metrics

In the third set of tests, the steady-state Froude number was
again fixed at 0.3. In these tests, the total time for the accelera-
tion phase was fixed, giving a mean acceleration of 0.04 g. How-
ever, the first part of the acceleration phase was chosen to be zero
in length (r1 � 0), the second part of the acceleration phase
involved a constant acceleration over a fraction 0 � r2 � 1 of
the acceleration phase, and the third part of the acceleration phase
r3 involved a smoothing or blending, as described above in equa-
tion (1).

Figure 7 (top left) shows the amplitude of the oscillation. The
overall agreement is good. The theory and the experiment both
demonstrate that it is advantageous to shorten the second subphase
of the acceleration and to use as much smoothing as possible for
the third subphase.

The decay factor is plotted in Fig. 7 (top right). The agreement
between theory and experiment is very good for the lesser amounts
of acceleration smoothing (right-hand side of the graph).

Figure 7 (bottom left) shows the frequency of the oscillation.
The agreement of theory and experiment is good over the range of
the tests.

For this series of tests, there is a strong influence of smoothing
on the phasing, as demonstrated by both the theory and the ex-

Fig. 6 Influence of acceleration on metrics. (Top left) Nominal amplitude. (Top right) Decay coefficient. (Bottom left) Radian frequency. (Bottom
right) Phasing
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periment in Fig. 7 (bottom right). The correlation is particularly
high on the right-hand side of the graph.

4.4. Influence of two-sided smoothing on metrics

In the fourth and last set of tests, the steady-state Froude num-
ber was yet again fixed at 0.3. In these tests, the total time for the
acceleration phase was also fixed, giving a mean acceleration of
0.04 g, as in the third set of tests. In this case, the acceleration
phase was subdivided into three subphases: a smoothed part r1, a
constant-acceleration part of fixed duration r2 � 1/2, and another
smoothed part r3. The proportion of the smoothed first subphase
was varied from 0 to 1/2.

Figure 8 (top left) shows the amplitude of oscillation. Although
the theory appears to be a little low in value over the central
portion of the plot, it can be seen that decreasing the duration of
the first subphase (the left-hand side of the plot) is advantageous
for reducing the amplitude of the oscillations.

There is excellent agreement between theory and experiment in
Fig. 8 (top right) for the decay coefficient, which varies little with
the proportion of the subphases.

There is also good correlation between theory and experiment
for the frequency of the oscillation in Fig. 8 (bottom left). In this
example, the frequency is almost identical to the Wehausen value.

Figure 8 (bottom right) demonstrates remarkably good agree-
ment between theory and experiment for the phasing of the oscil-

lations, which is strongly affected by the proportion of the sub-
phases of the acceleration.

5. Conclusions

5.1. Current work

This research has demonstrated that the unsteady thin-ship
theory, which is an extension of the Michell (1898) theory to the
case of unsteady motion, can provide relatively accurate predic-
tions for the unsteady component of the wave resistance.

In general, both experiment and theoretical results have shown
that the oscillation in the resistance time-history in a realistic
towing tank test can be modeled by a formula of the general type
suggested by Wehausen. However, the influence of tank width and
tank depth, as well as the short time allowed in practice after
acceleration has finished, changes the values of the coefficients in
the equation. In the examples calculated, the rate of decay of the
oscillations was considerably less than that suggested by the We-
hausen formula; in some cases, the oscillations barely decay at all.
Nonetheless, the results suggest that a good estimate of the steady
wave resistance can be obtained from averaging the unsteady val-
ues over a whole number of cycles.

In some situations, there is perhaps less than satisfactory agree-
ment between theory and experiment, such as for high Froude

Fig. 7 Influence of right-hand-side smoothing on metrics. (Top left) Nominal amplitude. (Top right) Decay coefficient. (Bottom left) Radian
frequency. (Bottom right) Phasing
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numbers in Fig. 5 (top left, top right). In such cases, it is be-
lieved that the cause of the difficulty lies in the towing tank
possessing insufficient length, creating difficulties with respect to
an accurate fit of the Wehausen-type decay curve. That is, the
coefficients in the decay might be very sensitive to the resistance
data when there are only one or two cycles of the oscillation to
process.

Despite this, it is encouraging to observe the excellent agree-
ment for the other two parameters, namely, the frequency of the
oscillations and their phasing.

5.2. Future work

This research has demonstrated that the characteristics of the
oscillations in the wave resistance during a towing-tank test can be
predicted with confidence. In particular, the magnitude and rate of
decay of the oscillations are of interest to naval architects, who
would, generally speaking, wish to minimize their effect.

A useful line of future work would be to determine velocity
histories that would minimize the oscillations, given the available
length of the tank.

The water depth used for this work was relatively great. It is
known that particularly unusual effects occur when the steady-
state depth Froude number is in the vicinity of unity. It would be
an interesting second extension to this work to conduct such tests,
because the unsteady theory can be applied equally well to this
case.
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Appendix: uncertainty of experiment results

In a “standard” towing test, the results for speed and resistance
are averaged over a selected period during the steady-speed sec-
tion of the run, and the result is typically presented in terms of a
resistance coefficient. In such a case there are well-defined pro-
cedures that may be applied to estimate the uncertainty of the
result (for example, ITTC, 2002). This uncertainty is generally
considered to result from two components: bias, or systematic
errors, and precision, or random errors.

In the current study, the time history of resistance during the run
is considered rather than the mean value; as a consequence, the
situation is somewhat different, particularly when the definition of
the precision is considered. A full formal analysis of the precision
would involve a substantial number of repeat runs, ideally with the
model reinstalled several times, and would arguably require a
point-by-point analysis of the variability of the data.

In the present case, then, the key components of uncertainty
were examined using a technique developed for steady tests and
used as a first estimate of the uncertainty in the unsteady tests; it
is planned to carry out a formal uncertainty analysis in a future
study. Since the results are presented in terms of resistance non-

dimensionalized with respect to weight, the key uncertainties are
those in resistance, model weight, and speed. In each case, both
bias and precision should be considered.

The total bias in nondimensional resistance is given as:

�BR��
2 = ��R�

�R
BR�2

+ ��R�

�W
BW�2

= � 1

W
� BR�2

+ �−
R

W2 � BW�2

(33)

where R� � R/W, and BR�, BR, BW are the bias limits in nondi-
mensional resistance, resistance, and weight, respectively.

The bias in resistance measurement BR can be considered to
stem from four major sources: the accuracy of the linear relation-
ship fitted to the calibration data for the load cell, the accuracy of
the weights used to calibrate the load cell, the accuracy of align-
ment of the load cell, and the error in the data-acquisition system.

Analysis of the calibration data, utilizing the procedure sug-
gested in ITTC (2002), indicates that the standard error estimate
(SEE) is better than 0.02 N, giving a confidence interval for the
curve fit used to represent the performance of the load cell better
than 0.04 N. The bias due to a single bit error in the A/D converter
was of the order of 0.004 N. The load cell was calibrated with
certified M1 weights, which have a minimum accuracy guaranteed
to be better than 0.005%. The alignment of the load cell was
measured to an accuracy of 0.1 deg, yielding a bias of 0.00015%.
The load-cell alignment is independent of sinkage and trim.
If a notional resistance value of 8.8 N is considered, giving R/W ≈
12 × 10−3, the total bias limit for resistance would be 0.0389 N.

Calibration data for the crane scales used to weigh the model, as
supplied by the testing center responsible for the calibration, in-
dicate a bias limit for the weight of the model of 0.105 N. The total
bias limit in nondimensionalized resistance is thus calculated as:

�BR��
2 = � 1

735.5
� 0.0389�2

+ �−
8.8

735.52 � 0.105�2

= 5.3 �10−5,

(34)

which is 0.44% of the notional value of R/W ≈ 12 × 10−3. The
largest contribution results from the bias in the load cell.

As discussed above, the precision was not explicitly addressed
in the current study. However, in a related study, using identical
equipment, with a different hull, the precision of the mean resis-
tance was calculated using data from five repeat runs. Based on
this data, the precision of resistance for a single run was estimated
at 0.26%. In this case, the model was not reinstalled between runs;
therefore, this figure does not include random errors due to bal-
lasting, model alignment, trim, heel, or any other setup parameters.

Combining the bias and precision in the usual manner, the total
uncertainty in nondimensionalized resistance at a notional resis-
tance value of 8.8 N is thus estimated as 0.51% of the value.

Similar arguments can be applied to the speed. Calibration stud-
ies carried out at the facility, using a proximity sensor with targets
accurately located using a machined length-bar, suggest that the
bias is less than 0.1%. The same tests used to estimate precision
for the resistance indicate a precision of mean speed for a single
run of better than 0.05%, giving a total uncertainty of around 0.1%.

Although the calculation procedure described above clearly ne-
glects some of the subtleties of the uncertainty in the unsteady
tests, it is thought that the values presented give a plausible indi-
cation of the order of magnitude of the uncertainty of the mea-
surements.
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